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Refraction & reflection of x-rays A\

X-rays can be treated like light when interaction with a medium. However, unlike visible light,
the index of refraction of x-rays in matter is very close to unity:
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X-ray mirrors

® harmonic rejection

® focusing & collimation

% g Evanscent wave experiments

® studies of surfaces

e depth profiling
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Refractive index in the x-ray region i

When visible light passes from one medium to another, it changes direction ac-
cording to Snell's Law which depends on the index of refraction of the two media.
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Refractive index in the x-ray region \ i

When visible light passes from one medium to another, it changes direction ac-
cording to Snell's Law which depends on the index of refraction of the two media.

For visible light, the index of refraction of a transparent medium is always greater
than unity and this is exploited to create lenses and optical devices.

For x-rays, there is also an index of refraction but it is always slightly less than
unity, resulting in phenomena which can be used to create x-ray optics and a host
of experimental techniques.

The refraction and reflection of x-rays derive fundamentally from the scattering
of x-rays by electrons and the fact that the scattering factor is negative, —ry.

Initially assume that all interfaces are perfectly flat and ignore all absorption pro-
cesses.
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Thin plate response - scattering approach

perpendicular distance Ry away.

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024

September 11, 2024

A\

Consider a thin plate of thickness A onto which x-rays are incident from a point source S a

5/19



Thin plate response - scattering approach

A\

Consider a thin plate of thickness A onto which x-rays are incident from a point source S a

perpendicular distance Ry away. A detector is placed at P, also a perpendicular distance Ry on

the other side of the plate.

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024

September 11, 2024

5/19
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Consider a thin plate of thickness A onto which x-rays are incident from a point source S a
perpendicular distance Ry away. A detector is placed at P, also a perpendicular distance Ry on
the other side of the plate. We consider a small volume at location (x, y) which scatters the

X-rays.
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Thin plate response - scattering approach V'

R is also the distance between the scattering volume and P so, a wave (x-ray) which travels
from S — P through the scattering volume will have an extra phase shift
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Thin plate response - scattering approach V'

R is also the distance between the scattering volume and P so, a wave (x-ray) which travels
from S — P through the scattering volume will have an extra phase shift

X2 4 y? B X2+y2k
2 2
2R R3
compared to a wave which travels directly
along the z-axis.

P(x,y) = 2k
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Thin plate response - scattering approach A\

R is also the distance between the scattering volume and P so, a wave (x-ray) which travels
from S — P through the scattering volume will have an extra phase shift

X2ry? x2qy?
P(x,y) = 2k QRg = Rg k
compared to a wave which travels directly
along the z-axis. The wave which is scattered
through the volume will have the form
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Thin plate response - scattering approach V'

R is also the distance between the scattering volume and P so, a wave (x-ray) which travels
from S — P through the scattering volume will have an extra phase shift

x2+y2 _ X2+y2k

=2k =
B(x,y) QRg Rg
compared to a wave which travels directly
/ along the z-axis. The wave which is scattered
A i through the volume will have the form
— 0
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R is also the distance between the scattering volume and P so, a wave (x-ray) which travels
from S — P through the scattering volume will have an extra phase shift
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Thin plate response - scattering approach N

oikRo okRO\
cr'dfllsD = ( 5 )p(Adxdy) (—b - ) e/¢(x.y)
0 0
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Thin plate response - scattering approach V'

oikRo elkRO\ | A J A
dwi; _ ( ) p(Adxdy) (—b > el ®(x,y) nt(?grate the scattered wave over the
Ro Ro entire plate.
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Thin plate response - scattering approach A\

eikRo ekRo\ .
dwi; _ ( > p(Adxdy) (—b > o ¢(x.y) Int(?grate the scalltt.ered Wa\./e ove.r the
Ro Ro entire plate. This integral is basically
a Gaussian integral squared with an
imaginary (instead of real) constant

ei2kR0 00 X +2y k
¢§ :/Ch/;g = —pbA 2 / e R0 dxdy in the exponent and it gives
0 J—o0
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Thin plate response - scattering approach
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Thin plate response - scattering approach \d

eikRo ekRo\ .
dwi; _ ( > p(Adxdy) <—b > o ¢(x.y) Intggrate the scalltt.ered Wa\./e ove.r the
Ro Ro entire plate. This integral is basically
a Gaussian integral squared with an
imaginary (instead of real) constant

ei2kR0 00 X +2y
¢’S’ :/Ch/;g = —pbA 2 / e R0 dxdy in the exponent and it gives
0 J—o0
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e LTTIXQ 1 ] NIWAG)
SR YN B dxdy = i 0
2 (2) [

Thus the total wave (electric field) at P can be written
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Thin plate response - scattering approach
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Thus the total wave (electric field) at P can be written

P = yf +yF
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Thin plate response - scattering approach \d

oikRo elkRoN | h q h
dyP = ( - >p(Adxdy) <—b - >e:¢>(x,y) ntggrate the scalltt.ere wave over the
0 0 entire plate. This integral is basically
a Gaussian integral squared with an
i2kRy oo j24r imaginary (instead of real) constant
¢’S’ :/ch/;g — _pbAeR2 / e R dxdy in the exponent and it gives
0 —00
i2kRo 00 jx*4y?

Thus the total wave (electric field) at P can be written

i2kRo TI'RO ei2kRo

i jobAO =
2R, PR TR

WP = b +4E =
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Thin plate response - scattering approach \d

oikRo elkRoN | h q h
dyf = p(Ddxdy) b el(xy) ntegrate the scattered wave over the
S R R . . . . .
0 0 entire plate. This integral is basically
a Gaussian integral squared with an
oi2kRy oo iy imaginary (instead of real) constant
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0 —00
i2kRo R 00 'X2+y2k R
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= —pbA—z— | i— e fo dxdy =i—
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Thus the total wave (electric field) at P can be written
i2kRo i2kRo
P P p € . TRy e P 2mpbA
YT =1y +9s 2Ry ipb k R Yo [ L
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Thin plate response - refraction approach N

Now let's look at this phenomenon from a different point of view, that of refraction.
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Thin plate response - refraction approach V

Now let's look at this phenomenon from a different point of view, that of refraction. Assume
that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X
\IJP
R \
s "I |R Ro/ P
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Thin plate response - refraction approach A\

Now let's look at this phenomenon from a different point of view, that of refraction. Assume
that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X . .
The phase shift depends on the thickness and
yF the difference between the index of refraction
\ of the medium and that of vacuum
b
s "I |R Ro P
vy
— A
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Thin plate response - refraction approach A\

Now let's look at this phenomenon from a different point of view, that of refraction. Assume
that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X The phase shift depends on the thickness and
yF the difference between the index of refraction
\ \\ of the medium and that of vacuum
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Thin plate response - refraction approach A\

Now let's look at this phenomenon from a different point of view, that of refraction. Assume
that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X The phase shift depends on the thickness and
yF the difference between the index of refraction
\ \\ of the medium and that of vacuum
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Thin plate response - refraction approach A\

Now let's look at this phenomenon from a different point of view, that of refraction. Assume
that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X The phase shift depends on the thickness and
yF the difference between the index of refraction
\ \\ of the medium and that of vacuum
L) nA A
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Thin plate response - refraction approach A\

Now let's look at this phenomenon from a different point of view, that of refraction. Assume
that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X
WP
L) \\\\
S T R, RO// P

Carlo Segre (lllinois Tech)

The phase shift depends on the thickness and
the difference between the index of refraction
of the medium and that of vacuum

21
= TA(H —1)=kA(n-1)

The wave function at P is then:
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Thin plate response - refraction approach A\

Now let's look at this phenomenon from a different point of view, that of refraction. Assume
that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X The phase shift depends on the thickness and
yF the difference between the index of refraction
\ \\ of the medium and that of vacuum
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Thin plate response - refraction approach A\

Now let's look at this phenomenon from a different point of view, that of refraction. Assume

that the wave passing through the plate simply gains a phase shift because it passes through a
medium compared to a wave which does not have the plate present.

X

The phase shift depends on the thickness and
the difference between the index of refraction
of the medium and that of vacuum

21
= TA(H —1)=kA(n-1)

The wave function at P is then:
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Calculating n V

We can now compare the expressions obtained by the scattering and refraction approaches.
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Calculating n V

We can now compare the expressions obtained by the scattering and refraction approaches.

Scattering Refraction

WP =P [1 - i%ibﬂ WP =g [L+i(n = 1)kA]

By inspection we have
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Calculating n

<

We can now compare the expressions obtained by the scattering and refraction approaches.

Scattering
WP = P [1 _ I_27ribA}
By inspection we have
(n—1)kA = —2”’;(%
n—1= —%ﬁb

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024

Refraction

PP =8 [14i(n—1)kA]

September 11, 2024 9/19
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We can now compare the expressions obtained by the scattering and refraction approaches.

Scattering Refraction
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Calculating n

We can now compare the expressions obtained by the scattering and refraction approaches.

Scattering Refraction

WP =P [1 - i%ibﬂ WP =g [L+i(n = 1)kA]

By inspection we have
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Index of refraction & critical angle A

Consider an x-ray incident on an interface at angle a; to Z
the surface

1— 0 = cosac

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024 September 11, 2024 10/19



Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.
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Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law

1— 0 = cosac
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Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

1— 0 = cosac
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Index of refraction & critical angle V

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction
for the medium (n, =1 — 9). Ny COS (vp = N1 COS (v = COS (/q

(1 —d)cosar = cosay

1— 0 = cosac
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Index of refraction & critical angle \4

Consider an x-ray incident on an interface at angle a; to z
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction

for the medium (n, =1 — 9). M1 COS (xp = N1 COS (v = COS (1
When the incident angle becomes small enough, there (1 —d)cosas = cosan
will be total external reflection and cosa, = 1 1—0d=cosac

1— 0 = cosac
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Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction
for the medium (n, =1 — 9).

When the incident angle becomes small enough, there

will be total external reflection and cosas =1

ac?

2

l1-d=cosa,=1-— +--
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Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to z
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction

for the medium (n, =1 — 9). Ny COS (vp = N1 COS (v = COS (/]
When the incident angle becomes small enough, there (1 —d)cosar = cosay
will be total external reflection and cosas =1 1 -0 =cosac
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Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction
for the medium (n, =1 — 9).

When the incident angle becomes small enough, there
will be total external reflection and cosas =1
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Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction
for the medium (n, =1 — 9).
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will be total external reflection and cosas =1
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Index of refraction & critical angle i

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident X
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction

for the medium (n, =1 — 9). M1 COS (xp = N1 COS (v = COS (1

When the incident angle becomes small enough, there (1 —d)cosar = cosay

will be total external reflection and cosas, =1 1 —0 = cosac
2 2 2
a « L«
1—0d=cosa.=1— 2C+---z1— 2C s S~ 2C s . =V26

If 6 ~107° ac=142x107°
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Index of refraction & critical angle i

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident X
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction

for the medium (n, =1 — 9). M1 COS (xp = N1 COS (v = COS (1

When the incident angle becomes small enough, there (1 —d)cosar = cosay

will be total external reflection and cosas, =1 1 —0 = cosac
2 2 2
I-d=cosac=1-" 4 m1- 5 %S ac=v2
If § ~107° e =v2x10"5=45x%x10"3 = 4.5 mrad
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Index of refraction & critical angle i

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident X
medium is “vacuum” (n; = 1).
If we now apply the known form of the index of refraction
for the medium (n, =1 — 9). Ny COS (vp = N1 COS (v = COS (/]
When the incident angle becomes small enough, there (1 —d)cosar = cosay
will be total external reflection and cosas, =1 1 —0 = cosac
2 2 2
I-d=cosac=1-" 4 m1- 5 %S ac=v2
If § ~ 1075 e =12 x 1075 =45 x 1073 = 4.5 mrad = 0.26°
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Connection to atomic scattering

A\

So far, we have made the assumption that the charge distribution is uniform. We know that

this is not correct, and that usually electron charge distributions are those of the atoms
making up the solid.

2mpbA
w”—ws’[l—l”k ]
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Connection to atomic scattering YV

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms

making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

WP = [1 B I,27prA]

k
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Connection to atomic scattering \

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms

making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

2mpbA
df—wﬁb—l”i ]

p = paf®(0 = 90°)
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Connection to atomic scattering V
So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms

making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

P P 2mpbA
Y =1p |11 K This holds for forward scattering (8 = 90° or ¢ =
0°) only, and a correction term of sinf is needed
— 0(p — 9gp°
p=paf (0 =90 if the viewing angle is different.
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Connection to atomic scattering VY
So far, we have made the assumption that the charge distribution is uniform. We know that

this is not correct, and that usually electron charge distributions are those of the atoms

making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

P_uPl1_ 2mpbA _ _
v =1y g This holds for forward scattering (8 = 90° or ¢ =

0°) only, and a correction term of sinf is needed
— 0(p — 9gp° —
p = paf (0 =907) k= 2m/A if the viewing angle is different.

e [1 B I_)\paforoA]
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Connection to atomic scattering \

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms

making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

P_uPl1_ 2mpbA _ _
v =1y g This holds for forward scattering (8 = 90° or ¢ =

0°) only, and a correction term of sinf is needed
— 0(p — 9gp° —
p = paf (0 =907) k= 2m/A if the viewing angle is different.

0
WP = P [1 B iAPaf foA]
sind

P = f [1 - igo]

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024 September 11, 2024 11/19

A



Connection to atomic scattering YV

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms
making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

21 pbA
P P
v =1y [1 — ! ] This holds for forward scattering (8 = 90° or ¢ =

0°) only, and a correction term of sinf is needed
— 0(p — 9gp° —
p = paf (0 =907) k= 2m/A if the viewing angle is different.

WP =P |1 i)\paforoA The second term is the first order term in the ex-
-0 sin 6 pansion of a complex exponential and thus is noth-
ing more than a phase shift to the electromagnetic
P P . wave.
YT =g [1 - igo]
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Connection to atomic scattering YV

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms
making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

21 pbA
P P
v =1y [1 — ! ] This holds for forward scattering (8 = 90° or ¢ =

0°) only, and a correction term of sinf is needed
— 0(p — 9gp° —
p = paf (0 =907) k= 2m/A if the viewing angle is different.

WP =P |1 i)\paforoA The second term is the first order term in the ex-
-0 sin 6 pansion of a complex exponential and thus is noth-
ing more than a phase shift to the electromagnetic
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.
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Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
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refraction.
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Begin with Beer's Law for absorption
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,

f(Q) = f°(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption

I(z) = lpe "=
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption
In the refractive approach, the wave propagating I(z) = loe™"*
in the medium is modified by the index of refrac-
tion k' = nk so that
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption
In the refractive approach, the wave propagating I(z) = loe™"*
in the medium is modified by the index of refrac-

tion k" = nk so that W = eikz — ol (1=0+ip)kz
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption
In the refractive approach, the wave propagating I(z) = loe™"*
in the medium is modified by the index of refrac-

tion k" = nk so that W = eikz — ol (1=0+ip)kz

_ ei(1—5)kze—6kz
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption

. . _ —pz
In the refractive approach, the wave propagating I(z) = e

in the medium is modified by the index of refrac-
tion k" = nk so that W = eikz — ol (1=0+ip)kz

. . . _ i(1=8)kz ,—Bk
The real exponential can be compared with Beer's = /(1-0kzg=Fkz

Law, noting that intensity is proportional to the
square of the wave function
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption
: . — e M2

In the refractive approach, the wave propagating I(z) = loe
in the medium is modified by the index of refrac-
tion k" = nk so that W = eikz — ol (1=0+ip)kz

. : , (- —Bk
The real exponential can be compared with Beer's = /(1-0kzg=Fkz
Law, noting that intensity is proportional to the

square of the wave function i

— 28k ==
p=28k — f8 oK
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

27pato

o Q)+ +if]

n=1-—
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

27pary
k2

27paly
k2

2T palo

n=1- [F(@) + ] — =L

[(FO(Q)+ f +if"] =1—
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2mparo
k2

27paly
k2

2
n=1- [FO(Q) + F +if"] =1— [FO(Q) + ] —i%f”:l—(s
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2mparo
k2

27paly
k2

2Tpary

n=1- [FO(Q) + f/] —i 1

[fO(Q)+f/+If/,:| =1 f//:]-_é—"lﬁ
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2P . 2T P41 2T pak .
n=1- 02 [F(Q)+F +if"] =1— TR [fQ) + f] - i 50 =1-0+if
Since 2(0) > f’ in the forward direction, 5~ 2mpaf°(0)ro
we have - k2
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2P . 2T P41 2T pak .
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2mparo
k2
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k2

2Tpary
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n=1- [(FO(Q)+ f +if"] =1—

Since 2(0) > f’ in the forward direction, 5~ 2mpaf°(0)ro
we have - k2

5= 2mpafro
In terms of the absorption coefficient, 4 and k2 2k

) : 2
the atomic cross-section, o, Fr— k Ko k o
2mpary 2k 4rry °
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

) = aje'™"  incident wave
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

RI V4 RR Yy = a,ei’:"? incident wave
o o YR

= ape'*®T  reflected wave
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

which leads to conditions on the amplitudes and
the wave vectors of the waves at z = 0.
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

] o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0.
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

] o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. aTkr = ark; + arkr
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Electromagnetic boundary conditions A\

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

_ o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. Taking
vector components:

a-rkT = a,k/ + aRkR
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Electromagnetic boundary conditions A\

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

_ o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. Taking
vector components:

a-rkT = a,k/ + aRkR
aTkr cosa’ = ajk; cos a + arkg cos o
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Electromagnetic boundary conditions A\

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

_ o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. Taking
vector components:

a-rkT = a,k/ + aRkR

aTkr cosa’ = ajk; cos a + arkg cos o
— arkysinad’ = —ajkysina + agkgsina
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that
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Parallel projection & Snell's Law V

Starting with the equation for the parallel |k7-\>\ _ ]/?,] — k in vacuum
projection of the field on the surface and
noting that

aTky cosa’ = ajk; cos o + arkg cos o
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Parallel projection & Snell's Law V

Starting with the equation for the parallel |k7-\>\ _ ]/?,] — k in vacuum
projection of the field on the surface and

noting that |kT| = nk in medium

aTky cosa’ = ajk; cos o + arkg cos o
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Parallel projection & Snell's Law V

Starting with the equation for the parallel
projection of the field on the surface and - ) )
noting that |kT| = nk in medium

\kp| = |ki| = k in vacuum

aTky cosa’ = ajk; cos o + arkg cos o

arnkcosa’ = ajkcosa + agk cos o
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar

A\

\kp| = |ki| = k in vacuum

\k7| = nk in medium

aTky cosa’ = ajk; cos o + arkg cos o

arnkcosa’ = ajkcosa + agk cos o

(aj + ag)ncosa’ = (a; + aR) cos
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar

This simply results in Snell's Law

N
YV

\kp| = |ki| = k in vacuum

\k7| = nk in medium

aTky cosa’ = ajk; cos o + arkg cos o

arnkcosa’ = ajkcosa + agk cos o

(aj + ag)ncosa’ = (a; + aR) cos

COS & = ncos Oé/
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar

This simply results in Snell's Law which for
small angles can be expanded.

\kp| = |ki| = k in vacuum
\k7| = nk in medium

aTky cosa’ = ajk; cos o + arkg cos o

arnkcosa’ = ajkcosa + agk cos o

(aj + ag)ncosa’ = (a; + aR) cos

COS & = ncos Oé/
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Parallel projection & Snell’s Law V

Starting with the equation for the parallel |k7—\>\ _ “?/! — Kk in vacuum
projection of the field on the surface and o _ _
noting that |kT| = nk in medium

Combining with the amplitude equation and

} aTky cosa’ = ajk; cos o + arkg cos o
cancelling k

arnkcosa’ = ajkcosa + agk cos o
ar=a;+ar

r_
This simply results in Snell's Law which for (a +ag)ncosa’ = (a + ar) cosa

o /
small angles can be expanded. Cosa = ncosa

a? _ a'?
1—2:(1—5+:5)<1—2>
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Parallel projection & Snell’s Law V

Starting with the equation for the parallel |k7—\>\ _ “?/! — Kk in vacuum
projection of the field on the surface and o _ _
noting that |kT| = nk in medium

Combining with the amplitude equation and

} aTky cosa’ = ajk; cos o + arkg cos o
cancelling k

arnkcosa’ = ajkcosa + agk cos o
ar = a; +ar
(aj + ag)ncosa’ = (a; + aR) cos

This simply results in Snell's Law which for ,
small angles can be expanded. Cosa = ncosa
Recalling that o = V26

a2 0/2
-G =) (1-G) = ot=atralo2i

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024 September 11, 2024 15/19



Perpendicular projection & Fresnel equations V'

Taking the perpendicular projection, substituting for the wave vectors
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Perpendicular projection & Fresnel equations V'

Taking the perpendicular projection, substituting for the wave vectors

— arkysinad’ = —ajkysina + agkgsina
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Perpendicular projection & Fresnel equations V'

Taking the perpendicular projection, substituting for the wave vectors

— arkysinad’ = —ajkysina + agkgsina

—arnksind’ = —(a; — ag)ksin«
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Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkysinad’ = —ajkysina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — aRr) sin«
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Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation
— arkysinad’ = —ajkysina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — aRr) sin«
aj—ar nsind/
a; + ar sin
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Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkysinad’ = —ajkysina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — aRr) sin«
aj—ag _nsina’ o
aj+ar  sina A

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024 September 11, 2024 16 /19



Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — agr) sin«
aj—ar nsind/ o o
s . ~SN— =
. a;+a sin « « o
taking n~ 1 ! R

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2024 September 11, 2024 16 /19



Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina

—arnksind’ = —(a; — ag)ksin«
ar =a; +ar (aj + ag)nsina’ = (a; — aRg) sina
aj—ar nsind/ o o

= ~n ~

a + ar sin « «

taking n~ 1

The Fresnel Equations can now
be derived
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Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina

—arnksind’ = —(a; — ag)ksin«

ar =a; +ar (aj + ag)nsina’ = (a; — aRg) sina

aj—ar nsind/ o o

= ~n ~

a + ar sin « «

taking n~ 1
ajo — apa = ajo’ + apa’

The Fresnel Equations can now
be derived
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Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — agr) sin«
aj—ar _ nsino/ o o
. aj+ar sina o  «a
taking n~ 1 ! R
ajo — apa = ajo’ + apa’
no__ /
The Fresnel Equations can now 3)(a — o) = ap(a + o)
be derived
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Perpendicular projection &

Fresnel equations

A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude

equation

ar =a;+ ar

taking n~ 1

The Fresnel Equations can now
be derived

ar
yf = — =
a

Carlo Segre (lllinois Tech)

— aTkT sin O/ =
— arnksind =

(aj + ag)nsina’ =

a) — ar

—aykysina + agkg sin «
—(a; — ar)ksina
(aj — ar)sina

nsina’ « «

a; + ar

ajx — arx

a(a—a)

a—a
a+ o’
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Perpendicular projection & Fresnel equations

A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude

equation

ar =a;+ ar

taking n~ 1

The Fresnel Equations can now

be derived
/
ar o —
yf = — = 7,’
aj a+ o
Carlo Segre (lllinois Tech) PHYS 570

— aTkT sin O/ =
— arnksind =

(aj + ag)nsina’ =

a) — ar

—aykysina + agkg sin «
—(a; — ar)ksina

(aj — ar)sina

a; + ar

ajx — apox =

a(a—a)

a(a—d) =

- Fall 2024

nsina’ o o

sin o o Q
! !
ajo + aRo

ag(a+a) —r
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Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — agr) sin«
aj—ag _nsind’ o o
aj+ar  sina “Ta T a

taking n~ 1
ajo — apa = ajo’ + apa’

N /
The Fresnel Equations can now a(a—a)=apglata) —r

be derived a(a—d)=(ar —a)(a+d) —t
aR a—do L, AT 2a
f = = — —_— =
ag a+ao’ a a+do
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Reflectivity and transmittivity \d

r and t are called the reflection and

transmission coefficients, respectively. 5 o — o
R _

aj a+ao
art 2c
ay o+ o
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))

Carlo Segre (lllinois Tech)
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In the z direction, the amplitude of the
transmitted wave has two terms
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))

H / H ! /
a-,-e’ka Z a1 elk Re(a’)z e—klm(a )z
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))

H / H ! /
a-,-e’ka Z a1 elk Re(a’)z e—klm(a )z
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In the z direction, the amplitude of the
transmitted wave has two terms with the
second one being the attenuation of the
wave in the medium due to absorption.

September 11, 2024 17 /19



Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))

H / H ! /
aTelka Z a1 elk Re(a’)z e—klm(a )z
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aR oa—co
aj a+ao
art 2c

ay o+ o

In the z direction, the amplitude of the
transmitted wave has two terms with the
second one being the attenuation of the
wave in the medium due to absorption. This
attenuation is characterized by a quantity
called the penetration depth, A.
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))

aTeiko/z —ar eikRe(o/)z e—klm(a')z
1
N=—7—
2k Im(a/)
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In the z direction, the amplitude of the
transmitted wave has two terms with the
second one being the attenuation of the
wave in the medium due to absorption. This
attenuation is characterized by a quantity
called the penetration depth, A.
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka
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Wavevector transfers

A\

While it is physically easier to think of angles, a more useful parameter is called the wavevector

transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka

in dimensionless units, these become
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka

in dimensionless units, these become

_Q 2%,
7707 Q.
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka

in dimensionless units, these become
Q 2k , Q 2k,
= — " — QO = — " —
7o a 7727 a

g is a convenient parameter to use because it is a combination of two parameters which are
often varied in experiments, the angle of incidence o and the wavenumber (energy) of the
x-ray, k.
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Defining equations in g vV

Start with the reduced version of Snell’s a?=a'?2+ ag —2iB
Law
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Defining equations in g vV

Start with thg reduced version of Snell's a2 =a'?+ ag —2iB
Law and multiply by a 1/a2 = (2k/Q.).
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Defining equations in g v}'

Start with the reduced version of Snell’s a?=a'?2+ ag —2iB

Law and multiply by a 1/a2 = (2k/Q.).
2 2
(3) = (3) et
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Defining equations in g _—

Start with the reduced version of Snell’s

o? =%+ a2 -2i3
Law and multiply by a 1/a2 = (2k/Q.).
Noting that ) )
2k 2k
2k <> o = <> (0/2 + a2 — 2i5)
q= aO[ QC QC
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Similarly, we convert the reflection and trans-
mission coefficients.
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Similarly, we convert the reflection and trans-
mission coefficients.

9—q p_ 29

q+4q q+4q
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