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Scattering intensity from a crystallite
A small crystal fully illuminated by a monochromatic x-ray beam has differential scattering
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Scattering intensity from a crystallite \ 74

A small crystal fully illuminated by a monochromatic x-ray beam has differential scattering
cross-section

d . L.
(55) = BPIF(@ENAE - )

the Bragg peak is not infinitely narrow (o< 1/N)
so the scattered wavevector (k') can be slightly

divergent and the crystal must be rotated to collect o \/
the integrated intensity of the reflection Integrating Overe/v
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Scattering intensity from a crystallite \ 74

A small crystal fully illuminated by a monochromatic x-ray beam has differential scattering
cross-section

d . L.
(55) = BPIF(@ENAE - )

the Bragg peak is not infinitely narrow (o< 1/N)
so the scattered wavevector (k') can be slightly »
divergent and the crystal must be rotated to collect o \/
the integrated intensity of the reflection Integrating OVﬂG/J

The intensity expression must be integrated over both k' and 6 to compute what the detector
measures
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Lorentz factor V

After the integration over k', the differential do ) 2o 2 ) )
scattering cross section must still be inte- <d§2> = rg PIF(Q)["Nv¢ ;5(G — 2kG'sin0)
grated over 6
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Lorentz factor V

After the integration over k', the differential do ) 2o 2 ) )
scattering cross section must still be inte- <d§2> = rg PIF(Q)["Nv¢ ;5(G — 2kG'sin0)
grated over 6
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Lorentz factor

<

After the integration over k', the differential do ) 2o 2 ) )
scattering cross section must still be inte- <d§2> = rg PIF(Q)] NVCE6(G — 2kG'sin0)
grated over 6
-1
2 — 1 — ch —m ——
/5(G 2kGsin 6)do kim0
dU 2 =2 2 2 _1
— | =r5P|F N = | ———
<dQ> o PIF(Q)F e '2k25in20'
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Lorentz factor

After the integration over k', the differential do ) 2o 2 ) )
scattering cross section must still be inte- <d§2> =y P|F(Q)| NVCE6(G — 2kG sin 0)
grated over 6
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Lorentz factor

After the integration over k', the differential do ) 2o 2 ) )
scattering cross section must still be inte- <d§2> =y P|F(Q)| NVCE6(G — 2kG sin 0)
grated over 6
-1
2 J— 1 — ch —m ——
/5(G 2kGsin 6)do TRy
do 2 SN2 0k 2 -1 2 A2 x3
— | =r§P|F N — |———| = r§P|F N
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)\3

Isc = ®org PIF(Q)N

Vesin 260

scattering by each electron is given by rgP while The scattering from each of N unit cells is
2P|F(Q)|? and the last term is the Lorentz factor
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Extinction 7

Most small crystals are not “perfect” but can be
seen as composed of small blocks with misalign-
ments of the order of < 0.1°
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Extinction V

Most small crystals are not “perfect” but can be
seen as composed of small blocks with misalign-
ments of the order of < 0.1°

if some of these perfect blocks are shadowed by
other blocks which intercept and scatter the x-rays,
then secondary extinction effects must be consid-
ered
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Primary extinction effects arise when there is a large perfect crystal as will be seen later on
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Absorption

Absorption effects have been ignored so far
but can have a significant effect

consider a mosaic crystal with N = N’ x N,
mosaic blocks

the number of mosaic blocks illuminated by
a beam of cross sectional area Ag is
_ Apdz 1

Nomp = sin@ % v/

at a depth z, absorption reduces the beam intensity by a factor e

intensity becomes

ISC _ ¢0r3P’F(Q)‘2)\3 N//OO e—2uz/sin6 AodZ _
0

Vesin 260
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Kinematical vs. dynamical diffraction \ i

Mosaic blocks of small perfect crystals
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The kinematical approximation we have discussed so far applies to mosaic crystals. The size of

the crystal is small enough that the wave field of the x-rays does not vary appreciably over the
crystal.
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The kinematical approximation we have discussed so far applies to mosaic crystals. The size of

the crystal is small enough that the wave field of the x-rays does not vary appreciably over the
crystal.

For a perfect crystal, such as those used in monochromators, things are very different and we
have to treat them specially using dynamical diffraction theory.
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Kinematical vs. dynamical diffraction N

Mosaic blocks of small perfect crystals
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The kinematical approximation we have discussed so far applies to mosaic crystals. The size of

the crystal is small enough that the wave field of the x-rays does not vary appreciably over the
crystal.

For a perfect crystal, such as those used in monochromators, things are very different and we
have to treat them specially using dynamical diffraction theory.

This theory takes into account multiple reflections, and attenuation of the x-ray beam as it
propagates through the perfect crystal.
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Bragg & Laue geometries i
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Scattering geometry V

Consider symmetric Bragg geometry
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Consider symmetric Bragg geometry q Q=mG
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Scattering geometry

Consider symmetric Bragg geometry

We expect the crystal to diffract in an energy
bandwidth defined by Ak
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Scattering geometry

Consider symmetric Bragg geometry

We expect the crystal to diffract in an energy
bandwidth defined by Ak

This defines a spread of scattering vectors such
that

_AQ _ Ak
0.8

called the relative energy or wavelength band-
width

¢
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Darwin approach — single layer reflectivity
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where _ Aropd
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for large g, the reflected wave
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Darwin approach — single layer reflectivity i3

Consider a single thin slab with electron density p and
thickness d < )\, the reflected and transmitted waves
are functions of the incident wave

where _ Aropd
~ sind

if the layer is made up of unit cells with volume v, and

structure factor F R:_o_) Z, the electron density is p = for large g, the reflected wave
|F|/ve and using the Bragg condition, we can rewrite g is weak with a phase shift of 7
as

S=—igT
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Consider a single thin slab with electron density p and
thickness d < )\, the reflected and transmitted waves
are functions of the incident wave

where _ Aropd
~ sind

if the layer is made up of unit cells with volume v, and

structure factor F _Q:_(J_) Z, the electron density is p = for large g, the reflected wave
|F|/ve and using the Bragg condition, we can rewrite g is weak with a phase shift of 7
as

S=—igT
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Darwin approach — single layer reflectivity i

Consider a single thin slab with electron density p and
thickness d < )\, the reflected and transmitted waves
are functions of the incident wave

where _ Aropd
~ sind

if the layer is made up of unit cells with volume v, and

structure factor F _Q:_(J_) Z, the electron density is p = for large g, the reflected wave
|F|/ve and using the Bragg condition, we can rewrite g is weak with a phase shift of 7
as

S=—igT

2dsin Fl/ve)d 1 2d?
g = [2dsind/mino([Fl/ve)d _ 12d°n

sind m v
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Darwin approach — single layer transmission

1 2d2r0 )\rod
= S IFl = S IF

m Ve Vesin @

g
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Darwin approach — single layer transmission

1 2d%n Arod
v Fl= Gl

m Ve vesind

g:

since v ~ d3 then g ~ ry/d ~ 107°
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Darwin approach — single layer transmission

1 2d%n Arod
v Fl= Gl

m Ve vesind

g =
since v ~ d3 then g ~ ry/d ~ 107°
from Chapter 3

i )\patfo(O)rod

£o sind
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Darwin approach — single layer transmission

1 2d%n Arod
v Fl= Gl

m Ve vesind

g =
since v ~ d3 then g ~ ry/d ~ 107°
from Chapter 3

i )\patfo(O)rod i )\|Fo|r0d
N sinf ~ vesinf

80

where |Fo| = path(O)vC is the unit cell structure factor
in the forward direction at Q =60 =0
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Kinematical reflection \ i

Now extend this model to N layers to get the kinematical scattering approximation as long as
the total scattering is weak, Ng < 1.
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Now extend this model to N layers to get the kinematical scattering approximation as long as
the total scattering is weak, Ng < 1.

Proceed by adding reflectivity from each layer with the usual phase factor
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Kinematical reflection

Now extend this model to N layers to get the kinematical scattering approximation as long as

the total scattering is weak, Ng < 1.

Proceed by adding reflectivity from each layer with the usual phase factor

N—-1
mw(Q) = —ig Z e/Qdj o —igoj o —igoj
Jj=0
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Kinematical reflection \ i

Now extend this model to N layers to get the kinematical scattering approximation as long as
the total scattering is weak, Ng < 1.

Proceed by adding reflectivity from each layer with the usual phase factor

N—-1
mw(Q) = —ig Z e/Qdj o —igoj o —igoj
Jj=0

where the x-rays pass through each layer twice
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Kinematical reflection \ i

Now extend this model to N layers to get the kinematical scattering approximation as long as
the total scattering is weak, Ng < 1.

Proceed by adding reflectivity from each layer with the usual phase factor

N-1

N—-1

. i d' — I —i H . . d—2 .

(@) =—ig Z e/Qdj o —igoj o —ig0j — —ig Z o/ (Qd—2g0)j
Jj=0 j=0

where the x-rays pass through each layer twice
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Kinematical reflection \ i

Now extend this model to N layers to get the kinematical scattering approximation as long as
the total scattering is weak, Ng < 1.

Proceed by adding reflectivity from each layer with the usual phase factor

N-1

N—-1

. i d' — I —i H . . d—2 .

(@) =—ig Z e/Qdj o —igoj o —ig0j — —ig Z o/ (Qd—2g0)j
Jj=0 j=0

where the x-rays pass through each layer twice

these N unit cell layers will give a reciprocal lattice with
points at multiples of G = 27/d
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Kinematical reflection \ i

Now extend this model to N layers to get the kinematical scattering approximation as long as
the total scattering is weak, Ng < 1.

Proceed by adding reflectivity from each layer with the usual phase factor

N-1 N—1
L7 Q=mG(1+0) w(Q) = —ig Z ¢’ g ~igoi g ~ig0] — _jg Z o/ (Qd—2g0)j
,'2:’ Q=mG j=0 j=0
Aiﬁ»::,"/ where the x-rays pass through each layer twice

these N unit cell layers will give a reciprocal lattice with
points at multiples of G = 27/d we are interested in
small deviations from the Bragg condition:

_AQ_ Ak _AE_ M

¢ Q k & A
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Multiple layer reflection

N-1

Jj=0

A Q=mG(1+{)

Q=mG
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Multiple layer reflection

N-1
w(Q) = —ig Y /(@20

Jj=0

A Q=mG(1+0)

Q=mG
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Multiple layer reflection
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Multiple layer reflection
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w(Q) = —ig Y /(@20

Jj=0

A Q=mG(1+0)

Q=mG
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Multiple layer reflection

N-1
w(Q) = —ig Y /(@20

Jj=0

A Q=mG(1+0)

Q=mG

Carlo Segre (lllinois Tech)

The term in the phase factor now becomes

2
Qd — 2g0 = mG(1+¢) % — 260
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Multiple layer reflection

N-1
w(Q) = —ig Y /(@20

j=0
M Q=mG(1+0)
,'iz‘ Q=mG
Alﬁ/"’l'
/\,’
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The term in the phase factor now becomes

2
Qd — 2g0 = mG(1+¢) % — 260
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N—1
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j=0
N—1
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Multiple layer reflection \id

The term in the phase factor now becomes

N—1
m(Q) = —ig Y el 28V o7
j=0 Qd —2g0 = mG(1+C)E_2gO
_ _&
A Q=mG(1+0) = 2r(m+m¢ ==
o4 0= N—1
. . Q=mG w(Q) = —ig Z i 2m(m+mC—go/T)j
Alﬁ/' " j=0

’ \,’ N—-1

’ = —ig ei27rmjei27r(mC—g0/7r)j

-

P
1

=

= —ig 1. ei2m(m(—go/m)j

.
Il
o
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Multiple layer reflection

This geometric series can be summed as usual
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Multiple layer reflection 7

This geometric series can be summed as usual N-1 ]
mw(Q) = —ig Z e/ 2m(mC—go/m)j
j=0
sin(mN[m¢ — Co])}
r = _
(O] = g |t =)
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Multiple layer reflection
This geometric series can be summed as usual

where )
g _ 2d ]Fo\r

s Tmve

Co =
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m(Q) = —ig Z ei2m(mC—go/m)j
=0

sin(mN[m¢ — Co])}
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Multiple layer reflection

<

This geometric series can be summed as usual N-1 )
(@) = —ig Y rm el
where ) —0
=B n(rlin — o)
== sin(mN[m¢ —
T Ol = | ol
sin(m[m¢ — (o))

This describes a shift of the Bragg peak away from the reciprocal lattice point, the maximum
being at { = {p/m
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Multiple layer reflection

This geometric series can be summed as usual N-1 )
(@) = —ig Y rm el
where ) —0
=B n(rlin — o)
== sin(mN[m¢ —
T Ol = | ol
sin(m[m¢ — (o))

This describes a shift of the Bragg peak away from the reciprocal lattice point, the maximum
being at { = {p/m

As ( — (o/m, the modulus of the reflectivity becomes
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Multiple layer reflection

This geometric series can be summed as usual N-1 )
(@) = —ig Y rm el
where ) —0
=B n(rlin — o)
== sin(mN[m¢ —
T Ol = | ol
sin(m[m¢ — (o))

This describes a shift of the Bragg peak away from the reciprocal lattice point, the maximum
being at { = {p/m

As ( — (o/m, the modulus of the reflectivity becomes

N
Iru(Go/m)| ~ g~
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Multiple layer reflection

This geometric series can be summed as usual N-1 )
(@) = —ig Y rm el
where ) —0
=B n(rlin — o)
== sin(mN[m¢ —
T Ol = | ol
sin(m[m¢ — (o))

This describes a shift of the Bragg peak away from the reciprocal lattice point, the maximum
being at { = {p/m

As ( — (o/m, the modulus of the reflectivity becomes

TN
Irv(Co/m)| = g8 = gN
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Multiple layer reflection

This geometric series can be summed as usual N-1 )
mw(Q) = —ig Z e/ 2m(mC—go/m)j
where ) —0
_ 8 _ 2d°|Fo =
Go = o 77Tch n |I’N(C)‘ _g [sin(wN[mC — Co]):|
sin(m[m¢ — o))

This describes a shift of the Bragg peak away from the reciprocal lattice point, the maximum
being at { = {p/m
As ( — (o/m, the modulus of the reflectivity becomes
N
|rn(Go/m)| = g =8N

The shift in the peak is due to refraction inside the crystal and varies as the reciprocal of the
order, 1/m
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Multiple layer reflection

This geometric series can be summed as usual N-1 )
mw(Q) = —ig Z e/ 2m(mC—go/m)j
where ) —0
_ 8 _ 2d°|Fo =
Go = o 77Tch n |I’N(C)‘ _g [sin(wN[mC — Co]):|
sin(m[m¢ — o))

This describes a shift of the Bragg peak away from the reciprocal lattice point, the maximum
being at { = {p/m

As ( — (o/m, the modulus of the reflectivity becomes

N
|rn(Co/m)| =~ g =8N
The shift in the peak is due to refraction inside the crystal and varies as the reciprocal of the
order, 1/m

As the crystal becomes infinite (N — o0) this kinematical approximation breaks down because
gN ~1
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Diffraction in the kinematical limit A\

It is useful to look at how the intensity of the reflection varies in the kinematical limit
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Diffraction in the kinematical limit A
It is useful to look at how the intensity of the reflection varies in the kinematical limit

2 o|sin(eNm¢ — Go])|?
Inv(Q)° = sin(m[m¢ — (o))
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Diffraction in the kinematical limit S

It is useful to look at how the intensity of the reflection varies in the kinematical limit

As N becomes very large the numerator

. 2

2 _ _o|sin(mN[m¢ — Co])
varies rapidly and can be replaced by its av- (" =g sin(mr[m¢ — Co])
erage
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Diffraction in the kinematical limit S

It is useful to look at how the intensity of the reflection varies in the kinematical limit

As N becomes very large the numerator

. 2

. ) . |rN(C)‘2 :g2 SIn(WN[mC_CO])
varies rapidly and can be replaced by its av- sin(mr[m¢ — Co])
erage

2

r 2 :
Irv(Q)° = 2sin?(w[m¢ — (o))
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Diffraction in the kinematical limit

It is useful to look at how the intensity of the reflection varies in the kinematical limit

As N becomes very large the numerator
varies rapidly and can be replaced by its av-

erage
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Diffraction in the kinematical limit A\

It is useful to look at how the intensity of the reflection varies in the kinematical limit

As N becomes very large the numerator ) 5 | sin(mN[m¢ — o)) 2
varies rapidly and can be replaced by its av- (O =g sin(m[m¢ — (o))
erage
Wl 2 g’
O 3 lme — )
10° 1 N=107 - g2
o} ~ 2(m — Gal)?
S10° |-
102 | ”, “
10! | ‘Hw“ ”\ f
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Diffraction in the kinematical limit

A\

It is useful to look at how the intensity of the reflection varies in the kinematical limit

As N becomes very large the numerator
varies rapidly and can be replaced by its av-
erage

107 L

10° b N=10"

um

Wl

10° mH“"”JH i “’.II ‘ "I‘H‘Hm’if‘il 4l
mmmmlwlwﬂIIIII‘I‘I I||||||l
Relative posntion C
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In the kinematical regime, away from ¢ = (o/m
the intensity of the reflection varies as 1/¢?
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Diffraction in the kinematical limit

A\

It is useful to look at how the intensity of the reflection varies in the kinematical limit

As N becomes very large the numerator
varies rapidly and can be replaced by its av-
erage

107 L
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Diffraction in the kinematical limit

It is useful to look at how the intensity of the reflection varies in the kinematical limit

As N becomes very large the numerator
varies rapidly and can be replaced by its av-
erage

100 e

mwimi\i\i\i[i'iiIIII‘I‘I

Relative posntion C

2| sin(rN[m¢ — Go]) |

2 _
Inv(Q)° = sin(m[m¢ — (o))
r 2 g2
Irv(Q)° = 2sin?(w[m¢ — (o))
g2

~

~ 2(m[m¢ — (o])?

In the kinematical regime, away from ¢ = (o/m
the intensity of the reflection varies as 1/¢?

The kinematical limit clearly breaks down near
(o so we need a dynamical diffraction theory
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Reflectivity of a perfect crystal A\

In a perfect crystal, there are always two wavefields, the T wave which propagates in the
direction of the incident beam and the S wave in the direction of the reflected wave
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Reflectivity of a perfect crystal A\

In a perfect crystal, there are always two wavefields, the T wave which propagates in the
direction of the incident beam and the S wave in the direction of the reflected wave

As the wavefields pass through an atomic plane, they experience an abrupt change with a

small amount, —ig, of the wave being reflected and a phase shift, (1 — igp), being added to
the transmitted wave
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Reflectivity of a perfect crystal A\

In a perfect crystal, there are always two wavefields, the T wave which propagates in the
direction of the incident beam and the S wave in the direction of the reflected wave

As the wavefields pass through an atomic plane, they experience an abrupt change with a

small amount, —ig, of the wave being reflected and a phase shift, (1 — igp), being added to
the transmitted wave

At the Bragg condition, the wave from the j + 1t" plane
must be in phase with the one from the jt plane, or
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Reflectivity of a perfect crystal A\

In a perfect crystal, there are always two wavefields, the T wave which propagates in the
direction of the incident beam and the S wave in the direction of the reflected wave

As the wavefields pass through an atomic plane, they experience an abrupt change with a

small amount, —ig, of the wave being reflected and a phase shift, (1 — igp), being added to
the transmitted wave

At the Bragg condition, the wave from the j + 1t" plane

must be in phase with the one from the jt plane, or
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Reflectivity of a perfect crystal A\

In a perfect crystal, there are always two wavefields, the T wave which propagates in the
direction of the incident beam and the S wave in the direction of the reflected wave

As the wavefields pass through an atomic plane, they experience an abrupt change with a

small amount, —ig, of the wave being reflected and a phase shift, (1 — igp), being added to
the transmitted wave

At the Bragg condition, the wave from the j + 1t" plane

must be in phase with the one from the jt plane, or
AMA" = m\

If we restrict ourselves to a small bandwidth arount the
reflecting region, the phase is
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Reflectivity of a perfect crystal A\

In a perfect crystal, there are always two wavefields, the T wave which propagates in the
direction of the incident beam and the S wave in the direction of the reflected wave

As the wavefields pass through an atomic plane, they experience an abrupt change with a

small amount, —ig, of the wave being reflected and a phase shift, (1 — igp), being added to
the transmitted wave

At the Bragg condition, the wave from the j + 1t" plane

must be in phase with the one from the jt plane, or
AMA" = m\

If we restrict ourselves to a small bandwidth arount the
reflecting region, the phase is ¢ = mm + A,
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Reflectivity of a perfect crystal A\

In a perfect crystal, there are always two wavefields, the T wave which propagates in the
direction of the incident beam and the S wave in the direction of the reflected wave

As the wavefields pass through an atomic plane, they experience an abrupt change with a

small amount, —ig, of the wave being reflected and a phase shift, (1 — igp), being added to
the transmitted wave

At the Bragg condition, the wave from the j + 1t" plane
must be in phase with the one from the jt plane, or
AMA" = m)\

If we restrict ourselves to a small bandwidth arount the
reflecting region, the phase is ¢ = mm + A, and the
independent variable, A can be related to the relative
deviation in scattering vector, A = mm(
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Difference equation 7
Let 7; and S; be the fields just above layer j.
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Difference equation V
Let 7; and S; be the fields just above layer j.

at point M, just above the j + 1" layer, we have the scattered field Sj+1 and at point A’ it is
Sjy1€'
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Difference equation V
Let T; and S; be the fields just above layer ;.

at point M, just above the j + 1" layer, we have the scattered field Sj+1 and at point A’ it is
Sjy1€'

but this must be equal to the field S; just after passing up through the jt layer which applies
a phase shift

Sj = (1 - igo)5j+1ei¢
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Difference equation \ 7
Let 7; and S; be the fields just above layer j.

at point M, just above the j + 1" layer, we have the scattered field Sj+1 and at point A’ it is
Sjy1€'

but this must be equal to the field S; just after passing up through the jt layer which applies
a phase shift plus the small part of the T; field reflected from the top of the jt layer

Sj=—igTjs1+ (1 — igo)Sj1e”
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Difference equation \ 7
Let 7; and S; be the fields just above layer j.

at point M, just above the j + 1" layer, we have the scattered field Sj+1 and at point A’ it is
Sjy1€'

but this must be equal to the field S; just after passing up through the jt layer which applies
a phase shift plus the small part of the T; field reflected from the top of the jt layer

similarly we can write an equation for T; 1 just below
the j plane

Sj=—igTjs1+ (1 — igo)Sj1e”
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Difference equation \ 7
Let 7; and S; be the fields just above layer j.

at point M, just above the j + 1" layer, we have the scattered field Sj+1 and at point A’ it is
Sjy1€'

but this must be equal to the field S; just after passing up through the jt layer which applies
a phase shift plus the small part of the T; field reflected from the top of the jt layer

similarly we can write an equation for T; 1 just below
the j plane

Si=—igTjs1+ (1 - igo)Sjs1e™
(1-igo)Tj = Tjs1e™ + igSji1e”
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Difference equation \ 7
Let 7; and S; be the fields just above layer j.

at point M, just above the j + 1" layer, we have the scattered field Sj+1 and at point A’ it is
Sjt1€'?

but this must be equal to the field S; just after passing up through the jt layer which applies
a phase shift plus the small part of the T; field reflected from the top of the jt layer

similarly we can write an equation for T; 1 just below
the j plane

Si=—igTjs1+ (1 - igo)Sjs1e™
(1-igo)Tj = Tjs1e™ + igSji1e”

these coupled equations must be solved for an infinite
stack of atomic layers
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Separation of T & S fields \id

Sj=—igTi1+ (1 - igo)Sj1e’, (1 igo) Ty = Tjyre ™ + igSjire™
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Separation of T & S fields A\

Si=—igTis1+(1—igo)Sis1e®, (1—igo)Tj = Tjr1e”"® +igSii1€'®

Rearranging the equation for T; (top right)
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Separation of T & S fields A\
Sj=—igTi1+(1—igo)S11€'?, (1 —igo)Tj = Tjrae™'” +igSj 1€
Rearranging the equation for T; (top right)

igSj+1= (1~ igo) Tje ¥ — Tjae™ ™7
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NS,

Separation of T & S fields \ii

Si=—igTis1+(1—igo)Sis1e®, (1—igo)Tj = Tjr1e”"® +igSii1€'®

Rearranging the equation for T; (top right) 51 = (1— igo) e — Tioje i2¢
J - J J

shifting up by one plane: j+1 — j and
J—=Jj-1
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Separation of T & S fields A\

Si=—igTis1+(1—igo)Sis1e®, (1—igo)Tj = Tjr1e”"® +igSii1€'®

Rearranging the equation for T; (top right) 51 = (1— igo) e — Tioje i2¢
j+1 = J J
shifting up by one plane: j+1 — j and

j—=i-1 igSj = (1 igo) Tj_1e'* — Tje~'2?
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Separation of T & S fields i

Si=—igTis1+(1—igo)Sis1e®, (1—igo)Tj = Tjr1e”"® +igSii1€'®

Rearranging the equation for T; (top right) €511 = (1— igo) Tje @ — Tj e 29
shifting up by one plane: j+1 — j and
J=i=l igSj = (1—igo) Tj_1e™ — Tje ™

now substitute into the equation for S; above
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Separation of T & S fields i

Sj=—igTjt1+ (1 —ig)Sji1e,  (1—igo)Tj = Tjr1e ™ +igSj1e’®
Rearranging the equation for T; (top right) €511 = (1— igo) Tje @ — Tj e 29
shifting up by one plane: j+1 — j and
j=i-1 igSj = (1—igo) Tj 1”0 — Tje™"?

now substitute into the equation for S; above
(1-igo)Tj-1e™" = Tje " = g®T; + (1 — igo) {(1 — igo) Tj — Tj+lefi¢]
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Separation of T & S fields e

Sj=—igTjt1+ (1 —ig)Sji1e,  (1—igo)Tj = Tjr1e ™ +igSj1e’®
Rearranging the equation for T; (top right) €511 = (1— igo) Tje @ — Tj e 29
shifting up by one plane: j+1 — j and
j=i-1 igSj = (1—igo) Tj 1”0 — Tje™"?

now substitute into the equation for S; above
(1-igo)Tj-1e™" = Tje " = g®T; + (1 — igo) {(1 — igo) Tj — Tj+lefi¢]

(1—igo)e " [Tjy1 + Tjoa] = [gz + (1 - igo)® + e_iZﬂ Tj
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Separation of T & S fields NS

Sj=—igTjt1+ (1 —ig)Sji1e,  (1—igo)Tj = Tjr1e ™ +igSj1e’®
Rearranging the equation for T; (top right) €511 = (1— igo) Tje @ — Tj e 29
shifting up by one plane: j+1 — j and
j—=i-1 igSj = (1 igo) Tj_1e'* — Tje~'2?
now substitute into the equation for S; above

(1 igo) Tj-1e™ = Tje ™ = g2T; + (1~ igo) [ (1 — ig0) Tj = Tjsae™ |

(1—igo)e " [Tjs1+ Tja] = [gz + (1 — igo)® + e_i2ﬂ T;

the fields 7; and T;,1 are out of phase by nearly mm (top right equation) since g and gp are

very small and the T wave field must attenuate as it penetrates deeper into the crystal so our
trial solution is
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Separation of T & S fields NS

Si=—igTis1+(1—igo)Sis1e®, (1—igo)Tj = Tjr1e”"® +igSii1€'®

Rearranging the equation for T; (top right) €511 = (1— igo) Tje @ — Tj e 29
shifting up by one plane: j+1 — j and
joi-1 igS) = (1— igo) Tj_1e ™™ — Tje ™2
now substitute into the equation for S; above
(1 igo) Tj-1e™ = Tje ™ = g2T; + (1~ igo) [ (1 — ig0) Tj = Tjsae™ |
(1= igo)e™™ [Tpoa + Tl = [ + (1~ igo)? + 7] T)

the fields 7; and T;,1 are out of phase by nearly mm (top right equation) since g and gp are

very small and the T wave field must attenuate as it penetrates deeper into the crystal so our
trial solution is '
Tjy1=e """ T;
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Solving for the T field \id
(1~ igo)e™™ [Tyox 4+ Tyl = [+ (1 i) + %] T,

)
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Solving for the T field V
(1—igo)e™™ [Tjy1 + Tja] = g2+ (1 — igo)? + e 72| T

With the trial solution )
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Solving for the T field V
(1—igo)e™™ [Tjy1 + Tja] = g2+ (1 — igo)? + e 72| T

With the trial solution Tiv1 = e~ eimm T,
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Solving for the T field V
(1—igo)e™™ [Tjy1 + Tja] = g2+ (1 — igo)? + e 72| T

With the trial solution Tiia=e ™ T, T, q=ele”™T,

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021 18 /22



Solving for the T field V
(1—igo)e™™ [Tjy1 + Tja] = g2+ (1 — igo)? + e 72| T

With the trial solution Tiyi=e"e™T, Tig=ele™T;

and substituting this solution into the defining equation for T
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Solving for the T field o
(1~ igo)e™ " [Tjss + Tja] = [gz +(1—igo)* +e 2| T

With the trial solution Tiyi=e"e™T, Tig=ele™T;
and substituting this solution into the defining equation for T

(1—igo)e ™ [e’”e"’"’rTj + elle=imm 7] = {g2 + (1 —igo)® + e*"z‘z’} T;

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021 18 /22



Solving for the T field o
(1~ ig)e ™ [Ta + Tl = &2+ (1~ ig0)* + 7] 7

With the trial solution Tiyi=e"e™T, Tig=ele™T;
and substituting this solution into the defining equation for T and noting that ¢ = mm + A

(1—igo)e ™ [e’”e"’"’rTj + elle~imm 7] = {g2 + (1 —igo)® + e*"z‘z’} Tj

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021 18 /22



Solving for the T field i
(1 ig)e ™ [Tia + Tyl = [+ (1= i) + ] T,

With the trial solution Tiyi=e"e™T;, Tig=ele™T;
and substituting this solution into the defining equation for T and noting that ¢ = mn + A
(1—igo)e ™ [e‘”eimWD + ele™imm Tj] = [gz + (1 —igo)® + e_i2¢] T;

(1 _ I-go)e—imTre—iA [e—neimﬁ + ene—imw] _ g2 + (1 _ igo)2 + e—i2m7re—i2A
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Solving for the T field o
(1~ ig)e ™ [Ta + Tl = &2+ (1~ ig0)* + 7] 7

With the trial solution Tiyi=e"e™T, Tig=ele™T;
and substituting this solution into the defining equation for T and noting that ¢ = mm + A
(1- igo)e”'d’ [e’”e"’"’rTj + ele™imm TJ] = {g2 +(1- igo)2 + e*"z‘z’} Tj
(1 — igy)e="mme~ 1A [e‘”ﬁM+ e"e;im’r} = g2+ (1 — igo)? +e2mme 128
(1—igo)e "™ [e7"+ "] = g” + (1 — igo)* + e >4
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Solving for the T field

<

(1—igo)e [T+ Tjoa] = [gz +(1—igo)’ + e"%} T;
With the trial solution Tiyi=e"e™T, Tig=ele™T;
and substituting this solution into the defining equation for T and noting that ¢ = mm + A
(1—igo)e ™ [e’”e"’"”Tj + elle~imm 7] = {g2 + (1 —igo)® + e*"z‘z’} Tj
(1 — igy)e="mme~ 1A [e‘”ﬁM+ e"e;im’r} = g2+ (1 — igo)? +e2mme 128
(1-— igo)e_iA [e_" + e"] =g*+(1—ig)* + e 28

assuming that g, gp, and A are very small quantities, we can expand

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021 18 /22



Solving for the T field

<

(1—igo)e [T+ Tjal = [gz + (1 — igo)® + e"%} T;
With the trial solution Tiyi=e"e™T, Tig=ele™T;
and substituting this solution into the defining equation for T and noting that ¢ = mm + A
(1—igo)e ™ [e’”e"’"”Tj + elle~imm 7] = {g2 + (1 —igo)® + e*"z‘z’} Tj
(1 — igy)e="mme~ 1A [e‘”ﬁM+ e"e;im’r} = g2+ (1 — igo)? +e2mme 128
(1—igo)e "™ [e7"+ "] = g” + (1 — igo)* + e >4
assuming that g, gp, and A are very small quantities, we can expand
. . A2 2 2
(i)t -8 -5 [@-n+ D)+ @rn+ )
~ g+ (1—2igo — &) + (1 — i2A — 2A?)
Carlo Segre (lllinois Tech)
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Solving for the T field V

, : A? 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~g° + (1~ 2igo — g§) + (1 — i2A — 2A%)
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Solving for the T field o

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
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Solving for the T field o

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
A2
(1—igo—iA — goA — 7)(2+n2) ~ g2 +2—2igy — 2iA — g8 — 24
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<

Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

. . A : .
(1—/g0—/A—g0A—7)(24—7]2)mg2+2—2/g0—2/A—gg—2A2

2 — 2igy — 2iA — 2g0A — A% + 17 ~ g2 + 2 — 2igy — 2iA — g2 — 212

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021 19 /22



<

Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

. . A : .
(1—/g0—/A—g0A—7)(24—7]2)mg2+2—2/g0—2/A—gg—2A2

2 — 2igy — 2iS — 2goA — A2 + 12 ~ g2 + 2 — 2igy — 28 — g8 — 21A°

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021 19 /22



<

Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

A
(1—ig0—iA—goA—7)(24—772)mg2+2—2igo—2iA—gg—2A2
7 — 2igy — 25 — 280 A — D? + 17 ~ g7 + 7 — gy — 268 — gf — 217

nzzgz—g§+2goA—A2
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<

Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

A
(1—ig0—iA—goA—7)(24—772)mg2+2—2igo—2iA—gg—2A2
7 — 2igy — 25 — 280 A — D? + 17 ~ g7 + 7 — gy — 268 — gf — 217

n? ~ g — g8+ 2g0A — A% = g% — (A — g)?
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Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

A

(1—igo—iA—goA—7)(24—772)mg2+2—2igo—2iA—gg—2A2

72 — 2igy — 2K — 2g0A — N’ + 0 ~ g + 7 — 2igs — 218 — g§ — 2A°
n? ~ g — g8+ 2g0A — A% = g% — (A — g)?

The solution for the attenuation factor of the transmitted field is thus
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Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

A
(1—igo—iA — goA — 7)(2+n2) ~ g2 +2—2igy — 2iA — g8 — 24
7 — 2igh — 28 — 2g0A — A* + 1) ~ g + 7 — 2igh — 21K — g§ — 27
n?~g? — gg + 28 — A% = g% — (A — go)?
The solution for the attenuation factor of the transmitted field is thus

in==41/(A — go) — g2
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Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

A

(1—igo—iA—goA—7)(24—772)mg2+2—2ig0—2iA—g§—2A2

72 — 2igy — 2K — 2g0A — N’ + 0 ~ g + 7 — 2igs — 218 — g§ — 2A°
n? ~ g — g8+ 2g0A — A% = g% — (A — g)?

The solution for the attenuation factor of the transmitted field is thus

in==41/(A — go) — g2
with fields
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Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

A

(1—igo—iA—goA—7)(24—772)mg2+2—2ig0—2iA—g§—2A2

72 — 2igy — 2K — 2g0A — N’ + 0 ~ g + 7 — 2igs — 218 — g§ — 2A°
n? ~ g — g8+ 2g0A — A% = g% — (A — g)?

The solution for the attenuation factor of the transmitted field is thus

in==41/(A — go) — g2
with fields

—n ,im
7}4’1:6 Te 7r7t['7
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Solving for the T field

] ] A2 2 2
(1-ig)(1— it =) |(L=n+ T)+ (A +n+ 1)

~ g2+ (1—2igo — g8) + (1 — i2A — 2A?)

Cancelling and expanding all products keeping only second order terms
2

A

(1—igo—iA—goA—7)(24—772)mg2+2—2ig0—2iA—g§—2A2

72 — 2igy — 2K — 2g0A — N’ + 0 ~ g + 7 — 2igs — 218 — g§ — 2A°
n? ~ g — g8+ 2g0A — A% = g% — (A — g)?

The solution for the attenuation factor of the transmitted field is thus

in==41/(A — go) — g2
with fields

: o imT T . _ —maimT g,
Tjit1i=e"e""Tj, St =e"e5;
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Reflectivity of a perfect crystal vV

In order to calculate the absolute reflectivity curve, solve for S and Ty using the solution and
the recursive relations.

To So

N S
Tj+1\\ // Sj+1
\v/ j

q I j+1
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Reflectivity of a perfect crystal

A\

In order to calculate the absolute reflectivity curve, solve for S and Ty using the solution and

the recursive relations.

To So

. _ M aimT g,
Sj+1 = e "5,

Sj=—igTj+ (1 — igo)Sj+1€™

N S
Tj+1\\ // Sj+1
\y/ j

q I j+1

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021
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Reflectivity of a perfect crystal

A\

In order to calculate the absolute reflectivity curve, solve for S and Ty using the solution and

the recursive relations.
To S0
51 = e_”e’"”rso

Sj=—igTj+ (1 — igo)Sj+1e™

N S
Tj+1\\ // Sj+1
\y/ j

q I j+1

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021
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Reflectivity of a perfect crystal

A\

In order to calculate the absolute reflectivity curve, solve for S and Ty using the solution and

the recursive relations.

To So

N S
Tj+1\\ // Sj+1
\v/ j

q I j+1

Carlo Segre (lllinois Tech)

51 = e_”e”mrSo

So=—igTo+ (1 — igo)Slei¢’
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Reflectivity of a perfect crystal YV

In order to calculate the absolute reflectivity curve, solve for S and Ty using the solution and
the recursive relations.

TO SO
51 = e_”eimWSO

So=—igTo+ (1 — igo)S1e™®

" S.
j 1\\\/// | j+1 So=—igTo+ (1 —igo)Soe™ 1 gimm gimm ilA
e

J
d I j+1
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Reflectivity of a perfect crystal \d

In order to calculate the absolute reflectivity curve, solve for S and Ty using the solution and
the recursive relations.

TO SO
51 = e—neimwso

So = —igTo+ (1 — igog)S1e™®

" S,
j 1\\\/// | j+1 So=—igTo+ (1 —igo)Soe™ 1 gimm gimm ilA

J
d I j+1 So|1—(1- igo)e_"eizm”eiA] =—igTo
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Reflectivity of a perfect crystal \d

In order to calculate the absolute reflectivity curve, solve for S and Ty using the solution and
the recursive relations.

TO SO
51 = e—neimwso

So=—igTo+ (1 — igo)S1e™®

" S.
j 1\\\/// | j+1 So=—igTo+ (1 —igo)Soe™ 1 gimm gimm ilA

J
d I j+1 So|1—(1- igo)e_"eizm”eiA] =—igTo

%0 —ig
To  1—(1—igo)(l—n)(1+iA)
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Reflectivity of a perfect crystal

In order to calculate the absolute reflectivity curve,
the recursive relations.

A\

solve for Sy and Ty using the solution and

T, S,
51 = e‘”eimWSO
50 = —igT() -+ (1 — igo)Slei¢
TN - S
Ti+1\§\/?/ Sj+1 So = —igTo + (1 - Igo)SOG 1 gimm gimm fi A
\/ ) i i
q I j+1 So|1—(1—- igo)e_"e’2m”e’A] =—igTo
S —ig . g
To 1—(1—ig)1—n)(1+iA)  igo+n—iA

Carlo Segre (lllinois Tech)
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Reflectivity of a perfect crystal

In order to calculate the absolute reflectivity curve,
the recursive relations.

A\

solve for Sy and Ty using the solution and

TO SO
51 = e‘”eimWSO
So=—igTo+ (1 — igo)S1e
TN - S
Ti+1\§\/?/ Sj+1 So = —igTo + (1 - Igo)SOG 1 gimm gimm fi A
. j . .
q I j+1 So|1—(1— igo)e_"e’2m”e’A] =—igTo
S —ig ~ —g g
To 1-(1—igo)(1—m)(1+id) igo+n—iA in+(A—g)

Carlo Segre (lllinois Tech)

PHYS 570 - Fall 2021
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Darwin reflectivity curve i

S
oD _ 8

To in+(A-g)
It is convenient to express the reflection coefficient in terms of reduced units using

EZA_gOI ’
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Darwin reflectivity curve i

r:&: g — g
To in+(A—g) in+te

It is convenient to express the reflection coefficient in terms of reduced units using

EZA_gOI ’
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Darwin reflectivity curve i

r:&: g — g
To in+(A—g) in+te

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in==+\/e2 - g2,
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Darwin reflectivity curve i

S
L0 g _ & _ g

To in+(A—g) in+te et/ g2

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in==+\/e2 - g2,
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Darwin reflectivity curve i

S
L0 g _ & _ g

To in+(A—g) in+te et/ g2

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in=*/€2 — g2, and the reduced variable x = ¢/g
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Darwin reflectivity curve i
~ % g g

g 1
= — = - = - = =
To in+(A—go) inte ec+/2—g2 x+vVx2-1

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in=1/€2 — g2, and the reduced variable x = ¢/g
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Darwin reflectivity curve V
_ 0 g g

g 1
= — = - = - = =
To in+(A—go) inte ec+/2—g2 x+vVx2-1

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in=1/€2 — g2, and the reduced variable x = ¢/g

(x—vVx2-1)2 x>1
R = [ = {1 M <1
(x+vVx2-1)2 x<-1
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Darwin reflectivity curve

r —

~ To  in+(A—g)

g

g

1

_ g _
im+e e+ /e2—g2 xEVx2-1

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in=1/€2 — g2, and the reduced variable x = ¢/g

Reflectivity

1

-3 2 -1 0
x=¢/g

Carlo Segre (lllinois Tech)

R(x) = |rf* =

PHYS 570 - Fall 2021

(x—vVx2-1)2 x>1

1 x| <1

(x+vVx2-1)2 x<-1
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Darwin reflectivity curve

r

~ To  in+(A—g)

g

g 1

_ g _
im+e e+ /e2—g2 xEVx2-1

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in=1/€2 — g2, and the reduced variable x = ¢/g

Reflectivity

1

‘ ‘
3 2

Carlo Segre

4 0
x=¢/g
(lllinois Tech)

(x—vVx2-1)2 x>1
RO = |2 = {1 x<1

(x+vVx2-1)2 x<-1

the Darwin curve goes like (g/2¢)? in the kine-
matic region consistent with the kinematic limit
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Darwin reflectivity curve

S 1
r:70: g — g

_ g _
To in+(A—go) inte ec+/2—g2 x+vVx2-1

It is convenient to express the reflection coefficient in terms of reduced units using

e=A—go, in=1/€2 — g2, and the reduced variable x = ¢/g

0 (x—vVx2-1)2 x>1

R(x)=|r?=11 x| <1
(x+vVx2-1)2 x<-1

the Darwin curve goes like (g/2¢)? in the kine-
matic region consistent with the kinematic limit

1

Reflectivity
Relative phase shift

the relative phase between the scattered and trans-
mitted waves varies from out of phase at x = —1

3 2 1 o 1 2 3 to in phase at x = +1
x=¢/g
Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 19, 2021 21/22




A\

Darwin width
1 The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by

Reflectivity

x=¢/g

October 19, 2021 22/22
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A\

Darwin width
T 1 The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by
(= &x + 8o
- m
2
0 F— | | —
3 -2 1 0 1 2 3
x=¢/g
22/22
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Darwin width

Reflectivity

x=¢/g

Carlo Segre (lllinois Tech)

A\

The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by

(= X+ &
mm
total __ 2£
b mT
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Darwin width

Reflectivity

x=¢/g

Carlo Segre (lllinois Tech)

A\

The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by

¢

PHYS 570 - Fall 2021

total _ 2£ _ i (d)z r0|F‘

&x + 8o

mr  m™\m Ve

October 19, 2021
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A\

Darwin width
T 1 The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by
_ 8X+ 8
(=122
- mm
s 2
3T totaI:27g:i i r0|F‘
& b mr  wT™\m Ve
3 \2
CFWHM _ ( ) total
D 2\/5 D
oF .
3 2 1 6 1 2 3
x=¢/g
October 19, 2021 22/22
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A\

Darwin width
T 1 The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by
_ 8X+ 8
(=122
= mm
s 2
3T totaI:27g:i i r0|F‘
e b mr  w\m Ve
3 \2
CFWHM _ ( ) CtOtaI
D 2\/5 D
0F R . . .
T the Darwin width, (p is independent of wavelength
x=¢lg and only depends on the material and Bragg reflec-
tion
October 19, 2021 22/22
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Darwin width
T
g
g L
2
0 L L
3 -2 1 0

x=¢/g

The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by

_ 8X+ 8
C_i
mm
2
totaI:27g:i i r0|F‘
b mr mw\m Ve

2
CEWHM:( 3 ) CtDOtaI
2v2

the Darwin width, (p is independent of wavelength
and only depends on the material and Bragg reflec-
tion

the angular Darwin width, wp, varies as the angle changes

Carlo Segre (lllinois Tech)
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Darwin width
T
g
g L
2
0 L L
-3 2

x=¢/g

The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by

¢

total __

D

2 4 (d)2 rol |

:gX+go

mm

mr  m™\m Ve

2
CEWHM:( 3 ) CtDOtaI
2v2

the Darwin width, (p is independent of wavelength
and only depends on the material and Bragg reflec-

tion

the angular Darwin width, wp, varies as the angle changes

AN _ A

A

Carlo Segre (lllinois Tech)
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Darwin width
T
g
g L
2
0 L L
3 -2 1 0

x=¢/g

The width of the Darwin curve is Ax = 2 which is
related to the relative offset, ¢ by

_ 8X+ 8
C_i
mm
2
totaI:27g:i i r0|F‘
b mr mw\m Ve

2
CEWHM:( 3 ) CtDOtaI
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