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presentation

. Clear it with me!

Find appropriate beamline(s) and if needed contact
the beamline scientists (they are used to it)

. Lay out proposed experiment (you can ask for help!)
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SAXS review V

The SAXS scattered intensity from a dilute
solution depends on the single particle form

factor, F(Q), the volume of the particle, V),
and the density difference from the solvent,

Ap = (psi,p — psi,0)
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14%5(Q) = Ap? VEIF(Q)PS(Q)

The book has an example of this and we will look at a couple of others from recent journal
articles

e SAXS of irradiated Zn nanoparticles

® Nucleation and growth of & glycine crystals
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SAXS of irradiated Zn nanoparticles A\

+14

Zn nanoparticles formed in SiO, by ion implantation irradiated with high energy Xe ions.

“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
N. Okubo, and N. Ishikawa, Phys. Status Solidi B 252, 165-169 (2015).
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Zn nanoparticles formed in SiO, by ion implantation irradiated with high energy Xe ions.

SAXS measured with 18 keV x-rays parallel and perpendicular to the direction of irradiation.

“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
N. Okubo, and N. Ishikawa, Phys. Status Solidi B 252, 165-169 (2015).
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Zn nanoparticles formed in SiO, by ion implantation irradiated with high energy Xet14 ions.

SAXS measured with 18 keV x-rays parallel and perpendicular to the direction of irradiation.
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“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
N. Okubo, and N. Ishikawa, Phys. Status Solidi B 252, 165-169 (2015).
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Zn nanoparticles formed in SiO, by ion implantation irradiated with high energy Xet14 ions.

SAXS measured with 18 keV x-rays parallel and perpendicular to the direction of irradiation.

(@) X ray(//) (g) 5 x 10" cm2

X- ray( i )SH
i? +45°

NP’O\ Si0,
v N\

Expt. geometry Irradiated L x-rays Irradiated || x-rays

(h) 5x 10" cm™

ions L X-ray

ions // X-ray

Straight lines from ion tracks, seen in both directions and which persist to the highest fluences.

“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
N. Okubo, and N. Ishikawa, Phys. Status Solidi B 252, 165-169 (2015).
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“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
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“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
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“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
N. Okubo, and N. Ishikawa, Phys. Status Solidi B 252, 165-169 (2015).
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“Shape elongation of embedded Zn nanoparticles induced by swift heavy ion irradiation: A SAXS study”, H. Amekura, K. Kono,
N. Okubo, and N. Ishikawa, Phys. Status Solidi B 252, 165-169 (2015).
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Nucleation & growth of glycine V

Can SAXS help us understand the nucleation and growth of a simple molecule which is the
prototype for pharmaceutical compounds?

“SAXS study of the nucleation of glycine crystals from a supersaturated solution,” S. Chattopadhyay et al. Crystal Growth Design 5, 523-527 (2004)
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Can SAXS help us understand the nucleation and growth of a simple molecule which is the
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Results confirm a two-step model of cystallization and dimerization in aqueous solution.

“SAXS study of the nucleation of glycine crystals from a supersaturated solution,” S. Chattopadhyay et al. Crystal Growth Design 5, 523-527 (2004)
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Can SAXS help us understand the nucleation and growth of a simple molecule which is the
prototype for pharmaceutical compounds?
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“SAXS study of the nucleation of glycine crystals from a supersaturated solution,” S. Chattopadhyay et al. Crystal Growth Design 5, 523-527 (2004)
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Glycine nucleation VYV

Long nucleation times due to heating from absorbed
12 keV x-rays.
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Long nucleation times due to heating from absorbed
12 keV x-rays.

Change to 25 keV x-rays reduces crystallization time
to under 90 min

Different polymorphs are produced under varying con-
ditions so study extended to both neutral and acidic
solutions
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Long nucleation times due to heating from absorbed
12 keV x-rays.

Change to 25 keV x-rays reduces crystallization time
to under 90 min

Different polymorphs are produced under varying con-
ditions so study extended to both neutral and acidic
solutions
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Long nucleation times due to heating from absorbed
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Change to 25 keV x-rays reduces crystallization time
to under 90 min
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In aqueous solution, Rg implies dimerization
and increases due to aggregation until crys-
tallization

“Relationship between self-sssociation of glycine molecules in supersaturated
solution and solid state outcome”,
D. Erdemir et al. Phys. Rev. Lett. 99, 115702 (2007)
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Size exclusion chromatography SAXS \ i

SAXS of biological molecules is an excellent way of getting some information about the
molecules as they exist in solution.
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Obtaining information about R, and the Porod region, combined with modeling and the known
crystallographic structures can give a more complete picture of how these molecules function.
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Size exclusion chromatography SAXS \ i

SAXS of biological molecules is an excellent way of getting some information about the
molecules as they exist in solution.

Obtaining information about R, and the Porod region, combined with modeling and the known
crystallographic structures can give a more complete picture of how these molecules function.

A major problem in these systems is aggregation and impurities. Pre-purification of samples is
important but if they are left for some time before the SAXS measurement is performed, there
can be decomposition.
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Size exclusion chromatography SAXS \ i

SAXS of biological molecules is an excellent way of getting some information about the
molecules as they exist in solution.

Obtaining information about R, and the Porod region, combined with modeling and the known
crystallographic structures can give a more complete picture of how these molecules function.

A major problem in these systems is aggregation and impurities. Pre-purification of samples is
important but if they are left for some time before the SAXS measurement is performed, there
can be decomposition.

Even without any aggregation or decomposition, separation into a monodisperse molecule size
is challenging.
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Size exclusion chromatography SAXS \ i

SAXS of biological molecules is an excellent way of getting some information about the
molecules as they exist in solution.

Obtaining information about R, and the Porod region, combined with modeling and the known
crystallographic structures can give a more complete picture of how these molecules function.

A major problem in these systems is aggregation and impurities. Pre-purification of samples is
important but if they are left for some time before the SAXS measurement is performed, there
can be decomposition.

Even without any aggregation or decomposition, separation into a monodisperse molecule size
is challenging.

Mathew, Mirza & Menhart, “Liquid-chromatography-coupled SAXS for accurate sizing of
aggregating proteins,” J. Synchrotron Rad. 11, 314-318 (2004) developed a technique which
is now being used routinely in biological SAXS, called Size Exclusion Chromatography SAXS.
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Size exclusion chromatography SAXS \ i

]

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Size exclusion chromatography SAXS \ i

2m SAXS camera, 1.03A (12 keV) x-
rays were used

.

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Size exclusion chromatography SAXS

4§:’::
"

2m SAXS camera, 1.03A (12 keV) x-
rays were used

N

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).

2s exposure times every 20s, with 0.25
ml/min flow rate

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 05, 2021 13/29



Size exclusion chromatography SAXS N3

2m SAXS camera, 1.03A (12 keV) x-
rays were used

\.

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).

2s exposure times every 20s, with 0.25
ml/min flow rate

samples of (1) cytochrome c, (2) plas-
minogen, (3) mixture of cytochrome ¢
bovine serum albumin, and blue dex-
tran
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Size exclusion chromatography SAXS

2m SAXS camera, 1.03A (12 keV) x-
rays were used

2s exposure times every 20s, with 0.25
ml/min flow rate

samples of (1) cytochrome ¢, (2) plas-
minogen, (3) mixture of cytochrome c
bovine serum albumin, and blue dex-
tran

for cytochrome c, forward scatter
(black squares) measures the total
number of electrons in the beam
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“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Size exclusion chromatography SAXS

2m SAXS camera, 1.03A (12 keV) x-
rays were used

2s exposure times every 20s, with 0.25
ml/min flow rate

samples of (1) cytochrome ¢, (2) plas-
minogen, (3) mixture of cytochrome c
bovine serum albumin, and blue dex-
tran

for cytochrome c, forward scatter
(black squares) measures the total
number of electrons in the beam R;
is constant throughout the main peak
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“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Cytochrome c - Guinier plots

In(l) ( photons/pixel)

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating pro-
teins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).

0.0 s N s 1 . N 1
0.0 0.5 1.0

q* (nm®)
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Cytochrome c - Guinier plots A

. | Plot from times marked with arrows on R, plot.

In(l) ( photons/pixel)

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating pro-
teins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).

0.0 s s 1 . N 1
0.0 0.5 1.0

q* (nm®)
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Cytochrome c - Guinier plots \d

. | Plot from times marked with arrows on R, plot.

Guinier plots are parallel, indicating a single
species present (a single critical exponent).

In(l) ( photons/pixel)

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating pro-
teins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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0.0 0.5 1.0

q* (nm®)
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Cytochrome c - Guinier plots \d

. | Plot from times marked with arrows on R, plot.

Guinier plots are parallel, indicating a single
species present (a single critical exponent).

Even lowest intensity data set gives a consistent
R,.
g

In(l) ( photons/pixel)

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating pro-
teins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).

0.0 s s 1 . N 1
0.0 0.5 1.0

q* (nm®)

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 05, 2021 14 /29



Plasminogen & 3-component mixture i

Constant Rz in region where

400
Auv/1(0) is constant.
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“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Plasminogen & 3-component mixture

Constant Rz in region where
Auv/1(0) is constant. Aggregates
preceed the main peak and show
wildly varying Rg.

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Plasminogen & 3-component mixture

Constant Rz in region where
Auv/1(0) is constant. Aggregates
preceed the main peak and show
wildly varying Rg.

Guinier plots labeled 34 and 38 show
presence of aggregates and the slopes
are not parallel, indicating multiple
sized species

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Plasminogen & 3-component mixture

Constant Rz in region where
Auv/1(0) is constant. Aggregates
preceed the main peak and show
wildly varying Rg.

Guinier plots labeled 34 and 38 show
presence of aggregates and the slopes
are not parallel, indicating multiple
sized species

The three components show consis-
tent R; and can be individually iden-
tified despite the overlap.

“Liquid-chromatography-coupled SAXS for accurate sizing of aggregating proteins,” Mathew, Mirza & Menhart, J. Synchrotron Rad. 11, 314-318 (2004).
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Porosity in CaO calcination NG

SAXS was used to study the nature
of the porosity and particle sizes of
CaO obtained by calcining CaCOs.

“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,
760-776 (2019).
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Porosity in CaO calcination V'

extent of
reaction

SAXS was used to study the nature
of the porosity and particle sizes of
CaO obtained by calcining CaCOs.

Pore size distribution x10* - [A”]
~

) A
N
. 10' 107 A
Pore radius - [A] L
— 10
X-ray o extent of Y
B . S
< beam 810 reaction
= Capillary_~et £ 0 |
. <
USAXS - S
o
A x £
aIAXSS o Scattered £ |
A X-ray beam 3
10° 107 10" 10°

Scattering vector - [A™]

“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,
760-776 (2019).
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Porosity in CaO calcination vV

T
SAXS was used to study the nature ”e .| extentof
of the porosity and particle sizes of g , e
CaO obtained by calcining CaCOs. % 1 A
Ca0 can be used for carbon cap- go e e ;I\\I
ture and then recycled by calcina- B f’;’e”"’i““’““ L
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“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,
760-776 (2019).
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Porosity in CaO calcination vV

=
SAXS was used to study the nature ©,| extentof
of the porosity and particle sizes of g , R
CaO obtained by calcining CaCOs. z A
w 1
Ca0 can be used for carbon cap- §o - e A
ture and then recycled by calcina- T;’e”""“s"” L
tion. It is important to understand Yeray ks extent of ;
. 8 1 i
the meso structure of the material ‘ ‘b“"'u . T J— I
] < pillary ot % 10 X
at different stages of the process USAXS )i - 5" S
3 7\\\k\“ é, 10 \
. . SAXS ‘?‘"‘6 Scattered é . N
The samples were studied ex-situ WAXS S sy 37
at Sector 9-ID using USAXS and e .

analyzed with a unified fit model

“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,
760-776 (2019).
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Porosity in CaO calcination

Sample D was calcined at 900 °C
for 50 minutes while sample E was
calcined at the same temperature
for 240 minutes

“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,

760-776 (2019).
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Porosity in CaO calcination vV

10" e .

::’ 10° 4 " 222‘.3:22
Sample D was calcined at 900 °C E Unifed . sempe E
for 50 minutes while sample E was e 5
calcined at the same temperature EE 101?
for 240 minutes - 10°2

"E 10 4
The SAXS shows the grain growth £ 10
evolution between the two samples 2 10015
and it is clear that the samples % 10’1:
need a multilevel unified fit ) .
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Scattering vector, q - [A"]

“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,
760-776 (2019).
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Porosity in CaO calcination

The components of the unified fit
model are shown for a two level fit
and it is clear that 2 levels are in-
sufficient.
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“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,

760-776 (2019).
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Porosity in CaO calcination vV
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“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,
760-776 (2019).
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Porosity in CaO calcination

Fitting a series of samples calcined
at varying temperatures and times
shows the evolution of the radii
of gyration of the two populations
corresponding to the pore sizes
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“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,

760-776 (2019).
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Porosity in CaO calcination V'
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“Analysis of textural properties of CaO-based CO; sorbents by ex-situ USAXS,” A. Benedetti, J. llavsky, C.U. Segre, and M. Strumendo, Chem. Eng. J. 355,
760-776 (2019).
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Scattering from ordered crystals i

Liquid scattering and small angle scattering provide structural information
about highly disordered systems and long length scales, respectively.
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Scattering from ordered crystals i

Liquid scattering and small angle scattering provide structural information
about highly disordered systems and long length scales, respectively.

Another aspect of kinematical scattering is what is obtained from ordered
crystalline materials.
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Scattering from ordered crystals A\

Liquid scattering and small angle scattering provide structural information
about highly disordered systems and long length scales, respectively.

Another aspect of kinematical scattering is what is obtained from ordered
crystalline materials.

In this case, the distances probed are similar to those in liquid scattering but
the sample has an ordered lattice which results in very prominent diffraction
peaks separated by ranges with zero scattered intensity.
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Scattering from ordered crystals A\

Liquid scattering and small angle scattering provide structural information
about highly disordered systems and long length scales, respectively.

Another aspect of kinematical scattering is what is obtained from ordered
crystalline materials.

In this case, the distances probed are similar to those in liquid scattering but
the sample has an ordered lattice which results in very prominent diffraction
peaks separated by ranges with zero scattered intensity.

We will now proceed to develop a model for this kind of scattering starting
with some definitions in 2D space.
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Types of lattice vectors Y

Rn = n131 + n2§2
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Types of lattice vectors
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° °
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Types of lattice vectors
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° °
° °

primitive
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Types of lattice vectors

° ° ° °
° °
° °

primitive

Carlo Segre (lllinois Tech)
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Types of lattice vectors

R, = mai + na»
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Types of lattice vectors
'E\sn = n131 + n2§2

...are not primitive

sometimes conventional axes...
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Miller indices V'

planes designated (hk), intercept the unit
cell axes at
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Miller indices
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Reciprocal lattice vV
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Reciprocal lattice vV
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Reciprocal lattice
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The lattice and basis functions \ 7

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function
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The lattice and basis functions \ 7

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)
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The lattice and basis functions \ 7

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)

the lattice, which is a collection of points in space, can be written
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If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)

the lattice, which is a collection of points in space, can be written
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The lattice and basis functions A\

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)

the lattice, which is a collection of points in space, can be written

L(x)=>_5(x— na)

convoluting the lattice and basis function we write
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The lattice and basis functions A\

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)
n
the lattice, which is a collection of points in space, can be written
L(x)=>_5(x— na)
n
convoluting the lattice and basis function we write

£(x) % B(x) = / " L) B(x - X)d’
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The lattice and basis functions V'

If the basis of a one-dimensional system is described by the function B(x) then the crystal is

described by the function
= Z B(x — na)

the lattice, which is a collection of points in space, can be written
= Z d(x — na)
n
convoluting the lattice and basis function we write

L'(x)*B(x):/ZE(X’)B(X—X Ydx’ —/ Zé(x —na)B(x — x")dx’
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The lattice and basis functions YV

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)
n
the lattice, which is a collection of points in space, can be written
L(x)=>_5(x— na)
n
convoluting the lattice and basis function we write

L(x)*B(x) = /OO L(x")B(x — x")dx" = /OO Zé(x’ — na)B(x — x")dx’

= Z /_OO §(x" — na)B(x — x")dx’
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The lattice and basis functions YV

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)
n
the lattice, which is a collection of points in space, can be written
L(x)=>_5(x— na)
n
convoluting the lattice and basis function we write

L(x)*B(x) = /OO L(x")B(x — x")dx" = /OO Zé(x’ — na)B(x — x")dx’

= Z /_OO §(x" — na)B(x — x")dx" = ZB(X — na)
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The lattice and basis functions YV

If the basis of a one-dimensional system is described by the function B(x) then the crystal is
described by the function

C(x) => B(x — na)
the lattice, which is a collection of points in s:)ace, can be written
L(x)=>_5(x— na)
convoluting the lattice and basis function we v,:/rite
L(x)*B(x) = /OO L(x")B(x — x")dx" = /OO Zé(x’ — na)B(x — x")dx’
=> / b 5(x' = na)B(x — x")dx' =Y " B(x — na) = C(x)
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Scattering amplitude vV
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Scattering amplitude vV

N N
Fosl(@) = 3 (Q)e' @ = 3 £(Q)elFrt)
! R+,
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Scattering amplitude
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Scattering amplitude S

N
Fcrystal Z f/

/

Z Q’ iQ- rjz e:Q~ n — [unit ceIlF/attice

_j n

@ iQ-(Ro+7)

—01
0
3 MZ

Since Fstal(Q) is simply the Fourier Transform of the crystal function, C(x) = £(x) x B(x),
it must be the product of the Fourier Transforms of £(x) and 5(x).

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 05, 2021 25/29



Scattering amplitude S

N
Fcrystal Z f/
/

Z Q’ iQ- rjz e:Q~ n — [unit ceIlF/attice
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@ iQ-(Ro+7)
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0
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Since Fstal(Q) is simply the Fourier Transform of the crystal function, C(x) = £(x) x B(x),
it must be the product of the Fourier Transforms of £(x) and B(x). Ftc is a very large sum
(~ 10'2) so the only time it gives values appreciably greater than 1 is when:
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Scattering amplitude S

N
Fcrystal Z f/
/

Z Q’ iQ- rjz e:Q~ n — [unit ceIlF/attice

_j n

@ iQ-(Ro+7)

01
0
3 MZ

Since Fstal(Q) is simply the Fourier Transform of the crystal function, C(x) = £(x) x B(x),
it must be the product of the Fourier Transforms of £(x) and B(x). Ftc is a very large sum
(~ 10'2) so the only time it gives values appreciably greater than 1 is when:

Q- ﬁn =2mm, m = integer
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Scattering amplitude vV

N
Fcrystal Z f, O’ :Q (R,,-i—rj)

/

01
0
3 MZ

Z Q’ iQ- rjz e:Q~ n — [unit ceIIF/attice

J n

Since Fstal(Q) is simply the Fourier Transform of the crystal function, C(x) = £(x) x B(x),
it must be the product of the Fourier Transforms of £(x) and B(x). Ftc is a very large sum
(~ 10'2) so the only time it gives values appreciably greater than 1 is when:

Q-R,=2rm, m = integer Ghig = hai + ka, + 133,  h, k,| = integer
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Scattering amplitude vV

N
Fcrystal Z f/ O’ ,Q (Rn+rj)

/

01
0
3 MZ

Z Q’ iQ- rjz e:Q~ n — [unit ceIIF/attice

_j n

Since Fstal(Q) is simply the Fourier Transform of the crystal function, C(x) = £(x) x B(x),
it must be the product of the Fourier Transforms of £(x) and B(x). Ftc is a very large sum
(~ 10'2) so the only time it gives values appreciably greater than 1 is when:

Q-R,=2rm, m = integer Ghig = hai + ka, + 133,  h, k,| = integer

Ghit - Rn = (m31 + mds + m3ds) - (had} + k35 + 135)
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Scattering amplitude vV

N
Fcrystal Z f, O’ :Q (R,,-i—rj)

/

01
0
3 MZ

Z Q’ iQ- rjz e:Q~ n — [unit ceIIF/attice

J n

Since Fstal(Q) is simply the Fourier Transform of the crystal function, C(x) = £(x) x B(x),
it must be the product of the Fourier Transforms of £(x) and B(x). Ftc is a very large sum
(~ 10'2) so the only time it gives values appreciably greater than 1 is when:

Q-R,=2rm, m = integer Ghig = hai + ka, + 133,  h, k,| = integer

éhk/ . /_?‘n = (n151 + nods + n333) . (h:f{ + ké}k + /%) = 271’(/7/71 + kny + /n3) =2mm
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Scattering amplitude vV

N
Fcrystal Z f, O’ :Q (R,,-i—rj)

/

01
0
3 MZ

Z Q’ iQ- rjz e:Q~ n — [unit ceIIF/attice

J n

Since Fstal(Q) is simply the Fourier Transform of the crystal function, C(x) = £(x) x B(x),
it must be the product of the Fourier Transforms of £(x) and B(x). Ftc is a very large sum
(~ 10'2) so the only time it gives values appreciably greater than 1 is when:

Q-R,=2rm, m = integer Ghig = hai + ka, + 133,  h, k,| = integer
éhk/ . /_?‘n = (n151 + nods + n333) . (h:f{ + ké}k + /%) = 271’(/7/71 + kny + /n3) =2mm
" Q= G
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

3 = 2(y—i—z)
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

3 = 2(y+z) 32=g(2+>“<),
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

— - a/\ ~ ~ ~
B=2(7+2), B=5(+R), H=S(k+9)
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

— - a/\ ~ ~ ~
B=2(7+2), B=5(+R), H=S(k+9)

The volume of the unit cell is
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The FCC reciprocal lattice

The primitive lattice vectors of the face-centered cubic lattice are

— - a/\ ~ ~ ~
B=2(7+2), B=5(+R), H=S(k+9)

The volume of the unit cell is

VC:51-32><33
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

— - a/\ ~ ~ ~
B=2(7+2), B=5(+R), H=S(k+9)

The volume of the unit cell is

2

VC:51-32><33:§1'I(}7+2—)?)

5]
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

— - a/\ ~ ~ ~
B=2(7+2), B=5(+R), H=S(k+9)

The volume of the unit cell is

2 3

VC:51-32><33:51'I(}7+2—)?):—

5]
L
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

a=30+2), R=3ET8), H= (E+))

The volume of the unit cell is

5B xH=3 "2(A+A %) 2
Ve = . = . — Z—X) = —
c 142 3 1 2 y 2

o ol 7T_, -

d] = —a)xas

Ve
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The FCC reciprocal lattice

The primitive lattice vectors of the face-centered cubic lattice are

a=2(+2), B=3E+%), H=2(%+9)
The volume of the unit cell is
az, a’
Ve =a1-ad» Xaz =ai Z(y—l—z—x)zz
O 5 7r3 " 27732(A+A 2)
= — = —— zZ—X
1 C 2 3 v. 4 y
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are
. - P I P
A= +2), B=2(2+%), @B=5(%+9)

The volume of the unit cell is

I N

Ve = a1 32X33—31-Z(y—|—z—x)zz
(" L 2. L 2@, . . An(y 2 %
alz‘/cazxa3:‘/c4(y+zx):a(2+22>
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The FCC reciprocal lattice vV

The primitive lattice vectors of the face-centered cubic lattice are

N N a . ~ = a, . ~
a = aH = = a ==
20+2), Bm=3E+R, B= &+
The volume of the unit cell is
L. a2 . a’
vc—al-azxagzal-z(y+z—x):Z
¢ 2 27732(A+A gt (1, 2 %
= —dh Xxaz=—— 2-X=—|[(Z4+Z-=
1= 27 B= Vv a\2"2 2
47 (2 X ¥ v (X § 2
................. L A o _ (2, 2
27 (2 2 2)’ BT <2+2 2)
a
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The FCC reciprocal lattice N

The primitive lattice vectors of the face-centered cubic lattice are

a=S(+2), B=2(2+%, H= (%+9)
The volume of the unit cell is
d1-dxd=37 az(“—l—“ X) i
Ve = = - —_— Z—X) = —
c 1-a2 3 1 2 y 2
w2 27ra2(A+A %) 47 y/+2 R
= —dH xXaz= —— 2-X=—|[Z+2-2
L= 2BV a\2 2 2
4t (2 X ¥ Ar (X Z
—’*_7 - - _ 7 —**_7 - s =
a2_a<2 2 2)’ % a(2+2 2)
am/a which is a body-centered cubic lattice
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Lattice sum in 1D V

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D
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Lattice sum in 1D V

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D

Su(@) =Y R
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Lattice sum in 1D V

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells

Su(@) = Y R
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Lattice sum in 1D

A\

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells

SN(Q) _ Z eié-l?\’n _ eiQna
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Lattice sum in 1D

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

SN(@) _ Z eié-l?\’n _ eiQna
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Lattice sum in 1D

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

) , oo
Q)= =2 e — rsN(o)\:s?n((cia/z))
n n=0
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Lattice sum in 1D

V'
In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

. N-1 _
Sn(@) =) R =3 e —  |Sy(Q) = sin(NQa/2)

- prd sin(Qa/2)
this leads to the Laue condition @ = ha*
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

TR = sin a
Sn(Q) = ZeiQ-Rn _ Z ey 15y(Q) = S”EéVQCi//zz))

n n=0 =
this leads to the Laue condition @ = h3*

if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

. BB s iOna sin(NQa/2 sin(N[h + &]a*a/2
Su(Q) = =3 e — |Su(Q)l = sirE(Qa//Z)) = sirE([/[7+5¢]9*a//2))

n n=0 =
this leads to the Laue condition @ = h3*

if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:ﬁi]r))

n n=0 =
this leads to the Laue condition @ = h3*

if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:ﬁi]r))

n n=0 =
this leads to the Laue condition @ = h3*

if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

sin(Nw[h+ €])
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:fi]r))

n n=0 =
this leads to the Laue condition @ = h3*

if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

sin(N7[h + &]) = sin(N7h) cos(N7€) + cos(Nmh) sin(N€)
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:fi]r))

n n=0 =
this leads to the Laue condition @ = h3*

if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

sin(Nw[h + &) :W%S(Nﬂﬁ) + co siln(NTrg)
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:fi]r))

n n=0 =
this leads to the Laue condition @ = h3*

if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

sin(Nw[h + &) :W%S(Nﬂf)—i-co siln(NTrg) = +sin(N¢)

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 05, 2021 27/29



Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:fi]r))

n n=0 -
this leads to the Laue condition @ = h3*
if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

sin(Nw[h + &) :W%S(Nﬂf)—i-co siln(NTrg) = +sin(N¢)

the peak height can be estimated for small £ as
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:fi]r))

n n=0 -
this leads to the Laue condition @ = h3*
if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

1
sin(Nw[h + &) :W%S(Nﬂf)—i-co sin(Nw§) = £ sin(N¢)
the peak height can be estimated for small £ as

_ sin(Nr¢)
Sw(Q)1 = sin(m&)
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:fi]r))

n n=0 -
this leads to the Laue condition @ = h3*
if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

sin(Nx[h + &]) :W%S(Nﬂf)—i-co siln(NTrg) = +sin(Nx§)
the peak height can be estimated for small £ as
_sin(Nw§)  Nm§
[Sw(@)I = sin(wé) 7
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Lattice sum in 1D \ 7

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

GR N sin a sin T
Su(@) =) OR=3 e —  [sy(Q)= sirEéVQi//Zz)) - sirgé\[li[wh:fi]r))

n n=0 -
this leads to the Laue condition @ = h3*
if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes
the numerator can be simplified as

1
sin(Nw[h + &) :W%S(Nﬂf)—i-co sin(Nw§) = £ sin(N¢)
the peak height can be estimated for small £ as

_sin(Nw§)  Nm§
ISn(Q)| = sin(me) e — N as £—0
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Lattice sum in 1D YV

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

N—1 . .
3 — N i@ Re iQna _ sin(NQa/2) _ sin(N[h + )
W@ =2 = e IO ar) i a)
this leads to the Laue condition @ = ha*
if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes

the numerator can be simplified as

sin(Nw[h + &) :W%S(Nﬂf)—i-co siln(NTrg) = +sin(N¢)
the peak height can be estimated for small £ as
_sin(Nw§)  Nm§
ISn(Q)| = sin(me) e — N as £—0

and the half width measured at the first minimum of the lattice sum
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Lattice sum in 1D YV

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

N—1 . .
3 — N i@ Re iQna _ sin(NQa/2) _ sin(N[h + )
W@ =2 = e IO ar) i a)
this leads to the Laue condition @ = ha*
if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes

the numerator can be simplified as

1
sin(Nw[h + &) :W%S(Nﬂf)—i-co sin(Nw§) = £ sin(N¢)
the peak height can be estimated for small £ as
sin(Nw§)  Nm¢

S = ~ N 0

[Sw(Q) sin(7¢) w€ o Nas o=
and the half width measured at the first minimum of the lattice sum

1Sn(Q)[ — 0
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Lattice sum in 1D YV

In order to compute the intensity of a specific Bragg reflection we consider the lattice sum in
1D with R, = n3 for N unit cells which evaluates to the closed form

N—1 . .
3 — N i@ Re iQna _ sin(NQa/2) _ sin(N[h + )
W@ =2 = e IO ar) i a)
this leads to the Laue condition @ = ha*
if the Laue condition is not exactly fulfilled then Q = [h + &]a* and the sum becomes

the numerator can be simplified as

1
sin(Nw[h + &) :W%S(Nﬂf)—i-co sin(Nw§) = £ sin(N¢)
the peak height can be estimated for small £ as
sin(Nw§)  Nm¢
S = ~ N 0
and the half width measured at the first minimum of the lattice sum
|5N(Q)| — 0, N7& =, 51/2% ﬁ
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Lattice sum in 1D vV

the peak area can be obtained by integration
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Lattice sum in 1D i

the peak area can be obtained by integration

+1/2N +1/2N gin (N
/ 1Su(©)] de = / Mdf
~1/2N

1/2n SN (7€)
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Lattice sum in 1D i

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””f)dw/ N7E e
~1/2N

128 sin(m§) —12n TE
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Lattice sum in 1D i

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2Nd§ NMH/zN
B —1/2N B —1/2N
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Lattice sum in 1D i

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
B —1/2N B ~1/2N
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Lattice sum in 1D i

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
B —1/2N B ~1/2N

for very large N, the lattice sum approaches a delta function
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Lattice sum in 1D

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
a —1/2N B ~1/2N

for very large N, the lattice sum approaches a delta function

[Sn(E)] = 6(8),
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Lattice sum in 1D

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
a —1/2N B ~1/2N

for very large N, the lattice sum approaches a delta function and since Q = [h + £]a* we have

[Sn(E)] = 6(£),
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Lattice sum in 1D

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
a —1/2N B ~1/2N

for very large N, the lattice sum approaches a delta function and since Q = [h + £]a* we have

Q — ha*

a*

[Sn(E)] = 6(£), =
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Lattice sum in 1D

the peak area can be obtained by integration
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for very large N, the lattice sum approaches a delta function and since Q = [h + £]a* we have

Q—ha* Q-G

a* a*
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Lattice sum in 1D

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
a —1/2N B ~1/2N

for very large N, the lattice sum approaches a delta function and since Q = [h + £]a* we have

Q—ha* Q-G

a* a*

[Sn(E)] = 6(£), =

[Su(Q) = a" D 6(Q — Gh)

Gy
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Lattice sum in 1D

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
a —1/2N B ~1/2N

for very large N, the lattice sum approaches a delta function and since Q = [h + £]a* we have

Q—ha* Q-G

1Sn(E)] = 0(8), £=— pe
N—-1 )
SH(Q)| = a* > 5(Q— Gp) =D _ e
Gp n=0
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Lattice sum in 1D

the peak area can be obtained by integration

+1/2N F1/2N Gin(N +1/2N
/ 1S (€)] dé = / S'””g)dw/ N7E e
~1/2N

128 sin(m§) —12n TE

N/+1/2N " NMH/zN
a —1/2N B ~1/2N

for very large N, the lattice sum approaches a delta function and since Q = [h + £]a* we have

Q—ha* Q-G

1Sn(E)] = 0(8), £=— pe
N—-1 )
SH(Q)| = a* > 5(Q— Gp) =D _ e
Gp n=0

since 6(a*¢) = 6(¢)/a*
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Lattice sum modulus V'

the 1D modulus squared
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Lattice sum modulus VYV

the 1D modulus squared 1Sn(Q)? — Na* Z5(Q — Gp)
Gh
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Lattice sum modulus i

the 1D modulus squared 1Sn(Q)? — Na* Z(;(Q — Gp)

in 2D, with N; x No = N unit cells
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Lattice sum modulus i

the 1D modulus squared 1Sn(Q)? — Na* Z(;(Q — Gp)
Gh

’.SN(Q)’ Nlal N232 Zd Q th)
in 2D, with N; x No = N unit cells Ghi
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Lattice sum modulus iid

the 1D modulus squared 1Sn(Q)? — Na* Zg(@ — Gp)
Gh

’.SN(Q)’ Nlal N232 Zd Q th)
in 2D, with N; x No = N unit cells Ghi

= NA"Y " 5(Q — Gw)

G
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Lattice sum modulus

the 1D modulus squared 1Sn(Q)? — Na* Zg(@ — Gp)
Gh

’.SN(Q)’ Nlal N232 Zd Q th)

in 2D, with N; x No = N unit cells Ghi
= NA"Y " 5(Q — Gw)
G

and similarly in 3D

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 October 05, 2021 29/29



Lattice sum modulus

the 1D modulus squared

in 2D, with N; x No = N unit cells

and similarly in 3D

Carlo Segre (lllinois Tech)

ISn(Q)P = Na* > " 5(Q — Gp)

sualf -

Gp

(N1a3)(Noab) 25 (Q — Gri)

Ghi

= NA"Y " 5(Q — Gw)

G

[Sn(@)| = Mve 358 ~ Go)

PHYS 570 - Fall 2021
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