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Scattering from two electrons \

Consider systems where there is only weak scattering, with no multiple scattering effects. We
begin with the scattering of x-rays from two electrons.

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 28, 2021 2/22



Scattering from two electrons \

Consider systems where there is only weak scattering, with no multiple scattering effects. We
begin with the scattering of x-rays from two electrons.

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 28, 2021 2/22



Scattering from two electrons Y

Consider systems where there is only weak scattering, with no multiple scattering effects. We
begin with the scattering of x-rays from two electrons.

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 28, 2021 2/22



Scattering from two electrons Y

Consider systems where there is only weak scattering, with no multiple scattering effects. We
begin with the scattering of x-rays from two electrons.

l

Dl
Il
—~
x|
|
N

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 28, 2021 2/22



Scattering from two electrons

A\

Consider systems where there is only weak scattering, with no multiple scattering effects. We

begin with the scattering of x-rays from two electrons.

Q= (k=K
= . Ar .
|Q| = 2ksinf = —sinf
A
-
Q
K
20 ”
k
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Scattering from two electrons \

Consider systems where there is only weak scattering, with no multiple scattering effects. We
begin with the scattering of x-rays from two electrons.

Q= (k- K)
2 . AT |
|Q| = 2ksinf = Tsme
K The scattering from the second electron will have a phase
. shiftof p = Q- 7.
Q - -
N\ A(Q) = —ro (1+¢'7)
K’ = -
A — A(OVA(D) — 12 iQF —iQF
S 1(Q) = A(Q)*A(Q) = 7 (1+e )(1+e )

1(Q) = 5 (1 + QT 4 emi@7 4 1) =272 (1 + cos(Q - ?))
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Scattering from many electrons vV

for many electrons
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for many electrons A(@) -1 Z ol Q7
J
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Scattering from many electrons

for many electrons AG) = 1 Z ol Q7
J

generalizing to a crystal A(@) = Z o/ QR Z el Q7
N J

Since experiments measure / < A2, the phase information is lost. This is a
problem if we don’t know the specific orientation of the scattering system
relative to the x-ray beam.
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Scattering from many electrons A\

for many electrons AG) = 1 Z ol Q7
J

generalizing to a crystal A(@) = Z o/ QR Z el Q7
N J

Since experiments measure / < A2, the phase information is lost. This is a
problem if we don’t know the specific orientation of the scattering system
relative to the x-ray beam.

We will now look at the consequences of this orientation and generalize to
more than two electrons
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Two electrons — fixed orientation i

The expression
1(Q) = 212 (1 +cos(Q - ?))
assumes that the two electrons have a

specific, fixed orientation. In this case the
intensity as a function of Q is.
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The expression

w
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]

1(Q) = 218 (1+ cos(Q- 7))

assumes that the two electrons have a
specific, fixed orientation. In this case the
intensity as a function of Q is.

Intensity (units of r:)
[
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-
I
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Two electrons — fixed orientation \ i

The expression

w
I
]

1(Q) = 218 (1+ cos(Q- 7))

assumes that the two electrons have a
specific, fixed orientation. In this case the
intensity as a function of Q is.

Intensity (units of r:)
[
|

-
I
]

Fixed orientation is not the usual case, par-
ticularly for solution and small-angle scat- L _
tering.

1 1 I 1 1
00 0.5 1 1.5 2

Q (units of 2t/r)
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Orientation averaging Y
Consider scattering from two arbi-

trary electron distributions, f; and f.
A(Q), is given by
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Orientation averaging V

— _ .a._.
A(Q) = fi + he'™" Consider scattering from two arbi-
trary electron distributions, f; and f.
A(Q), is given by

and the intensity, /(Q), is
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Orientation averaging V

AQ)=f+ fre'?7 Consider scattering from two arbi-
> BF _id7 trary electron distributions, f; and f.
I(Q):f12+62+f17f2€Qr+flf:2€ Q7 A(é), is given by

and the intensity, /(Q), is
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Orientation averaging v
AQ)=f+ fre'?7 Consider scattering from two arbi-

> BF _id7 trary electron distributions, f; and f.
I(Q):f12+62+f17f260r+f11:26 Q7 A(é), is given by

—

and the intensity, /(Q), is

if the distance between the scatterers,
7, remains constant (no vibrations)
but is allowed to orient randomly in
space
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Orientation averaging \d

A(Q) = 1+f2elor Consider scattering from two arbi-
o 6.7 trary electron distributions, f; and f.
Q)=+ £ + ihe' ¥ + fihe A(Q), is given by
</((§)> =2+ 2+ 2f1f2< > and the intensity, /(@) is

if the distance between the scatterers,
7, remains constant (no vibrations)
but is allowed to orient randomly in
space and we take Q along the z-axis
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Orientation averaging

AQ) = fi + Hel®T

1(Q) = 2 + 2 + fife @7 + e 107

(@) = 2 + B + 201 (107)

<eié'F> _ [ e@reestsin 0dod e
[ sinfdod¢
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Orientation averaging

AQ) = fi + Hel®T

1(Q) = 2 + 2 + fife @7 + e 107
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Consider scattering from two arbi-
trary electron distributions, f; and f.
A(Q), is given by

and the intensity, /(@) is

if the distance between the scatterers,
7, remains constant (no vibrations)
but is allowed to orient randomly in
space and we take Q along the z-axis

substituting x = iQrcosf and dx =
—iQrsin6do
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Orientation averaging \ 74

A iQ-F
A(Q) = i + hHe'™ Consider scattering from two arbi-
> 7 A trary electron distributions, f; and f.
I(Q): f12+62+f1f2€IQr+f166 iQr A(é), is given by
</(@)> = 2+ £ +2hh <eié'F> and the intensity, 1(Q), is
G I 'Qreost sin 9 ddo if the distance between the scatterers,
<e/ -r> = Tsin0d0dg 7, remains constant (no vibrations)
1 - but is allowed to orient randomly in
4277/ e/@rcos0 gin 9 dh space and we take @ along the z-axis
T 0
o 1 —iQr N substituting x = iQrcosf and dx =
=1 <_1Qr) / e dx —iQrsin0do
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Orientation averaging \ 74

AQ)=f+ f2e'Q ' Consider scattering from two arbi-
> 7 A trary electron distributions, f; and .
I(Q): f12+62+f1f2€IQr+f166 iQr A(é), is given by
</(@)> = 2+ £ +2hh <eié'F> and the intensity, 1(Q), is
G I 'Qreost sin 9 ddo if the distance between the scatterers,
<e/ -r> = Tsin0d0dg 7, remains constant (no vibrations)
1 - but is allowed to orient randomly in
4277/ e/@rcos0 gin 9 dh space and we take @ along the z-axis
Q 0
o 1 —iQr N substituting x = iQrcosf and dx =
=1 <_1Qr) / e dx —iQrsin0do
B 125in(Qr)
27 Qr
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Orientation averaging \ 74

AQ)=f+ f2e'Q ' Consider scattering from two arbi-
- = = trary electron distributions, f; and f.
_ 2 2 iQ- —iQ-r =
I(Q)=fi +f; + hhe'™" + fife A(Q), is given by
</(@)> = 2+ £ +2hh <eié'F> and the intensity, 1(Q), is
57 I 'Qreost sin 9 ddo if the distance between the scatterers,
<e >: . 7, remains constant (no vibrations)
[ sinfdod¢ . . .
1 - but is allowed to orient randomly in
4277/ e/@rcos0 gin 9 dh space and we take @ along the z-axis
T 0
o 1 —iQr N substituting x = iQrcosf and dx =
= <_1Qr) / e dx —iQrsin0do
B Ezsin(Qr) _sin(Qr)
27 Qr  Qr

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 28, 2021 5/22



Orientation averaging YV

AQ)=f+ f2e'Q ' Consider scattering from two arbi-
- e g trary electron distributions, f; and .
_ 2 2 iQ- —iQ-r =
I(Q)=fi +f; + hhe'™" + fife A(Q), is given by
(@) = £+ £ + 265 (£107) and the intensity, /(@), is
57 i 'Qreost sin 9 ddo if the distance between the scatterers,
<e >= . 7, remains constant (no vibrations)
[ sinfdod¢ . . .
1 - but is allowed to orient randomly in
4277/ e/@rcos0 gin 9 dh space and we take @ along the z-axis
Q 0
o 1 —iQr ; substituting x = iQrcosf and dx =
= <_/Qr) / e"dx —iQrsin6d0
1, sin(Qr)  sin(Qr) " sin(Qr)
=22 = _ g2, g2
2" @ Qr (@)= + 7 +26675
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Randomly oriented electrons N

sin(Qr)
Qr

(@) = 72+ B + 208
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Randomly oriented electrons

sin(Qr)
Qr
Recall that when we had a fixed orientation

of the two electrons, we had and intensity
variation /(Q) = 2rZ (1 + cos(Qr)).

</((§)> =2+ £ +26f
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Randomly oriented electrons

sin(Qr)
Qr
Recall that when we had a fixed orientation

of the two electrons, we had and intensity
variation /(Q) = 23 (1 + cos(Qr)).

</((§)> =2+ £ +26f
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Randomly oriented electrons

sin(Qr)
Qr
Recall that when we had a fixed orientation

of the two electrons, we had and intensity
variation /(Q) = 23 (1 + cos(Qr)).

</(©)> =2+ £ +26f

When we now replace the two arbitrary scat-
tering distributions with electrons (f;, f, —
—19), we change the intensity profile signif-
icantly.
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Randomly oriented electrons \ i

4 —— —
(1)) = 2+ 2+ 2,50 s .
Qr
Recall that when we had a fixed orientation < ol N
of the two electrons, we had and intensity S | |
variation /(Q) = 2r8 (1 + cos(Qr)). g
2 2 .
When we now replace the two arbitrary scat- 2
tering distributions with electrons (f;, f, — 2 r ]
—19), we change the intensity profile signif- *qc-)' L ]
icantly. -
(1@)) =273 (1 + S'n(Qr)> |
Qr % "os 1 15 2

Q (units of 2n/r)
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Randomly oriented electrons 3

4 —— —
(1)) = 2+ 2+ 2,50 s .
Qr
Recall that when we had a fixed orientation < ol N
of the two electrons, we had and intensity S | |
variation /(Q) = 2r8 (1 + cos(Qr)). g
2 2
When we now replace the two arbitrary scat- 2
tering distributions with electrons (f;, f, — 2 r ]
—19), we change the intensity profile signif- *qc-)' L ]
icantly. -
(1@)) =273 (1 + S'n(Qr)> |
Qr % "os 1 15 2

Q (units of 2n/r)
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Scattering from atoms \d

Single electrons are a good first example but a real system involves scattering from atoms. We
can use what we have already used to write an expression for the scattering from an atom,
ignoring the anomalous terms.
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Scattering from atoms \ 74

Single electrons are a good first example but a real system involves scattering from atoms. We
can use what we have already used to write an expression for the scattering from an atom,
ignoring the anomalous terms.

with limits in units of ry of £(3) = /p(?)eié'FdF
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Single electrons are a good first example but a real system involves scattering from atoms. We
can use what we have already used to write an expression for the scattering from an atom,
ignoring the anomalous terms.

with limits in units of ry of £(3) = /p(?)eié'FdF

Z forQ—0
0 for Q — o0
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Scattering from atoms \ 74

Single electrons are a good first example but a real system involves scattering from atoms. We
can use what we have already used to write an expression for the scattering from an atom,
ignoring the anomalous terms.

with limits in units of ry of fo(é) _ /p(?)eiQ'FdF
The second limit can be understood classi-

cally as loss of phase coherence when Q@ is ) Z forQ—=0
very large and a small difference in position 10 for Q= o0

results in an arbitrary change in phase.
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Scattering from atoms

\d

Single electrons are a good first example but a real system involves scattering from atoms. We
can use what we have already used to write an expression for the scattering from an atom,

ignoring the anomalous terms.

with limits in units of ry of

The second limit can be understood classi-
cally as loss of phase coherence when Q@ is
very large and a small difference in position
results in an arbitrary change in phase.

(@) = [ o(A)e7dr
{Z for Q = 0

0 for Q — o0

However, it is better to use quantum me-
chanics to calculate the form factor, starting
with a hydrogen-like atom as an example.
The wave function of the 1s electrons is just
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Single electrons are a good first example but a real system involves scattering from atoms. We
can use what we have already used to write an expression for the scattering from an atom,

ignoring the anomalous terms.

with limits in units of ry of

The second limit can be understood classi-
cally as loss of phase coherence when Q@ is
very large and a small difference in position
results in an arbitrary change in phase.

o 1 —r/a _ a0
¢1s(f)—?e ) a_Z—zs

(@) = [ o(A)e7dr
B {Z for Q = 0

0 for Q — o0

However, it is better to use quantum me-
chanics to calculate the form factor, starting
with a hydrogen-like atom as an example.
The wave function of the 1s electrons is just
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Scattering from atoms

\d

Single electrons are a good first example but a real system involves scattering from atoms. We
can use what we have already used to write an expression for the scattering from an atom,

ignoring the anomalous terms.

with limits in units of ry of

The second limit can be understood classi-
cally as loss of phase coherence when Q@ is
very large and a small difference in position
results in an arbitrary change in phase.

bialr) = Ame 7 2=

Tasd

do
Z — Zs

where zs is a screening correction

(@) = [ o(A)e7dr

Z forQ—0
0 for Q — o0

However, it is better to use quantum me-
chanics to calculate the form factor, starting
with a hydrogen-like atom as an example.
The wave function of the 1s electrons is just
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Hydrogen form factor calculation V'

Since p(r) = |115(r)|?, the form factor inte-
gral becomes
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Hydrogen form factor calculation \

Since p(r) = |[t15(r)|?, the form factor inte- flos(@’) _ 1 / e—2r/agiQF,2 6 0drd0de
gral becomes ma’
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Hydrogen form factor calculation v

Since p(r) = ]1/;15(r)]2, the form factor inte- ,5105(@) = 1

3
gral becomes ma

/ e2r/2iQ7 2 iy 0drd0d¢

the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so
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Hydrogen form factor calculation v

Since p(r) = |115(r)|?, the form factor inte- 1
gral becomes mad

2(Q) = / e2/26iQF 2 i Odrd0do

the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so

. 1 oo T
fy(Q) = 3/ 27Tr2e_2’/a/ e'@reest sin gdfdr
Ta 0 0
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Hydrogen form factor calculation v

Since p(r) = |11s(r)|?, the form factor inte- F2(Q) = 13 /e—zr/aeié-Frz sin 0drd0d¢
gral becomes ma

the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so

S 1 [
fx(Q) = 7T33/o 27”26_2r/a/0 e"@reost sin 9dodr =

27rr2e_2’/ai

wad Jo iQr [

. T
_ e/Qr cos 6
0

dr
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Hydrogen form factor calculation v

Since p(r) = |115(r)|?, the form factor inte- 1
gral becomes mad

2(Q) = / e2/26iQF 2 i Odrd0do

the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so

- 1 o0 1 . ™
flos(Q) _ - 27Tr26—2r/a/ /Qrcosesmededr _ : 27Tr26—2r/a : |:_e/Qrc050 dr
ma 0 0 mTa 0 IQr 0
1 o 2 _—2r/a 1 iQr _ . —iQr
=—3 2rree — [e } dr
mad Jo iQr
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Hydrogen form factor calculation

Since p(r) = |115(r)|?, the form factor inte-
gral becomes

<

1
a3

2(Q) = / e2/26iQF 2 i Odrd0do

the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so

- 1 o0 o0 1 . ™
(@) = 3/ 27rr2e_2'/a/ e'Qreost sin 0dodr = 3 omrle2ra [—e’Qrcose dr
mTa 0 0 mTa 0 1r 0
1 > 1 . 1 o0 2 si
— — 27Tr2ef2r/aiQir [elQr - ler} dr = — 27'('[’2672'/‘3 Slr('IQ(rQI’) dr
0 0
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Hydrogen form factor calculation

<

1
a3

Since p(r) = |115(r)|?, the form factor inte-
gral becomes

2(Q) = /e_2r/é’e"é'Fr2 sin 6drdfd¢
the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so
2 1 [ 1 [ 1 ;
fls(Q) — / 27Tr26—2r/a/ iQr cos 6 sin 0dOdr = — 27Tr26—2r/a.7 |:_e/QrC050 ™ dr
Ta 0 0 ma 0 1r 0

— % h 27Tr2e*2’/'9'-i [eior - 7101 dr = % h 27Trze*2’/‘;’72 sin(Qr) dr
mad Jo iQr was Jy Qr

If we write sin(Qr) = Im [e/?"] then the integral becomes
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Hydrogen form factor calculation

1
a3

Since p(r) = |115(r)|?, the form factor inte-
gral becomes

2(Q) = /e_2r/ae"é"Fr2 sin 6drdfd¢
the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so
2 1 [ 1 [ 1 ;
fls(Q) — / 27Tr26—2r/a/ iQr cos 6 sin 0dOdr = — 27Tr26—2r/a.7 |:_e/QrC050 ™ dr
Ta 0 0 ma 0 1r 0

— % h 27Tr2e*2’/'9'-i [eior - 7101 dr = % h 27Trze*2’/‘;’72 sin(Qr) dr
mad Jo iQr was Jy Qr

If we write sin(Qr) = Im [e/?"] then the integral becomes

. 4 [o° ,
flos(Q) = 330/0 re 22 m [e’Qr} dr
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Hydrogen form factor calculation

1
a3

Since p(r) = |115(r)|?, the form factor inte-
gral becomes

2(Q) = /e_2r/ae"é"Fr2 sin 6drdfd¢
the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so
2 1 [ 1 [ 1 ;
fls(Q) — / 27Tr26—2r/a/ iQr cos 6 sin 0dOdr = — 27Tr26—2r/a.7 |:_e/QrC050 ™ dr
Ta 0 0 ma 0 1r 0

— % h 27Tr2e*2’/'9'-i [eior - 7101 dr = % h 27Trze*2’/‘;’72 sin(Qr) dr
mad Jo iQr was Jy Qr

If we write sin(Qr) = Im [e/?"] then the integral becomes

o 4 [o° . 4 oo '
flos(Q) = 330/0 re 2/2Im [e'Qr} dr = —Q/m [/ re—2r/ae/Qrdr}
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Hydrogen form factor calculation

Since p(r) = |115(r)|?, the form factor inte- 2(Q) = 13 /e—2r/aei@-Fr2 sin 0drdfd¢
gral becomes ma

the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so

A 1 o 2 _—2r/a /Qrc059 1 > 2 _—2r/a 1 iQrcosf g
Q) = — 2rree sinfdfdr = — 2nree — [—e dr
ma 0 0 mTa 0 IQr 0
— i >~ 27Tr2ef2r/ai [eiQr - 7101 dr = i OO 27‘(’[‘2672’/32Sin(0r) dr
mad iQr masd Qr
0 0
If we write sin(Qr) = Im [e/?"] then the integral becomes
4 > ;
2(Q 20 / _zr/alm ’Qr} dr = —Q/m [/ r e‘2r/ae’Qrdr}
this can be integrated by parts
with v =r,

dv = e "(2/a=iQ) gy,
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Hydrogen form factor calculation v

Since p(r) = |11s(r)|?, the form factor inte- (@) L /e—2r/a Q724 0drd0de
gral becomes Ta3

the integral in ¢ gives 27 and if we choose Q to be along the z direction, Q-7 — Qrcosf, so
1

= X 2.2 iQr cos 0 1 [, 2g-2r/a L iQreosd|”
flS(Q) 3/ 2mree” '/a/ I¥reosvsin 0dfdr = — orrie~2r/a [—e’ reost dr
wad Jo 0 wa> Jo iQr 0
— % h 27Tr2e*2’/'9'-i [eior - 7101 dr = % h 27Tr2672’/372 sin(Qr) dr
mad Jo iQr was Jy Qr

If we write sin(Qr) = Im [e/?"] then the integral becomes

r 1Qr 4 > —2r/a ,iQr
2(Q a3Q/ 2/alm Q}dr—g,le[/ re2/aeer}
dv = e~ "(2/a=Q) ¢y, a3Q 2/a-1Q) 0

thi b t ted b t
IS Can e |n egra e y par S o e—f(2/3—"0)d
+ | Ay
/o 2/a—iQ) "
v=—e"(?/a-iQ) /(2/a — Q)

. —r(2/a—iQ) |*°
with v =r, du = dr, oA 4 €
. fis(Q) = —=—=Im r(
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Form factor calculation A

o

/oo e—r(2/a—iQ)d
+ T~ Ay ar
A S CTRRe)

. 4 —r(2/a—iQ)
(@) = [ :

pEToldd "(2/a— Q)
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Form factor calculation A

0 efr(2/afiQ)d
+ —
/o 2/a—iQ) "

the first term becomes zero because re "(2/2=/Q) 5 0 as r — 0, the second is easily integrated

4 efr(2/afi

ff’s(é):a3Q/m r ~0)

0
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Form factor calculation i

. fr(2/a i fr(2/a IQ
(@) = 30 - iQ) / @la-i)°

the first term becomes zero because re "(2/2=/Q) 5 0 as r — 0, the second is easily integrated

4 e—r(2/a—iQ)
#Q" | T/,

fls(é)
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Form factor calculation i

. fr(2/a i 7r(2/a IQ
(@) = 30 - iQ) / @la-i)°

the first term becomes zero because re "(2/2=/Q) 5 0 as r — 0, the second is easily integrated
4 [ e—r(2/a—lQ)
——1

fls(é) T (2/a- Q)2

O] - 50" s o)
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Form factor calculation iid

f . fr(2/a i 7r(2/a ,Q
1:(Q) = 30 ~iQ) / 2/a—:o

the first term becomes zero because re~"(2/2=/Q) —, 0 as r — 0, the second is easily integrated
4 e—r(2/a=iQ) |~ 4 1
——Im| - = Im .
(2/a—iQ)? . a3Q (2/a—iQ)?
4 [ (2/a+iQ)> ]
(2/a—iQ)*(2/a+ iQ)?

fls(é)
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Form factor calculation iid

. fr(2/a i 7r(2/a IQ
(@) = 30 - iQ) / @la-i)°

the first term becomes zero because re~"(2/2=/Q) —, 0 as r — 0, the second is easily integrated

oo 4 [ e [T g 1
fs(Q) = g/m | @/a-QR| | Q" {(2/,9— iQ)2]
_ 4 Im - (2/a+iQ) ]
- 2Q T L(2/a—iQ)(2/a+iQ)
@ [/ + QP
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<

Form factor calculation

. fr(2/a i 7r(2/a IQ
(@) = 30 - iQ) / @la-i)°

the first term becomes zero because re~"(2/2=/Q) —, 0 as r — 0, the second is easily integrated

0/ R i __ e—r(2/a—lQ)
fls(Q) a3QIm (2/3_,'0)2 .

4 1
e {(2/,9_ io)2]
i Im - (2/2+iQ)? ]
2Q [(2/a—iQ)%(2/a+iQ)?
4 [(2/a)* +i(4Q/a) — Qz]
2Q | [(2/a2 + @

4 (3/2)'(4Q/a)
SQL+ (Qa/2)2
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Form factor calculation i

. fr(2/a i 7r(2/a IQ
(@) = 30 - iQ) / @la-i)°

the first term becomes zero because re~"(2/2=/Q) —, 0 as r — 0, the second is easily integrated

0/ R i __ e—r(2/a—lQ)
fls(Q) a3QIm (2/3_,'0)2 .

4 1
e {(2/,9_ io)2]
i Im - (2/2+iQ)? ]
2Q [(2/a—iQ)%(2/a+iQ)?
4 [(2/a)* +i(4Q/a) — Qz]
2Q | [(2/a2 + @

4 (a/2)*(4Q/a) _ 1
B[+ (Qa/2)?2]2  [1+(Qa/2)?)?
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1s and atomic form factors A\

1

Q= 1 (a2 P
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1s and atomic form factors

1
[1+(Qa/2)?]?

This partial form factor will vary with Z due to
the Coulomb interaction

Q) =
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1s and atomic form factors i

1
[1+(Qa/2)?]?

This partial form factor will vary with Z due to
the Coulomb interaction

Q) =
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1s and atomic form factors i

1
[1+ (Qa/2)?]?

This partial form factor will vary with Z due to
the Coulomb interaction

Q) =

In principle, one can compute the full atomic
form factors, however, it is more useful to tab-
ulate the experimentally measured form factors
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1s and atomic form factors i

1
[1+ (Qa/2)?]?

This partial form factor will vary with Z due to
the Coulomb interaction

Q) =

In principle, one can compute the full atomic
form factors, however, it is more useful to tab-
ulate the experimentally measured form factors

4
£0 Q) = Z aje—bj sin? /)2 +c

Jj=1
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1s and atomic form factors i

1
[1+ (Qa/2)?]?

This partial form factor will vary with Z due to
the Coulomb interaction

Q) =

In principle, one can compute the full atomic
form factors, however, it is more useful to tab-
ulate the experimentally measured form factors

4
£0 Q) = Z aje—bj sin? /)2 +c

Jj=1

4
S st
j=1
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1s and atomic form factors i

10 T

1
[1+ (Qa/2)?]?

This partial form factor will vary with Z due to
the Coulomb interaction

Q) =

In principle, one can compute the full atomic
form factors, however, it is more useful to tab-
ulate the experimentally measured form factors

4
£0 Q) = Z aje—bj sin? /)2 +c

Jj=1

4
= Z aje—bj(0/47r)2 +c % ' 5
j=1
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Two hydrogen atoms i

4 T I T T I T
Previously we derived the scattering intensity - 1
from two localized electrons both fixed and ran- .
domly oriented to the x-rays Mo
—
O - -
a
c
2 2F
>
=
[2] - i
c
o
£ - N
0 1 1 I 1 1
0 0.5 1 15 2

Q (units of 27/r)
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Two hydrogen atoms i

Previously we derived the scattering intensity - 1
from two localized electrons both fixed and ran-
domly oriented to the x-rays

w
T
]

when we now replace the two localized electrons
with hydrogen atoms, we have, for fixed atoms

Intensity (units of rf)
I

-
T
|

1 1 I 1 1
0O 0.5 1 1.5 2

Q (units of 27/r)
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Two hydrogen atoms i

Previously we derived the scattering intensity - 1
from two localized electrons both fixed and ran-
domly oriented to the x-rays

w
T
]

when we now replace the two localized electrons
with hydrogen atoms, we have, for fixed atoms

Intensity (units of rf)
I

-
T
|

1 1 I 1 I
0O 0.5 1 1.5 2

Q (units of 27/r)
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Two hydrogen atoms i

Previously we derived the scattering intensity - 1
from two localized electrons both fixed and ran-
domly oriented to the x-rays

w
T
]

when we now replace the two localized electrons
with hydrogen atoms, we have, for fixed atoms

Intensity (units of rf)
I

and if we allow the hydrogen atoms to be ran-
domly oriented we have

-
T
|

1 1 I 1 I
0O 0.5 1 1.5 2

Q (units of 27/r)
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Two hydrogen atoms i

Previously we derived the scattering intensity - 1
from two localized electrons both fixed and ran-
domly oriented to the x-rays

w
T
]

when we now replace the two localized electrons
with hydrogen atoms, we have, for fixed atoms

Intensity (units of rf)
I

and if we allow the hydrogen atoms to be ran-
domly oriented we have

-
T
|

1 1 I 1
0O 0.5 1 1.5 2

Q (units of 27/r)
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Two hydrogen atoms V

Previously we derived the scattering intensity - 1
from two localized electrons both fixed and ran-
domly oriented to the x-rays

w
T
]

when we now replace the two localized electrons
with hydrogen atoms, we have, for fixed atoms

Intensity (units of rj)
I

and if we allow the hydrogen atoms to be ran-
domly oriented we have

-
T
|

with no oscillating structure in the form factor

1 1 I 1
0O 0.5 1 1.5 2

Q (units of 27/r)
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Inelastic scattering

A\

The form factors for all atoms drop to zero as

Q — oo, however, other processes continue to
scatter photons.
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Inelastic scattering

The form factors for all atoms drop to zero as

Q — oo, however, other processes continue to
scatter photons.

In particular, Compton scattering becomes
dominant.
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Inelastic scattering i

The form factors for all atoms drop to zero as

Q — oo, however, other processes continue to
scatter photons.

In particular, Compton scattering becomes
dominant.

Compton scattering is an inelastic process:

(K| # K]
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Inelastic scattering i

The form factors for all atoms drop to zero as

Q — oo, however, other processes continue to
scatter photons.

In particular, Compton scattering becomes
dominant.

Compton scattering is an inelastic process:
|k| # |k’| and it is also incoherent.
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Inelastic scattering i

The form factors for all atoms drop to zero as
Q — oo, however, other processes continue to
scatter photons.

In particular, Compton scattering becomes
dominant.

Compton scattering is an inelastic process:
|k| # |k’| and it is also incoherent.

The Compton scattering contains information
about the momentum distribution of the elec-
trons in the ground state of the atom.
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Inelastic scattering VY

The form factors for all atoms drop to zero as
Q — oo, however, other processes continue to
scatter photons.

$=160°
In particular, Compton scattering becomes
dominant.

Compton scattering is an inelastic process:
|k| # |k’| and it is also incoherent.

X-ray Intensity (arb units)

The Compton scattering contains information -
about the momentum distribution of the elec- | | |

trons in the ground state of the atom. 10500 11000 11500 12000 12500
Energy (eV)
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Total atomic scattering vV

We can now write the total scattering from
an atom as the sum of two components:
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Total atomic scattering

We can now write the total scattering from
an atom as the sum of two components:

do 5 5
(%)~

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021

September 28, 2021

13/22



Total atomic scattering

We can now write the total scattering from
an atom as the sum of two components:
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Total atomic scattering

We can now write the total scattering from
an atom as the sum of two components:

do 5 5
(%)~

do 5
<dQ> in ~ S(Z, Q)

recall that f(Q) - Zas Q — 0
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Total atomic scattering

We can now write the total scattering from
an atom as the sum of two components:

do 5 5
(%)~

do 5
(53),~ #5120

recall that f(Q) - Zas Q — 0
so |F(Q)> = Z%2as Q =0
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Total atomic scattering

We can now write the total scattering from
an atom as the sum of two components:

do 2 2
(%)~
do 5
<dQ>in ~ S(Z, Q)
recall that f(Q) - Zas Q — 0

so |F(Q)> = Z%2as Q =0

and for incoherent scattering we expect
S5(Z,Q) - Zas Q@ —»
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Total atomic scattering

We can now write the total scattering from
an atom as the sum of two components:

N
Q‘Q
OJIS]

~

o

2
Sy
=
e
o

2
)

recall that f(Q) - Zas Q — 0
so |F(Q)> = Z%2as Q =0

Intensity (in units of

and for incoherent scattering we expect
S5(Z,Q) - Zas Q@ —»
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Total atomic scattering

We can now write the total scattering from
an atom as the sum of two components:

N
Q‘Q
OJIS]

~

o

2
Sy
=
e
o

2
)

recall that f(Q) - Zas Q — 0
so |F(Q)> = Z%2as Q =0

Intensity (in units of

and for incoherent scattering we expect
S5(Z,Q) - Zas Q@ —»

Zye =2 Zp =18
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Scattering from molecules i

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).
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Scattering from molecules i

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmo(@ Z £(Q)e’ 97
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Scattering from molecules

A\

D
From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fr(@) = - £(Q)e®7

J

As an example take the CF4 molecule
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Scattering from molecules \

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fr(@) = - £(Q)e®7

J

As an example take the CF4 molecule

We have the following relationships:
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA|
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA| = | OB
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA| = |0B| = [0C]|
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA| = |0B| = [0C| = [0D|
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA| =|0B| = [0C| = [OD| =1
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA| =|0B| = [0C| = [OD| =1
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA| =|0B| = [0C| = [OD| =1
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Scattering from molecules A

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol _ Zf Q)eIQQ

As an example take the CF4 molecule

We have the following relationships:

|OA| =|0B| = [0C| = [OD| =1

OA-OD=1-1-cosu=—
= 0OA-OB
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Scattering from molecules A

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol _ Zf Q)eIQQ

As an example take the CF4 molecule

We have the following relationships:

OA-OD=1-1-cosu=—
= 0OA-OB
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Scattering from molecules

From the atomic form factor, we would like to ab-
stract to the next level of complexity, a molecule (we
will leave crystals for Chapter 5).

Fmol — Z f Q)e (37}

As an example take the CF4 molecule

We have the following relationships:

|OA| = [0B| = |0C| = [OD| = 1
OA=00 +0A
OB=00+0B
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The CF4 scattering factor vV

—z=(00"+ 0'A)- (00" + 0'B)
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The CF4 scattering factor vV

—z=(00"+ 0'A)- (00" + 0'B)
=722+0+0+0A- 0B
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The CF4 scattering factor vV

— - (00 + 0'4) - (00 + O'B)
=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)
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The CF4 scattering factor vV

_ 7 — (00 + 0A) - (00 + 0'B)
=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)

but from the triangle OO’A
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The CF4 scattering factor vV
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(0'A)? =1- 72

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 28, 2021 15 /22



The CF4 scattering factor vV

_ 7 — (00 + 0A) - (00 + 0'B)
=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)

= 7% + (1 — z%) cos(120°)

but from the triangle OO’A
(0'A)? =1- 272
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The CF4 scattering factor vV

_ 7 — (00 + 0A) - (00 + 0'B)
=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)

1
= 7% + (1 — 2%) cos(120°) = 2* — 5(1 - 2%

but from the triangle OO’A
(0'A)? =1- 272
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The CF4 scattering factor vV

_ 7 — (00 + 0A) - (00 + 0'B)
=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)

1
= 7% + (1 — 2%) cos(120°) = 2* — 5(1 - 2%

0=3z22+2z-1

but from the triangle OO’A
(0'A)? =1- 72
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The CF4 scattering factor vV

_ 7 — (00 + 0A) - (00 + 0'B)
=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)

1
= 7% + (1 — 2%) cos(120°) = 2* — 5(1 - 2%
0=322+2z—1

Y

1
3

but from the triangle OO’A
(0'A)? =1- 72
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The CF,4 scattering factor vV

_ 7 — (00 + 0A) - (00 + 0'B)
=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)

1
= 7% + (1 — 2%) cos(120°) = 2* — 5(1 - 2%
0=322+2z—1

Y

1
3

u = cos }(—z) = 109.5°

but from the triangle OO’A
(0'A)? =1- 72
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The CF,4 scattering factor vV
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=22 4+0+0+ O'A-0'B = 2> + (0'A)? cos(120°)

1
= 7% + (1 — 2%) cos(120°) = 2* — 5(1 - 2%

0=322+2z-1

u = cos }(—z) = 109.5°

but from the triangle OO’A
(0'A)? =1- 272
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The CF,4 scattering factor vV
Ff"' = fC(Q)+fF(Q) 3eFIQR/3 | o +iQR
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The CF4 scattering factor

Fmol fC(Q)—l—fF(Q) 3e:FiQR/3+eiiQR
]F’”"’]z ]fC]2+1O]fF]2+6\fF\2cos(QR/3)+2foF [3cos(QR/3)+cos(QR)]
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The plot shows the structure factor of CFy,
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The CF4 scattering factor \4
Fmol fc(Q)+fF(Q) 3e:FiQR/3+eiiQR}
]F’”"’]z ]fC]2+1O]fF]2+6\fF\2cos(QR/3)+2foF [3cos(QR/3)+cos(QR)]
\/8 R
|Fmo/’2 _ |fC’2+4|f—F|2+8foFsm(QR)+12|fF|25m Q
QR Q\/8/3R

The plot shows the structure factor of CFy, its
orientationally averaged structure factor,
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The CF4 scattering factor \4
Fmol fc(Q)+fF(Q) 3e:FiQR/3+eiiQR}
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\/8 R
|Fmo/’2 _ |fC’2+4|f—F|2+8foFsm(QR)+12|fF|25m Q
QR Q\/8/3R

The plot shows the structure factor of CFy, its
orientationally averaged structure factor, and
the form factor factor of Mo which has the same
number of electrons as CF4
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The CF4 scattering factor \4
Fmol fc(Q)+fF(Q) 3e:FiQR/3+eiiQR}
]F’”"’]z ]fC]2+1O]fF]2+6\fF\2cos(QR/3)+2foF [3cos(QR/3)+cos(QR)]

f,_-sm(QR) 19 f,_—zsm (Q+/8/3R)
Qr TP Q\/87/3R

The plot shows the structure factor of CFy, its
orientationally averaged structure factor, and
the form factor factor of Mo which has the same
number of electrons as CF4

|Fmo/’2 _ |fC’2—|—4|fF|2—|—8fC

10 (b) 1
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The CF4 scattering factor i
Fmol fc(Q)+fF(Q) 3e:FiQR/3+eiiQR}
]F’""’]z ]fC]2+1O]fF]2+6\fF\2cos(QR/3)+2foF [3cos(QR/3)+cos(QR)]
\/8 R
|Fmo/’2 _ |fC’2+4|f—F|2+8foFsm(QR)+12|fF|25m Q
QR Q\/8/3R

The plot shows the structure factor of CFy, its
orientationally averaged structure factor, and
the form factor factor of Mo which has the same
number of electrons as CF4

10 (b) 1
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The logarithmic plot shows the spherically aver-
aged structure factor compared to the inelastic

10°L . ‘ - scattering for CF4
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The radial distribution function \d
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The radial distribution function \d
Ordered 2D crystal Amorphous solid or liquid
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The radial distribution function N3
Ordered 2D crystal Amorphous solid or liquid
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The radial distribution function N3
Ordered 2D crystal Amorphous solid or liquid

Take a circle (sphere) of radius r and thickness dr and count the number of atom centers lying
within the ring.
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The radial distribution function N3
Ordered 2D crystal Amorphous solid or liquid

Take a circle (sphere) of radius r and thickness dr and count the number of atom centers lying
within the ring. Then expand the ring radius by dr to map out the radial distribution function
g(r)
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The radial distribution function N3
Ordered 2D crystal Amorphous solid or liquid

Take a circle (sphere) of radius r and thickness dr and count the number of atom centers lying
within the ring. Then expand the ring radius by dr to map out the radial distribution function
g(r)
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The radial distribution function
Ordered 2D crystal
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A\

Amorphous solid or liquid

Take a circle (sphere) of radius r and thickness dr and count the number of atom centers lying
within the ring. Then expand the ring radius by dr to map out the radial distribution function

g(r)
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The radial distribution function vV

Ordered 2D crystal Amorphous solid or liquid
[ ]
4 I i
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Radius, r

Take a circle (sphere) of radius r and thickness dr and count the number of atom centers lying
within the ring. Then expand the ring radius by dr to map out the radial distribution function
g(r)
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The radial distribution function 7
Ordered 2D crystal Amorphous solid or liquid
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Take a circle (sphere) of radius r and thickness dr and count the number of atom centers lying
within the ring. Then expand the ring radius by dr to map out the radial distribution function
g(r)
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Total scattered intensity A

Consider a mono-atomic (-molecular) system where the total scattered intensity is given by
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Total scattered intensity YV

Consider a mono-atomic (—molecular) system where the total scattered intensity is given by

I(Q)—f Ze Ze‘ié'r;’
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Total scattered intensity YV

Consider a mono-atomic (—molecular) system where the total scattered intensity is given by

(@) = F(QF @7 Y e @ = F(Qf 3 e
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Total scattered intensity YV

Consider a mono-atomic (—molecular) system where the total scattered intensity is given by

(&) = (@ Z SO B Wit
= NF(Q) Z Y Q)

n. m#n
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Total scattered intensity

Consider a mono-atomic (—molecular) system where the total scattered intensity is given by

Q)— f ZGIQ rnze iQrm _ = f( )22261'@'(%—%)
= NF(Q) + F(GY Z S i)

n m#n
The sum over m = m is now replaced with an integral of the continuous atomic pair density
function, p,,(F,,m)

(Q) Z/ pn(Fom)e iQ-(F—rm) dv,,
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Total scattered intensity

Consider a mono-atomic (—molecular) system where the total scattered intensity is given by

Q)— f ZGIQ rnze iQrm _ = f( )22261'@'(%—%)
= NF(Q)* + f(Q) Z Y Q)

n. m#n
The sum over m = m is now replaced with an integral of the continuous atomic pair density
function, p,,(F,,m) and adding and subtracting the average atomic density p.;

(Q) Z/ pn(Fom)e iQ-(F—rm) dv,,

= NE(QF + F(@F Y | [onliom) — e -0 a1

f(@)QpatZ/ @ (A=) gy,
n v
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Total scattered intensity V'
Consider a mono-atomic (—molecular) system where the total scattered intensity is given by
Q) — f ZGIQ rnze iQrm _ = ( )22261'@'(%—%)
= NF(Q)* + f(Q) Z Y Q)

n. m#n
The sum over m = m is now replaced with an integral of the continuous atomic pair density
function, p,,(F,,m) and adding and subtracting the average atomic density p.;

@) = 2 || polam)e @ a
— Nf(é +f( @ Z/[p,, Fam) ,oat]e’Q n=rm) d\/,

£(0) patZ/ iQ-(F—r7) — ISRO()
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Total scattered intensity V'
Consider a mono-atomic (—molecular) system where the total scattered intensity is given by
1(Q) = (@ Ze:o i Ze iQrm _ — f( yzzef@(rz—rﬁn)
n m
CRTD S S

n. m#n
The sum over m = m is now replaced with an integral of the continuous atomic pair density
function, p,,(F,,m) and adding and subtracting the average atomic density p.;

@) = 2 || polam)e @ a
— Nf(é +f( @ Z/[p,, Fam) ,oat]e’Q n=rm) d\/,

é patZ/ iQ-(F—rm) /SRO(Q)_{_/SAXS(C_?)
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Liquid scattering V

For the moment, let us ignore the SAXS term and focus on the short range order term.
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Liquid scattering i

For the moment, let us ignore the SAXS term and focus on the short range order term.

1SRO(Q) = NF(Q)? + f(@)22/\/ [0n(Fom) — pac] €G- CrTm) g/
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Liquid scattering \

For the moment, let us ignore the SAXS term and focus on the short range order term.

1SRO(Q) = NF(Q)? + f(@)QZ/V [0n(Fom) — pac] €G- CrTm) g/

When we average over all choices of origin in the liquid, (pn(fhm)) — p(7) and the sum
simplifies to N giving:
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Liquid scattering

For the moment, let us ignore the SAXS term and focus on the short range order term.

ISRO(@) Z/ [on(Tam) — pat] eIQ (Fo=Fm)

When we average over all choices of origin in the liquid, (pn(fhm)) — p(7) and the sum
simplifies to N giving:

1FO(G) = NF(Q)? + NF(G / () — pac] 97 dV

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 28, 2021 19 /22



Liquid scattering

For the moment, let us ignore the SAXS term and focus on the short range order term.

ISRO(@) Z/ [on(Tam) — pat] eIQ (Fo=Fm)

When we average over all choices of origin in the liquid, (pn(fhm)) — p(7) and the sum
simplifies to N giving:

1FO(G) = NF(Q)? + NF(G / () — pac] 97 dV

Performing an orientational average results in
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Liquid scattering

For the moment, let us ignore the SAXS term and focus on the short range order term.

ISRO(@) Z/ [on(Tam) — pat] eIQ (Fo=Fm)

When we average over all choices of origin in the liquid, (pn(fhm)) — p(7) and the sum
simplifies to N giving:

1FO(G) = NF(Q)? + NF(G / () — pac] 97 dV

Performing an orientational average results in
. . o © s/
170(Q) = NF(QY? + N [ amr[o(r) — pur] o
0
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S(Q) - the liquid structure factor V

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).
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S(Q) - the liquid structure factor i

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

SRO
5(Q) = /Nf(Q)2 1+/ Fp(r) — pa] sin(Qr)dr
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S(Q) - the liquid structure factor

<

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

/SRO(@
S5(Q) = NF(Q) = 1+/ r[p(r) — pat] sin(Qr)dr
When @ — oo, the short wavelength limit,
1/Q — 0 eliminates all dependence on the
interparticle correlations and S(Q) — 1.
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S(Q) - the liquid structure factor

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

/SRO(

S5(Q) = NF(Q ()? —1+/ r[p(r) — pat] sin(Qr)dr

When @ — oo, the short wavelength limit, When Q — 0, i.e. the long wavelength limit,
1/Q — 0 eliminates all dependence on the sin(Qr)/Q — r and S(Q) is dominated by
interparticle correlations and S(Q) — 1. the density fluctuations in the system
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S(Q) - the liquid structure factor

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

/SRO(@
S5(Q) = NF(Q) = 1+/ r[p(r) — pat] sin(Qr)dr
When @ — oo, the short wavelength limit,
1/Q — 0 eliminates all dependence on the
interparticle correlations and S(Q) — 1.

When Q — 0, i.e. the long wavelength limit,
sin(Qr)/@ — r and S(Q) is dominated by
the density fluctuations in the system

We can rewrite the structure factor equation
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S(Q) - the liquid structure factor

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

ISRO @
S5(Q) = Q)R = 1+/ r[p(r) — pat] sin(Qr)dr
When @ — oo, the short wavelength limit,
1/Q — 0 eliminates all dependence on the
interparticle correlations and S(Q) — 1.

When Q — 0, i.e. the long wavelength limit,
sin(Qr)/@ — r and S(Q) is dominated by
the density fluctuations in the system

We can rewrite the structure factor equation

QIS(Q) 11 = [~ arr[p(r) — pulsin( Q)
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S(Q) - the liquid structure factor

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

/SRO é

S(Q)— Q)R 1+/ r[p(r) — pat] sin(Qr)dr

When @ — oo, the short wavelength limit,
1/Q — 0 eliminates all dependence on the
interparticle correlations and S(Q) — 1.

When Q — 0, i.e. the long wavelength limit,
sin(Qr)/@ — r and S(Q) is dominated by
the density fluctuations in the system

We can rewrite the structure factor equation

QIS(Q) 11 = [~ 4nrlp(r) ~ pulsin(@r)ar = [ u(r)sin(@r)er
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S(Q) - the liquid structure factor

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

/SRO é

S(Q)— Q)R 1+/ r[p(r) — pat] sin(Qr)dr

When @ — oo, the short wavelength limit,
1/Q — 0 eliminates all dependence on the
interparticle correlations and S(Q) — 1.

When Q — 0, i.e. the long wavelength limit,
sin(Qr)/@ — r and S(Q) is dominated by
the density fluctuations in the system

We can rewrite the structure factor equation

QIS(Q) 11 = [~ 4nrlp(r) ~ pulsin(@r)ar = [ u(r)sin(@r)er
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S(Q) - the liquid structure factor

A bit of rearrangment results in the expression for the liquid structure factor, S(Q).

ISRO é B .
S(Q)— Q)R 1+/ r[p(r) — pat] sin(Qr)dr

When @ — oo, the short wavelength limit, When Q — 0, i.e. the long wavelength limit,
1/Q — 0 eliminates all dependence on the sin(Qr)/Q — r and S(Q) is dominated by
interparticle correlations and S(Q) — 1. the density fluctuations in the system

We can rewrite the structure factor equation
Q[S(Q)—1] = / Arr [p(r) — pat] sin(Qr)dr = / H(r)sin(Qr)dr
0 0
Which is the sine Fourier Transform of the deviation of the atomic density from its average,

H(r) = 4nr(g(r) — 1]
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Radial distribution function \d

We can invert the Fourier Transform to obtain
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Radial distribution function A
We can invert the Fourier Transform to obtain

H(r) = fr/ooo Q[S(Q) — 1]sin(Qr)dQ
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Radial distribution function NS
We can invert the Fourier Transform to obtain
2 [ )
H(r) = 7r/ Q[S(Q) — 1]sin(Qr)dQ
0

and thus the radial distribution function can be obtained from the structure factor (an
experimentally measureable quantity).
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Radial distribution function

<

We can invert the Fourier Transform to obtain

H(r) = fr/ooo Q[S(Q) — 1]sin(Qr)dQ

and thus the radial distribution function can be obtained from the structure factor (an
experimentally measureable quantity).

1

=1
g(r) +2772r,03t

/000 R[S(Q) — 1]sin(Qr)dQ
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Radial distribution function

We can invert the Fourier Transform to obtain
2 [e.9]
H(r) = 7r/ QR[S(Q) — 1]sin(Qr)dQ
0
and thus the radial distribution function can be obtained from the structure factor (an

experimentally measureable quantity).

1

=1
g(r) +2772r,03t

/000 R[S(Q) — 1]sin(Qr)dQ

This formalism holds for both non-crystalline solids and liquids, even though inelastic
scattering dominates in the latter.
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Radial distribution function
We can invert the Fourier Transform to obtain
2 [ .
H(r) = 7r/ QR[S(Q) — 1]sin(Qr)dQ
0

and thus the radial distribution function can be obtained from the structure factor (an
experimentally measureable quantity).

1
2721 pat

g(r)=1+ /OOO R[S(Q) — 1]sin(Qr)dQ

This formalism holds for both non-crystalline solids and liquids, even though inelastic
scattering dominates in the latter.

The relation between radial distribution function and structure factor can be extended to
multi-component systems where g(r) — gijj(r) and S(Q) — S;i(Q).
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Structure in supercooled liquid metals V'

Liquid Ni metal was suspended electrostatically and allowed to
cool from its liquidus temperature of 1450°C.

“Difference in lcosahedral Short-Range Order in Early and Late Transition Metal Liquids,” G.W. Lee et al.
Phys. Rev. Lett 93, 037802 (2004).
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Structure in supercooled liquid metals
Liquid Ni metal was suspended electrostatically and allowed to
cool from its liquidus temperature of 1450°C.

Measurement of the liquid structure factor shows supercooling
with short range order.

“Difference in lcosahedral Short-Range Order in Early and Late Transition Metal Liquids,” G.W. Lee et al.

Phys. Rev. Lett 93, 037802 (2004).
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Structure in supercooled liquid metals
Liquid Ni metal was suspended electrostatically and allowed to
cool from its liquidus temperature of 1450°C.

Measurement of the liquid structure factor shows supercooling
with short range order.

Integration of the radial distribution function indicates the pres-
ence of icosahedral clusters which inhibit crystallization.

“Difference in lcosahedral Short-Range Order in Early and Late Transition Metal Liquids,” G.W. Lee et al.
Phys. Rev. Lett 93, 037802 (2004).
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Structure in supercooled liquid metals

Liquid Ni metal was suspended electrostatically and allowed to
cool from its liquidus temperature of 1450°C.

Measurement of the liquid structure factor shows supercooling
with short range order.

Integration of the radial distribution function indicates the pres-
ence of icosahedral clusters which inhibit crystallization.

Details in the shape of the oscillations can
be indicative of distortions in the icosahedra
which depend on the metal species.

“Difference in Icosahedral Short-Range Order in Early and Late Transition Metal Liquids,” G.W. Lee et al.
Phys. Rev. Lett 93, 037802 (2004).
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