Today's outline - September 14, 2021 N

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 \id

e Boundary conditions at an interface

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 \id

e Boundary conditions at an interface

® The Fresnel equations

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 \id

e Boundary conditions at an interface
® The Fresnel equations

® Reflectivity and Transmittivity

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 v/

e Boundary conditions at an interface
® The Fresnel equations
® Reflectivity and Transmittivity

® Normalized g-coordinates

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 i

e Boundary conditions at an interface

® The Fresnel equations

Reflectivity and Transmittivity

Normalized g-coordinates

® Limiting cases of Fresnel equations

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 i

e Boundary conditions at an interface

® The Fresnel equations

Reflectivity and Transmittivity

Normalized g-coordinates

® Limiting cases of Fresnel equations

Reflection from a thin slab

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 i

e Boundary conditions at an interface
® The Fresnel equations

® Reflectivity and Transmittivity

® Normalized g-coordinates

® Limiting cases of Fresnel equations
® Reflection from a thin slab

e Kiessig fringes

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021 i

e Boundary conditions at an interface
® The Fresnel equations

® Reflectivity and Transmittivity

® Normalized g-coordinates

® Limiting cases of Fresnel equations
® Reflection from a thin slab

e Kiessig fringes

Reading Assignment: Chapter 3.5-3.8

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



<

Today's outline - September 14, 2021

e Boundary conditions at an interface
® The Fresnel equations

® Reflectivity and Transmittivity

® Normalized g-coordinates

® Limiting cases of Fresnel equations
® Reflection from a thin slab

e Kiessig fringes

Reading Assignment: Chapter 3.5-3.8

Homework Assignment #02:
Problems on Blackboard
due Tuesday, September 21, 2021

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 1/22



Today's outline - September 14, 2021

e Boundary conditions at an interface
® The Fresnel equations

® Reflectivity and Transmittivity

® Normalized g-coordinates

® Limiting cases of Fresnel equations
® Reflection from a thin slab

e Kiessig fringes

Reading Assignment: Chapter 3.5-3.8
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By comparing the scattering and refraction approaches the index of refaction in the x-ray
regime can be calculated.

Scattering Refraction

WP =P [1 - i2”ibﬂ WP =g [L+i(n = 1)kA]

By inspection we have

2mpbA
(n—1)kA = — P
k
2mpb
n—1=-"°
k2
Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021

<

2/22



Index of refraction review

<

By comparing the scattering and refraction approaches the index of refaction in the x-ray
regime can be calculated.

Scattering Refraction

WP =P [1 - i2”ibﬂ WP =g [L+i(n = 1)kA]

By inspection we have

2w pbA
(n—1)kA = — ”’;{b
2mpb
n—1=— 2
2mwpb
1-— 12

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021

September 14, 2021 2/22



Index of refraction review

<

By comparing the scattering and refraction approaches the index of refaction in the x-ray
regime can be calculated.

Scattering Refraction

WP =P [1 - i2”ibﬂ WP =g [L+i(n = 1)kA]

By inspection we have

21 pbA
(n—1)kA = — ”’;{b
2mpb
n—1=— 2
2
1- Zg’b—l—a

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021

September 14, 2021 2/22



Index of refraction & critical angle A

Consider an x-ray incident on an interface at angle a; to Z
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1— 0 = cosac
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Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
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ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).
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Index of refraction & critical angle V

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction
for the medium (n, =1 — 9). Ny COS (vp = N1 COS (v = COS (/q

(1 —d)cosar = cosay
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the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident X
medium is “vacuum” (n; = 1).
If we now apply the known form of the index of refraction
for the medium (n, =1 — 9). Ny COS (vp = N1 COS (v = COS (/]
When the incident angle becomes small enough, there (1 —d)cosar = cosay
will be total external reflection and cosap =1 1—0=cosac

2 2

Q¢ Q¢
1—0=cosa.=1-— el —
Q¢ 5 + 5

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021

3/22



Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction
for the medium (n, =1 — 9).

When the incident angle becomes small enough, there
will be total external reflection and cosas =1

2 2
Q¢
2 * 2

1—-9=cosa.=1-—

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021

o, N4

Ny COS (xp = N1 COS (x1 = COS (x1
(1 —d)cosar = cosay

1—0 =cosa,

September 14, 2021 3/22



Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
ny at angle ap.

Applying Snell's Law, and assuming that the incident
medium is “vacuum” (n; = 1).

If we now apply the known form of the index of refraction
for the medium (n, =1 — 9).

When the incident angle becomes small enough, there
will be total external reflection and cosas =1

2 2
Q¢
2 * 2

1—-9=cosa.=1-—

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021

o, N4

Ny COS (xp = N1 COS (x1 = COS (x1
(1 —d)cosar = cosay
1—0 =cosa,

ol
O~ > — ac =V20

September 14, 2021 3/22



Index of refraction & critical angle

Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
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Consider an x-ray incident on an interface at angle a; to
the surface which is refracted into the medium of index
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Connection to atomic scattering

A\

So far, we have made the assumption that the charge distribution is uniform. We know that

this is not correct, and that usually electron charge distributions are those of the atoms
making up the solid.

2mpbA
w”—ws’[l—l”k ]
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Connection to atomic scattering YV

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms

making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:

WP = [1 B I,27prA]
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Connection to atomic scattering V
So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms
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a more realistic one, including the atom distribution p,:
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Connection to atomic scattering VY
So far, we have made the assumption that the charge distribution is uniform. We know that

this is not correct, and that usually electron charge distributions are those of the atoms
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Connection to atomic scattering \

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms

making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:
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So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms
making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:
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Connection to atomic scattering YV

So far, we have made the assumption that the charge distribution is uniform. We know that
this is not correct, and that usually electron charge distributions are those of the atoms
making up the solid. Therefore, it is useful to replace the uniform charge distribution, p, with
a more realistic one, including the atom distribution p,:
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.
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Begin with Beer's Law for absorption
In the refractive approach, the wave propagating I(z) = loe™"*
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Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption

. . _ —pz
In the refractive approach, the wave propagating I(z) = e

in the medium is modified by the index of refrac-
tion k" = nk so that W = eikz — ol (1=0+ip)kz

. . . _ i(1=8)kz ,—Bk
The real exponential can be compared with Beer's = /(1-0kzg=Fkz

Law, noting that intensity is proportional to the
square of the wave function

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 5/22



Absorption term in n \ 4

Since the actual scattering factor of an atom has resonant (“anomalous”) terms,
f(Q) = fO(Q) + ' + if”, we must include an absorption term in the model for the index of
refraction.

n=1-0+1ip
Begin with Beer's Law for absorption
: . — e M2

In the refractive approach, the wave propagating I(z) = loe
in the medium is modified by the index of refrac-
tion k" = nk so that W = eikz — ol (1=0+ip)kz

. : , (- —Bk
The real exponential can be compared with Beer's = /(1-0kzg=Fkz
Law, noting that intensity is proportional to the

square of the wave function i
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

27pato
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2mparo
k2

27paly
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2mparo
k2

27paly
k2

2Tpary

n=1- [FO(Q) + f/] —i 1

[fO(Q)+f/+If/,:| =1 f//:]-_é—"lﬁ
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2P . 2T P41 2T pak .
n=1- 02 [F(Q)+F +if"] =1— TR [fQ) + f] - i 50 =1-0+if
Since 2(0) > f’ in the forward direction, 5~ 2mpaf°(0)ro
we have - k2
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Absorption term in n \ 4

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

n=1- 200 (10Q) 7 1 if"] =1 L [1(Q) 4 ] — i =1 5 4 if
Since 2(0) > f’ in the forward direction, 5~ 2mpaf°(0)ro
we have - k2
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In terms of the absorption coefficient, u k2 2k
I Kk N
2mpary 2k

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 6/22



<

Absorption term in n

The absorptive term in the index of refraction is directly related to the f” term in the atomic
scattering factor:

2mparo
k2

27paty
k2

2Tpary

[FAQ+f] i =1-5+ip

n=1- [(FO(Q)+ f +if"] =1—

Since 2(0) > f’ in the forward direction, 5~ 2mpaf°(0)ro
we have - k2

5= 2mpafro
In terms of the absorption coefficient, 4 and k2 2k

) : 2
the atomic cross-section, o, Fr— k Ko k o
2mpary 2k 4rry °
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

RI V4 RR Yy = a,ei’:"? incident wave
o o YR

= ape'*®T  reflected wave
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in

all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

which leads to conditions on the amplitudes and
the wave vectors of the waves at z = 0.

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 7/22



Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave
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which leads to conditions on the amplitudes and
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Electromagnetic boundary conditions \d

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

] o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. aTkr = ark; + arkr
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Electromagnetic boundary conditions A\

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

_ o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. Taking
vector components:

a-rkT = a,k/ + aRkR
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Electromagnetic boundary conditions A\

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

_ o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. Taking
vector components:

a-rkT = a,k/ + aRkR
aTkr cosa’ = ajk; cos a + arkg cos o
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Electromagnetic boundary conditions A\

Maxwell’s equations require that an electromagnetic wave and its derivative be continuous in
all directions at any interface. This condition places restrictions on the waves which exist at
any interface:

;= a;e™7T  incident wave
Vg = age’*R"  reflected wave
Y7 = a7e’*™T  transmitted wave

_ o _ ar = a; +ar
which leads to conditions on the amplitudes and

the wave vectors of the waves at z = 0. Taking
vector components:

a-rkT = a,k/ + aRkR

aTkr cosa’ = ajk; cos a + arkg cos o
— arkysinad’ = —ajkysina + agkgsina
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that
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Parallel projection & Snell's Law V

Starting with the equation for the parallel |k7-\>\ _ ]/?,] — k in vacuum
projection of the field on the surface and
noting that

aTky cosa’ = ajk; cos o + arkg cos o
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Parallel projection & Snell's Law V

Starting with the equation for the parallel |k7-\>\ _ ]/?,] — k in vacuum
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noting that |kT| = nk in medium
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Parallel projection & Snell's Law V

Starting with the equation for the parallel
projection of the field on the surface and - ) )
noting that |kT| = nk in medium

\kp| = |ki| = k in vacuum

aTky cosa’ = ajk; cos o + arkg cos o

arnkcosa’ = ajkcosa + agk cos o
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar

A\

\kp| = |ki| = k in vacuum

\k7| = nk in medium

aTky cosa’ = ajk; cos o + arkg cos o
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Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 8/22



Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar

This simply results in Snell's Law

N
YV

\kp| = |ki| = k in vacuum

\k7| = nk in medium

aTky cosa’ = ajk; cos o + arkg cos o

arnkcosa’ = ajkcosa + agk cos o

(aj + ag)ncosa’ = (a; + aR) cos

COS & = ncos Oé/
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Parallel projection & Snell's Law

Starting with the equation for the parallel
projection of the field on the surface and
noting that

Combining with the amplitude equation and
cancelling k

ar = a; +ar

This simply results in Snell's Law which for
small angles can be expanded.

\kp| = |ki| = k in vacuum
\k7| = nk in medium

aTky cosa’ = ajk; cos o + arkg cos o

arnkcosa’ = ajkcosa + agk cos o

(aj + ag)ncosa’ = (a; + aR) cos

COS & = ncos Oé/

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 8/22



Parallel projection & Snell’s Law V

Starting with the equation for the parallel |k7—\>\ _ “?/! — Kk in vacuum
projection of the field on the surface and o _ _
noting that |kT| = nk in medium

Combining with the amplitude equation and

} aTky cosa’ = ajk; cos o + arkg cos o
cancelling k

arnkcosa’ = ajkcosa + agk cos o
ar=a;+ar

r_
This simply results in Snell's Law which for (a +ag)ncosa’ = (a + ar) cosa

o /
small angles can be expanded. Cosa = ncosa

a? _ a'?
1—2:(1—5+:5)<1—2>
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Parallel projection & Snell’s Law V

Starting with the equation for the parallel |k7—\>\ _ “?/! — Kk in vacuum
projection of the field on the surface and o _ _
noting that |kT| = nk in medium

Combining with the amplitude equation and

} aTky cosa’ = ajk; cos o + arkg cos o
cancelling k

arnkcosa’ = ajkcosa + agk cos o
ar = a; +ar
(aj + ag)ncosa’ = (a; + aR) cos

This simply results in Snell's Law which for ,
small angles can be expanded. Cosa = ncosa
Recalling that o = V26

a2 0/2
-G =) (1-G) = ot=atralo2i
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Perpendicular projection & Fresnel equations V'

Taking the perpendicular projection, substituting for the wave vectors
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Perpendicular projection & Fresnel equations V'

Taking the perpendicular projection, substituting for the wave vectors

— arkysinad’ = —ajkysina + agkgsina
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Perpendicular projection & Fresnel equations V'

Taking the perpendicular projection, substituting for the wave vectors

— arkysinad’ = —ajkysina + agkgsina

—arnksind’ = —(a; — ag)ksin«
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Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkysinad’ = —ajkysina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — aRr) sin«
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Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation
— arkysinad’ = —ajkysina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — aRr) sin«
aj—ar nsind/
a; + ar sin
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Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkysinad’ = —ajkysina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — aRr) sin«
aj—ag _nsina’ o
aj+ar  sina A
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Perpendicular projection & Fresnel equations A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — agr) sin«
aj—ar nsind/ o o
s . ~SN— =
. a;+a sin « « o
taking n~ 1 ! R
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Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina

—arnksind’ = —(a; — ag)ksin«
ar =a; +ar (aj + ag)nsina’ = (a; — aRg) sina
aj—ar nsind/ o o

= ~n ~

a + ar sin « «

taking n~ 1

The Fresnel Equations can now
be derived
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Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina

—arnksind’ = —(a; — ag)ksin«

ar =a; +ar (aj + ag)nsina’ = (a; — aRg) sina

aj—ar nsind/ o o

= ~n ~

a + ar sin « «

taking n~ 1
ajo — apa = ajo’ + apa’

The Fresnel Equations can now
be derived
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Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — agr) sin«
aj—ar _ nsino/ o o
. aj+ar sina o  «a
taking n~ 1 ! R
ajo — apa = ajo’ + apa’
no__ /
The Fresnel Equations can now 3)(a — o) = ap(a + o)
be derived
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Perpendicular projection &

Fresnel equations

A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude

equation

ar =a;+ ar

taking n~ 1

The Fresnel Equations can now
be derived

ar
yf = — =
a

Carlo Segre (lllinois Tech)

— aTkT sin O/ =
— arnksind =

(aj + ag)nsina’ =

a) — ar

—aykysina + agkg sin «
—(a; — ar)ksina
(aj — ar)sina

nsina’ « «

a; + ar

ajx — arx

a(a—a)

a—a

a+ o’
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Perpendicular projection & Fresnel equations

A\

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude

equation

ar =a;+ ar

taking n~ 1

The Fresnel Equations can now

be derived
/
ar o —
yf = — = 7,’
aj a+ o
Carlo Segre (lllinois Tech) PHYS 570

— aTkT sin O/ =
— arnksind =

(aj + ag)nsina’ =

a) — ar

—aykysina + agkg sin «
—(a; — ar)ksina

(aj — ar)sina

a; + ar

ajx — apox =

a(a—a)

a(a—d) =

- Fall 2021

nsina’ o o

sin o o Q
! !
ajo + aRo

ag(a+a) —r
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Perpendicular projection & Fresnel equations \ i

Taking the perpendicular projection, substituting for the wave vectors and using the amplitude
equation

— arkrsina’ = —ajksina + agkg sina
—arnksind’ = —(a; — ag)ksin«
ar =a;+ar (aj + ag)nsina’ = (a; — agr) sin«
aj—ag _nsind’ o o
aj+ar  sina “Ta T a

taking n~ 1
ajo — apa = ajo’ + apa’

N /
The Fresnel Equations can now a(a—a)=apglata) —r

be derived a(a—d)=(ar —a)(a+d) —t
aR a—do L, AT 2a
f = = — —_— =
ag a+ao’ a a+do
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Reflectivity and transmittivity \d

r and t are called the reflection and

transmission coefficients, respectively. 5 o — o
R _

aj a+ao
art 2c
ay o+ o
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
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wave in the medium due to absorption.
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
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second one being the attenuation of the
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attenuation is characterized by a quantity
called the penetration depth, A.
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?] are the squares of these quantities,
which are complex because o is complex.

o' =Re(d) +ilm(a))

aTeiko/z —ar eikRe(o/)z e—klm(a')z
1
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2k Im(a/)
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka
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Wavevector transfers

A\

While it is physically easier to think of angles, a more useful parameter is called the wavevector

transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka

in dimensionless units, these become
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka

in dimensionless units, these become

_Q 2%,
7707 Q.
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Wavevector transfers \ i

While it is physically easier to think of angles, a more useful parameter is called the wavevector
transfer.
Q =2ksina ~ 2k«

and for the critical angle
Qe = 2ksina. =~ 2ka

in dimensionless units, these become
Q 2k , Q 2k,
= — " — QO = — " —
7o a 7727 a

g is a convenient parameter to use because it is a combination of two parameters which are
often varied in experiments, the angle of incidence o and the wavenumber (energy) of the
x-ray, k.
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Defining equations in g vV

Start with the reduced version of Snell’s a?=a'?2+ ag —2iB
Law
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Defining equations in g vV

Start with thg reduced version of Snell's a2 =a'?+ ag —2iB
Law and multiply by a 1/a2 = (2k/Q.).
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Defining equations in g v}'

Start with the reduced version of Snell’s a?=a'?2+ ag —2iB

Law and multiply by a 1/a2 = (2k/Q.).
2 2
(3) = (3) et
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Defining equations in g _—

Start with the reduced version of Snell’s

o? =%+ a2 -2i3
Law and multiply by a 1/a2 = (2k/Q.).
Noting that ) )
2k 2k
2k <> o = <> (0/2 + a2 — 2i5)
q= aO[ QC QC
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Defining equations in g

Start with the reduced version of Snell’s
Law and multiply by a 1/a2 = (2k/Q.).
Noting that

2k
= —«
77 Q.
2k>2 4Kk o 2k
(Qc @22k @@ "
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Defining equations in g

Start with the reduced version of Snell’s
Law and multiply by a 1/a2 = (2k/Q.).
Noting that
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Carlo Segre (lllinois Tech)

2 2
(3) - () ot

PHYS 570 - Fall 2021

o®=a'2+a%-2ip

*=q?+1-2ib,

September 14, 2021

12/22



Defining equations in g

Start with the reduced version of Snell’s
Law and multiply by a 1/a2 = (2k/Q.).
Noting that

2k
= —«
77 Q.
2k>2 4Kk o 2k
(Qc @22k @@ "
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Similarly, we convert the reflection and trans-
mission coefficients.
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Defining equations in g i

Start with the reduced version of Snell's a?=a'?+ ag —2iB

Law and multiply by a 1/a2 = (2k/Q.).

Noting that ) )

2k 2k )
2k <Q><f=<Q> (a2 + a2 - 2ip)
q= -« c c
Qc
Q) T Qrak @™

Similarly, we convert the reflection and trans-
mission coefficients.

9—q p_ 29

q+4q q+4q
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Limiting cases - g > 1 V

Starting with Snell’s Law *=q'?+1-2ib,
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Limiting cases - g > 1 V

Starting with Snell’s Law *=q'?+1-2ib,

qd%2=q°— 1+2ib,
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real
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PHYS 570 - Fall 2021

September 14, 2021

A\

13/22



Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q') ~ q,
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the

imaginary part can be computed by
assuming
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the

imaginary part can be computed by
assuming
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q =q+ilm(q)
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the

imaginary part can be computed by
assuming
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the

imaginary part can be computed by
assuming
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*=q'%+1-2ib,

q'?=¢q*—1+2ib, ~ ¢*+2ib,

=q+ilm(q’)
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the

imaginary part can be computed by
assuming
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the
imaginary part can be computed by
assuming

comparing to the equation above
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the
imaginary part can be computed by
assuming

comparing to the equation above
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q =q-+ilm(q
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the
imaginary part can be computed by
assuming

comparing to the equation above
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*=q'?+1-2ib,

q'?=¢q*—1+2ib, ~ ¢*+2ib,

q =q+ilm(q)

Im(q
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Im(q')q ~ b, — Im(q
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Limiting cases - ¢ > 1
Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the
imaginary part can be computed by
assuming

comparing to the equation above

*=q'?+1-2ib,

q'?=¢q*—1+2ib, ~ ¢*+2ib,

q =q+ilm(q)

Im(q
q’2:q2<1—|—1 (4)

Im(q')q ~ b, — Im(q

The reflection and transmission coefficients are thus
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Limiting cases - ¢ > 1
Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the
imaginary part can be computed by
assuming

comparing to the equation above

*=q'?+1-2ib,

q'?=¢q*—1+2ib, ~ ¢*+2ib,

q =q+ilm(q)

Im(q
q’2:q2<1—|—1 (4)

Im(q')q ~ b, — Im(q

The reflection and transmission coefficients are thus

(¢—9)a+4q)
(+d)q+4q)
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Limiting cases - ¢ > 1
Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the
imaginary part can be computed by
assuming

comparing to the equation above

*=q'?+1-2ib,

q'?=¢q*—1+2ib, ~ ¢*+2ib,

q =q+ilm(q)

Im(q
q’2:q2<1—|—1 (4)

Im(q')q ~ b, — Im(q

The reflection and transmission coefficients are thus

(g-d)Ng+d) P —4q?
]

(g+d)a+d) (g+4)3
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Limiting cases - ¢ > 1 e

Starting with Snell's Law *=q'?+1-2ib,
rearrange and simplify for ¢ > 1 and q'?=¢q*—1+2ib, ~ ¢*+2ib,
real

. _ q =q+ilm(q)
this implies Re(q’) ~ g, while the

/ 2
imaginary part can be computed by q?%=q° <1 +i Im(q )> ~ g2 + 2iqg Im(q")
assuming q
b
comparing to the equation above Im(q")g =~ b, — Im(q') ~ ;“

The reflection and transmission coefficients are thus

,_(a=dNa+q) _ P?-q? 1

(a+d)g+d) (a+d)2  (29)?
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Limiting cases - ¢ > 1 e

Starting with Snell's Law *=q'?+1-2ib,
rearrange and simplify for ¢ > 1 and q'?=¢q*—1+2ib, ~ ¢*+2ib,
real

. _ g =q+ilm(q)
this implies Re(q’) ~ g, while the AN 2
imaginary part can be computed by q?%=q° <1 4 Im(q )> ~ q° + 2ig Im(q")
assuming

b
comparing to the equation above Im(q")g =~ b, — Im(q’

The reflection and transmission coefficients are thus

—a / 2_ /12 1 2
_=d)a+d) ¢ —-q° | Lo 20y

(@+d)a+q) (a+4d) (29?2’ q+q
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Limiting cases - ¢ > 1

Starting with Snell’'s Law

rearrange and simplify for ¢ > 1 and
real

this implies Re(q’) ~ g, while the
imaginary part can be computed by
assuming

*=q'?+1-2ib,

q'?=¢q*—1+2ib, ~ ¢*+2ib,

q =q+ilm(q)

Im(q
q’2:q2<1—|—1 (4)

2
> ~ q° + 2iqIm(q)

b
comparing to the equation above Im(q")g =~ b, — Im(q') ~ ;“
The reflection and transmission coefficients are thus

_(a=d)g+d) _a-9q° 1 L 20
(@+d)g+d) (a+4¢)? (29)*° q+4q
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Limiting cases - ¢ > 1 e

Starting with Snell's Law *=q'?+1-2ib,
rearrange and simplify for ¢ > 1 and q'?=¢q*—1+2ib, ~ ¢*+2ib,
real

. _ q =q+ilm(q)
this implies Re(q’) ~ g, while the

/ 2
imaginary part can be computed by q?%=q° <1 4 Im(q )> ~ q° + 2ig Im(q")
assuming q
b
comparing to the equation above Im(q")g =~ b, — Im(q') ~ ;“
The reflection and transmission coefficients are thus
/ / 2 /2
— — 1 2
_=d)a+d) ¢ —-q° | I 1 Am

=~ , t = =~
(+4d)qg+3d) (¢+d) (29) q+q
the reflected wave is in phase with the incident wave, almost total transmission
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Limiting cases - g < 1 V

Starting with Snell's Law again P=q%+1-— 2ib,,
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Limiting cases - g < 1 V

Starting with Snell's Law again P=q%+1-— 2ib,,
2 2 .
when g < 1 q°=q°—1+2ib,
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Limiting cases - g < 1 <

Starting with Snell’'s Law again P=q%+1-— 2iby,

2 2 o
when g < 1, ¢’ is mostly imaginary with mag- q°=¢q" —1+2ib,~ -1
nitude 1 since b, is very small
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Limiting cases - g < 1 <

Starting with Snell's Law again P=q%+1-— 2ib,,
2 2 o
when g < 1, ¢’ is mostly imaginary with mag- q°=q° —1+2ib, = 1

. . . ;.
nitude 1 since b, is very small qg =i
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Limiting cases - ¢ < 1
Starting with Snell’'s Law again
when g < 1, ¢’ is mostly imaginary with mag-

nitude 1 since b, is very small

thus the reflection and transmission coefficients
become
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Limiting cases - g < 1 S

Starting with Snell's Law again P=q%+1-— 2ib,,

2 2 o
when g < 1, ¢’ is mostly imaginary with mag- q°=¢q" —1+2ib,~ -1
nitude 1 since by, is very small q

_(9-49)
(a+q

R
. . . /
thus the reflection and transmission coefficients q+4q)
become
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Limiting cases - ¢ < 1
Starting with Snell’'s Law again
when g < 1, ¢’ is mostly imaginary with mag-

nitude 1 since b, is very small

thus the reflection and transmission coefficients
become
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Limiting cases - ¢ < 1
Starting with Snell’'s Law again
when g < 1, ¢’ is mostly imaginary with mag-

nitude 1 since b, is very small

thus the reflection and transmission coefficients
become
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Limiting cases - ¢ < 1
Starting with Snell’'s Law again
when g < 1, ¢’ is mostly imaginary with mag-

nitude 1 since b, is very small

thus the reflection and transmission coefficients
become
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Limiting cases - ¢ < 1
Starting with Snell’'s Law again
when g < 1, ¢’ is mostly imaginary with mag-

nitude 1 since b, is very small

thus the reflection and transmission coefficients
become
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Limiting cases - ¢ < 1 v}"

Starting with Snell's Law again P=q%+1-— 2ib,,
2 2 o
when g < 1, ¢’ is mostly imaginary with mag- q°=q° —1+2ib, = 1

/ .

nitude 1 since b, is very small qg =i
L a-d) -4 _
thus the reflection and transmission coefficients (g+4) +q’
2 2
become b 2929 —2ig
g+q q
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Limiting cases - ¢ < 1
Starting with Snell’'s Law again
when g < 1, ¢’ is mostly imaginary with mag-

nitude 1 since b, is very small

thus the reflection and transmission coefficients
become
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/ .

qg =i
L a-d) -4 _
(9+4d) +d
2q q .
t= q+qlz—,:—2lq
1
N~ —
Qc

September 14, 2021 14 /22



Limiting cases - ¢ < 1 V

Starting with Snell’'s Law again P=q%+1-— 2iby,
2 2 S
when g < 1, ¢’ is mostly imaginary with mag- q°=q° —1+2ib, = 1
nitude 1 since by, is very small q=~i
L a-d) -4 _
thus the reflection and transmission coefficients (g+4q) +q
2 2
become - q ~ 29 _ —2ig
g+q q
1
N —

[}

The reflected wave is out of phase with the incident wave, there is only small transmission in
the form of an evanescent wave, and the penetration depth is very short.
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Limiting cases - g ~ 1 V

2 /2 :
g°=q“-+1-2ib
Using Snell’s Law, with g ~ 1, g
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Limiting cases - g ~ 1 V

*=q'%+1-2ib,

Using Snell’s Law, with g ~ 1,
sing sSnell's Law, wi q q/2:q2—1+2ib,u

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 15 /22



Limiting cases - g ~ 1 V
P=q%+1-2ib,

q% = ¢* — 1+ 2ib,

q'? = 2ib,

Using Snell’s Law, with g ~ 1,
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Limiting cases - g ~ 1 V
P=q%+1-2ib,

q%=q* —1+2ib,

adding and subtracting b,,, q/2 ~ 2ib, = bu(l +2i-1)

Using Snell’s Law, with g ~ 1,
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Limiting cases - g ~ 1 V

*=q'%+1-2ib,
q%=q* —1+2ib,
adding and subtracting by, q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)

Using Snell’s Law, with g ~ 1,

q' is complex with real and imagi-
nary parts of equal magnitude.
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Limiting cases - g ~ 1 V

*=q'%+1-2ib,
q%=q* —1+2ib,
adding and subtracting by, q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)

Using Snell’s Law, with g ~ 1,

q' is complex with real and imagi-
nary parts of equal magnitude.
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Limiting cases - g ~ 1 V

*=q'%+1-2ib,

Using Snell’s Law, with g ~ 1, ]
sing Snell's Law, with g q’2:q2—1+2/b“

adding and subtracting by, q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)
/N .
q' is complex with real and imagi- q ~ bu(1+1)

nary parts of equal magnitude.
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Limiting cases - g ~ 1

Using Snell’s Law, with g ~ 1,
adding and subtracting b,,,

q' is complex with real and imagi-
nary parts of equal magnitude.

since /b, < 1, the reflection and
transmission coefficients become
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*=q'%+1-2ib,
q%=q* —1+2ib,
q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)

d ~ /bl +)
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Limiting cases - g ~ 1 V

*=q'%+1-2ib,

Using Snell’s Law, with g ~ 1, ]
sing Snell's Law, with g q'2:q2—1+2’bu

adding and subtracting by, q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)
/ ~ .
q' is complex with real and imagi- q ~ bu(1+1)
nary parts of equal magnitude. _ (g—q)
(g+4q)

since /b, < 1, the reflection and
transmission coefficients become
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Limiting cases - g ~ 1

Using Snell’s Law, with g ~ 1,
adding and subtracting b,,,

q' is complex with real and imagi-
nary parts of equal magnitude.

since /b, < 1, the reflection and
transmission coefficients become
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Limiting cases - g ~ 1

Using Snell’s Law, with g ~ 1,
adding and subtracting b,,,

q' is complex with real and imagi-
nary parts of equal magnitude.

since /b, < 1, the reflection and
transmission coefficients become
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*=q'%+1-2ib,
q%=q* —1+2ib,
q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)

d ~ /bl +)
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r= (q q/) ~ ﬂ ~ ].
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Limiting cases - g ~ 1

Using Snell’s Law, with g ~ 1,
adding and subtracting b,,,

q' is complex with real and imagi-
nary parts of equal magnitude.

since /b, < 1, the reflection and
transmission coefficients become
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q%=q* —1+2ib,
q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)

d ~ /bl +)

o
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Limiting cases - g ~ 1 N

*=q'%+1-2ib,

Using Snell’s Law, with g ~ 1, ]
sing Snell's Law, with g q'2:q2—1+2’bu

adding and subtracting by, q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)
/ ~ .
q' is complex with real and imagi- q ~/bu(1+1)
nary parts of equal magnitude. _ (q—q) a_,
(a+9d) g«
2 2
t= p +qq, = ;q =2
since /b, < 1, the reflection and 1 1
transmission coefficients become A~ ~
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Limiting cases - g ~ 1

Using Snell’s Law, with g ~ 1,
adding and subtracting b,,,

q' is complex with real and imagi-
nary parts of equal magnitude.

since /b, < 1, the reflection and
transmission coefficients become

*=q'%+1-2ib,
q%=q* —1+2ib,
q'? = 2ib, = b, (1 +2i — 1) = b,(1 + i)

d ~ /bl +)

_ /
P q/) 9.
(g+d) g
2 2
t= q/%—q—2
9+q q
1 1
AN ~

The reflected wave is in phase with the incident, there is significant (larger amplitude than the
reflection) transmission with a large penetration depth.
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Review of interface effects i

We have covered the interface boundary conditions which govern the transmission and
reflection of waves at a change in medium.
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Review of interface effects i

We have covered the interface boundary conditions which govern the transmission and
reflection of waves at a change in medium.

Ny

n,
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Review of interface effects

A\

We have covered the interface boundary conditions which govern the transmission and

reflection of waves at a change in medium. These result in the Fresnel equations which we
rewrite here in terms of the momentum transfer.

Ny

n,
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Review of interface effects

We have covered the interface boundary conditions which govern the transmission and
reflection of waves at a change in medium. These result in the Fresnel equations which we
rewrite here in terms of the momentum transfer.
n
0 Q-«

n, ot
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Review of interface effects

A\

We have covered the interface boundary conditions which govern the transmission and

reflection of waves at a change in medium. These result in the Fresnel equations which we
rewrite here in terms of the momentum transfer.

nO B Qin
n, T+ @
t= 72(?
O+ @
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Review of interface effects

We have covered the interface boundary conditions which govern the transmission and

reflection of waves at a change in medium. These result in the Fresnel equations which we
rewrite here in terms of the momentum transfer.

nO B Qin
n, T+ @
t= 72(?
O+ @

We have assumed that the transmitted wave eventually attenuates to zero in all cases due to
absorption.
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Review of interface effects \

We have covered the interface boundary conditions which govern the transmission and

reflection of waves at a change in medium. These result in the Fresnel equations which we
rewrite here in terms of the momentum transfer.

nO B Qin
n, T+ @
t= 72(?
O+ @

We have assumed that the transmitted wave eventually attenuates to zero in all cases due to
absorption. We now consider what happens if there is a second interface encountered by the

transmitted wave before it dies away. That is, a thin slab of material on top of an infinite
substrate
Carlo Segre (lllinois Tech)
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Reflection and transmission coefficients A\

For a slab of thickness A on a substrate, the transmission and reflection coefficients at each
interface are labeled:

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 17 /22



Reflection and transmission coefficients \ i

For a slab of thickness A on a substrate, the transmission and reflection coefficients at each
interface are labeled:

ro1 — reflection in ng off ny
to1 — transmission from ng into ny

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 17 /22



Reflection and transmission coefficients \ i

For a slab of thickness A on a substrate, the transmission and reflection coefficients at each
interface are labeled:

ro1 — reflection in ng off ny
to1 — transmission from ng into ny

rio — reflection in ny off no
n, t12 ti2> — transmission from n; into ny

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 17 /22



Reflection and transmission coefficients \ i

For a slab of thickness A on a substrate, the transmission and reflection coefficients at each
interface are labeled:

ro1 — reflection in ng off ny

t10 to1 — transmission from ng into ny

n, A

lo ri> — reflection in ny off no

ti2> — transmission from n; into ny

rip — reflection in ny off ng
tig0 — transmission from ny into ng
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Reflection and transmission coefficients

For a slab of thickness A on a substrate, the transmission and reflection coefficients at each

interface are labeled:

ro1 — reflection in ng off ny

t10 to1 — transmission from ng into ny

n, A

lo ri> — reflection in ny off no

ti2> — transmission from n; into ny

rip — reflection in ny off ng
tig0 — transmission from ny into ng

Build the composite reflection coefficient from all possible events
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Overall reflection from a slab V'

The composite reflection coefficient for each ray emerging from the top surface is computed
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Overall reflection from a slab \ i

The composite reflection coefficient for each ray emerging from the top surface is computed

Ny \/ fo1

n, A
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Overall reflection from a slab \ i

The composite reflection coefficient for each ray emerging from the top surface is computed

Ny ro1
+
n
1 IA to1ri2tio
n,
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Overall reflection from a slab A

The composite reflection coefficient for each ray emerging from the top surface is computed

no 1
n, 1A N
to1ri2tio
n, +
torri2roratio
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Overall reflection from a slab \ i

The composite reflection coefficient for each ray emerging from the top surface is computed

no 1
n, 1A +
to1ri2tio
n, +
torri2roratio

Inside the medium, the x-rays are travelling an additional 2A per traversal. This adds a phase
shift of

p2 — ei2(k1 sin al)A
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Overall reflection from a slab \ i

The composite reflection coefficient for each ray emerging from the top surface is computed

no 1
n, 1A +
to1ri2tio
n, +
torri2roratio

Inside the medium, the x-rays are travelling an additional 2A per traversal. This adds a phase
shift of

p2 — ei2(k1 sin al)A — einA
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Overall reflection from a slab \ i

The composite reflection coefficient for each ray emerging from the top surface is computed

no 1
+
N IA 2
torriotio - p
n, +
torri2roratio

Inside the medium, the x-rays are travelling an additional 2A per traversal. This adds a phase
shift of
p2 — ei2(k1 sin al)A — einA

which multiplies the reflection coefficient
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Overall reflection from a slab \ i

The composite reflection coefficient for each ray emerging from the top surface is computed

Ny ro1
_l’_
n
1 IA torri2tio - P2
n, +

4
toir2ronatio - p

Inside the medium, the x-rays are travelling an additional 2A per traversal. This adds a phase
shift of
p2 — ei2(k1 sin al)A — einA

which multiplies the reflection coefficient with each pass through the slab
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Composite reflection coefficient V

The composite reflection coefficient can now be expressed as a sum
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Composite reflection coefficient V

The composite reflection coefficient can now be expressed as a sum

2 2 4 2 3 6
Islab = ro1 + torri2tiop” + torroratiop” + forriprintiop + - --
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Composite reflection coefficient i3

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Islab = fo1 + to1ri2tiop” + torroriatiop” + toirigriatiop” + - -

factoring out the second term from
all the rest
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Composite reflection coefficient i3
The composite reflection coefficient can now be expressed as a sum
Fsiab = fo1 + torri2tiop” + torroriatiop® + t01f120f132 tiop® + - -

factoring out the second term from

o0
2
Islab = ro1 + to1tioriop E f10f12P
all the rest

m=0
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Composite reflection coefficient i

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Islab = fo1 + to1ri2tiop” + torroriatiop” + toirigriatiop” + - -

factoring out the second term from

o0
2
Islab = ro1 + to1tioriop E f10f12P
all the rest

m=0
summing the geometric series as
previously
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Composite reflection coefficient i

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Islab = fo1 + to1ri2tiop” + torroriatiop” + toirigriatiop” + - -

factoring out the second term from

o0
2
Islab = ro1 + to1tioriop E f10f12P
— all the rest

1 summing the geometric series as

2
= fo1 + to1tior2p 5 .
1—ronap previously
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Composite reflection coefficient \ i
The composite reflection coefficient can now be expressed as a sum
Fsiab = fo1 + torri2tiop” + torroriatiop® + t01f120f132 tiop® + - -

factoring out the second term from

o0
2
Islab = ro1 + to1tioriop E f10f12P
— all the rest

1 summing the geometric series as

2
= fo1 + to1tior2p 5 .
1—ronap previously

The individual reflection and transmission coefficients can be determined using the Fresnel
equations. Recall
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Composite reflection coefficient A\

The composite reflection coefficient can now be expressed as a sum

2 2 4 2 3 6
Islab = ro1 + torri2tiop” + torroratiop” + forriprintiop + - --

factoring out the second term from

o0
2
Islab = ro1 + to1tioriop E f10f12P
— all the rest

1 summing the geometric series as

2
= fo1 + to1tior2p 5 .
1—ronap previously

The individual reflection and transmission coefficients can be determined using the Fresnel
equations. Recall

_e-«
Q+ @
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Composite reflection coefficient A\

The composite reflection coefficient can now be expressed as a sum

2 2 4 2 3 6
Islab = ro1 + torri2tiop” + torroratiop” + forriprintiop + - --

factoring out the second term from

o0
2
Islab = ro1 + to1tioriop E f10f12P
— all the rest

1 summing the geometric series as

2
= fo1 + to1tior2p 5 .
1—ronap previously

The individual reflection and transmission coefficients can be determined using the Fresnel
equations. Recall

Q- 2@
O+ Q” R+
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Fresnel equation identity vV

Applying the Fresnel equations to the top interface

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 20/22



Fresnel equation identity

Applying the Fresnel equations to the top interface

Q-G
t01 IA o1 = QO + Ql
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Fresnel equation identity vV

Applying the Fresnel equations to the top interface

Q-G . 2Qo
to1 IA T @ for = Qo + G1
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Fresnel equation identity

Applying the Fresnel equations to the top interface

Ny

n,

Lo

lo

Carlo Segre (lllinois Tech)

JA

rleO_Ql
0 Qo+ @
. Q1 — Qo
7 Q1+ Qo

PHYS 570 - Fall 2021

_ 2Qo
Qo + Q1

to1

September 14, 2021

20 /22



Fresnel equation identity

Applying the Fresnel equations to the top interface

o to
N A o Qo — G
01— ~ . A~
1 r I Qo+ @1
10
po_ Q- Qo ,
10 = = —flo1
Q1+ Qo
Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021
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Fresnel equation identity

Applying the Fresnel equations to the top interface

t
10 Q-
n N A " %t @
10
@ —Q
070+ Q

we can, therefore, construct the following identity

2
ot + to1t1o
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Fresnel equation identity

Applying the Fresnel equations to the top interface

Ny

t
N 10 A . _ Q-
1 o I T Qo+ @
Q1 — Qo

we can, therefore, construct the following identity

(Q— Q1)° n 2Qo 2@,
(Q+ Q) Q-+ & &+ Q

2
ot + to1t1g =
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Fresnel equation identity

Applying the Fresnel equations to the top interface

Ny

Lo
Q-G . 2Qo
N o IA T+ @ for = Qo + Q1
o= =R _ fo = 2
Q1+ Qo Q1+ Qo

we can, therefore, construct the following identity

(Q— Q1)? n 2Qo 2 _ Q3 —2Q0@1 + Q2 +4Qu @y
(Q+Q)P? Q+@&Q&+Q (Qo + Q1)

2
ot + to1t1g =
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Fresnel equation identity

Applying the Fresnel equations to the top interface

Ny i

. . o= 21 o= 20

1 o I T Qo+ @ T Qo+ @
poo Q1= o= 21
YT+ Q o YT+ Q

we can, therefore, construct the following identity
(Q— Q1)? n 2Qo 2 _ Q3 —2Q0@1 + Q2 +4Qu @y
(Qo+Q)° Qo+ QQ+Q (Qo+ @)
_ Q% +2QoQ1 + Q7
(Qo+ Q1)
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Fresnel equation identity

Applying the Fresnel equations to the top interface

10
Q-
ny » IA N
Q1 — Qo

we can, therefore, construct the following identity

L 2

Qo + Q1
b 2@
Q0+ Qo

(Q— Q1)? n 2Qo 2 Q3 —2Q0@1 + Q2 +4Qu @y

2
ot + to1t1g =

(Q+ Q) Q+@Q+Q

_ @ 2Q@i+ @ (Q+ Q)
(Qo + Q1)? (Qo+ Q1)?
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Reflection coefficient of a slab 7

Starting with the reflection coefficient of the slab obtained earlier

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021 September 14, 2021 21/22



Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

1

2
Fslab = fo1 + to1tior2p” -—————>
1—rioriop
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Reflection coefficient of a slab 7

Starting with the reflection coefficient of the slab obtained earlier

1 Using the identity

2
Fslab = fo1 + to1tior2p” -—————>
1—rioriop

2
to1tio = 1-— o
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Reflection coefficient of a slab 7

Starting with the reflection coefficient of the slab obtained earlier

2 Using the identit
Fsiab = fo1 + to1tiori2p 5 ng ! "
1 —rior2p tortio = 1 — 2,
1
2 2
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Reflection coefficient of a slab i

Starting with the reflection coefficient of the slab obtained earlier

1 . . .
2 Using the identit
Isiab = fo1 + to1tior2p 5 & ¥
1= rnonzp tortio =1—rgy
1
— r01+ (1—r021) r12p241_ 2 i i
roriz2p Expanding over a common denomina-

tor and recalling that rig = —rp1.
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

1
2
I'slab = ro1 + toitiori2p W
—n
2 2 1
=ro1 + (1 — f01) rp m

o1+ rgyrep® + (1— 1) rzp?
1 — rigriop?

Carlo Segre (lllinois Tech) PHYS 570 - Fall 2021
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2
to1tio = 1-— o

Expanding over a common denomina-
tor and recalling that rig = —rp1.
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Reflection coefficient of a slab i

Starting with the reflection coefficient of the slab obtained earlier

1 Using the identity

2
Fslab = fo1 + to1tior2p” -—————>
1—rioriop

2
to1tio = 1-— o

1
2 2
=fo1+(1—r01)r12P1_rr 5 ) _
10112P Expanding over a common denomina-
tor and recalling that rig = —rp1.
_fo1 + r021f12P2 + (1 — rgl) r12p2
1 — rigr2p?
2
ro1 + rap

sl —_——
0T 1 4 o1 2p?
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Reflection coefficient of a slab i

Starting with the reflection coefficient of the slab obtained earlier

1 Using the identity

2
Fslab = fo1 + to1tior2p” -—————>
1—rioriop

2
to1tio = 1-— o

1
2 2
=ror+ (1 r61) n2p’y— —— . |
10112P Expanding over a common denomina-
tor and recalling that rig = —rp1.
o+ ré rnap® + (1 — r&l) rap?
1 — ror2p?
fo1 + rap> In the case of ng = ny there is the

Islab further simplification of ri» = —ro1.

1+ ro1riop?
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Reflection coefficient of a slab i

Starting with the reflection coefficient of the slab obtained earlier

2 Using the identit
Islab = fo1 + to1tioriop m & y ,
tortio =1 —rgy
1
2 2
=ro1 + (1 —rg;) rnop 1= rron? ) _
10112P Expanding over a common denomina-
tor and recalling that rig = —rp1.
_fo1 + r021f12P2 + (1 - rgl) riop?
1— rionap?
s — ro1 + rop?  ro1 (1-p?) ]Icn the case C-)ff- no = 1}2 there is the
sla 1+ ro1riap? 1_ rozlpg urther simplification of rip = —rp;1.
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Kiessig fringes

p? — el

ro1 (1 — p?)

Islab = >
1-rap?
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Kiessig fringes
p? = A
ro1 (1 — p?)

Islab = >
1-rap?

If we plot the reflectivity

Rsiab = |"slab|2
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Kiessig fringes

p? — el

ro1 (1 — p?)

Islab = >
1-rap?

If we plot the reflectivity

Rsiab = |"slab‘2

RSIab
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Kiessig fringes

p? — el

ro1 (1 - p?)

Islab = 2
1-rap?

If we plot the reflectivity

Rsiab = |"slab‘2

These are the so=-called Kiessig fringes
which arise from interference between re-
flections at the top and bottom of the slab.
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Kiessig fringes

p? — el

ro1 (1 — p?)

Islab = >
1-rap?

If we plot the reflectivity

Rsiab = |"slab‘2

These are the so=-called Kiessig fringes
which arise from interference between re-
flections at the top and bottom of the slab.
They have an oscillation frequency

27 /A = 0.092A"
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