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e Kiessig fringes

e Kinematical approximation for a thin slab
® Multilayers in the kinematical regime

® Parratt's exact recursive calculation

Reading Assignment: Chapter 3.5-3.8

Homework Assignment #02:
Problems on Blackboard
due Tuesday, February 18, 2020
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reflected wave in phase with incident, almost total transmission
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Limiting cases - ¢ < 1

When g < 1, ¢’ is mostly imagi-
nary with magnitude 1 since b, is
very small

Thus the reflection and transmis-
sion coefficients become

*=q'?+1-2ib,
q%=q* —1+2ib,

q/2 _1

q =i

L la—d) =4 _
(g+4q) +¢
2 2

= xS0 = g
9+q q
1

N~ —
Qc

The reflected wave is out of phase with the incident wave, there is only
small transmission in the form of an evanescent wave, and the penetration

depth is very short.
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Limiting cases - g ~ 1
If g ~ 1, adding and subtracting P=q%+1-— 2iby,
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q'? ~ 2ib, = b,(1+2i — 1)
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Limiting cases - g ~ 1

If g ~ 1, adding and subtracting
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by, yields that ¢’ is complex with
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. _ -
real and imaginary parts of equal q/2 q. + 2ib,, |
magnitude. q'% ~ 2ib, = b,(142i — 1)
= bu(1+ i)
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Since /b, < 1, the reflection and
transmission coefficients become
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q = \/bu(1+1)
Since /b, < 1, the reflection and r= M
o (a+4)

transmission coefficients become
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transmission coefficients become

C. Segre (lIT) PHYS 570 - Fall 2020 February 04, 2020 5/22



Limiting cases - g ~ 1

If g ~ 1, adding and subtracting
by, yields that ¢’ is complex with
real and imaginary parts of equal
magnitude.

*=q'?+1-2ib,
> =q¢>* -1+ 2ib,,
q'? ~ 2ib, = b,(1+2i — 1)

= bu(1+ i)
q = \/bu(1+1)
/
. . q—4q q
Since /b, < 1, the reflection and r= E n /; T 1
transmission coefficients become g4
2 %
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Limiting cases - g ~ 1

If g ~ 1, adding and subtracting
by, yields that ¢’ is complex with
real and imaginary parts of equal
magnitude.

Since /b, < 1, the reflection and
transmission coefficients become
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Limiting cases - g ~ 1

If g ~ 1, adding and subtracting P=q%+1-— 2iby,
by, yields that ¢’ is complex with

2 2 .
. ; 2149
real and imaginary parts of equal q q + 2ib,,

magnitude. q'% ~ 2ib, = b,(142i — 1)
= by(1+i)?
q = \/bu(1+1)
o
Since /b, < 1, the reflection and r= m ~Tx~1
transmission coefficients become g4 9
2q 2q
t= ; ~ — = 2
qg+q q
1 1
A ~

The reflected wave is in phase with the incident, there is significant (larger
amplitude than the reflection) transmission with a large penetration depth.
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Review of interface effects

We have covered the interface boundary conditions which govern the
transmission and reflection of waves at a change in medium.
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Review of interface effects

We have covered the interface boundary conditions which govern the
transmission and reflection of waves at a change in medium.
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Review of interface effects

We have covered the interface boundary conditions which govern the
transmission and reflection of waves at a change in medium. These result
in the Fresnel equations which we rewrite here in terms of the momentum
transfer.

No
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Review of interface effects

We have covered the interface boundary conditions which govern the
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Review of interface effects

We have covered the interface boundary conditions which govern the
transmission and reflection of waves at a change in medium. These result

in the Fresnel equations which we rewrite here in terms of the momentum
transfer.
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Review of interface effects

We have covered the interface boundary conditions which govern the
transmission and reflection of waves at a change in medium. These result

in the Fresnel equations which we rewrite here in terms of the momentum
transfer.

no 7Q_Ql
n, T o+ Q
t—72Q
QR+ @

We have assumed that the transmitted wave eventually attenuates to zero
in all cases due to absorption.
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Review of interface effects

We have covered the interface boundary conditions which govern the
transmission and reflection of waves at a change in medium. These result

in the Fresnel equations which we rewrite here in terms of the momentum
transfer.

no 7Q_Ql
n, T o+ Q
t—72Q
QR+ @

We have assumed that the transmitted wave eventually attenuates to zero
in all cases due to absorption. We now consider what happens if there is a
second interface encountered by the transmitted wave before it dies away.
That is, a thin slab of material on top of an infinite substrate
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Reflection and transmission coefficients

For a slab of thickness A on a substrate, the transmission and reflection
coefficients at each interface are labeled:
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Reflection and transmission coefficients

For a slab of thickness A on a substrate, the transmission and reflection
coefficients at each interface are labeled:

ro1 — reflection in ng off m
Ny o1 to1 — transmission from ng into nqg
n IA
1 t01
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Reflection and transmission coefficients
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Reflection and transmission coefficients

For a slab of thickness A on a substrate, the transmission and reflection
coefficients at each interface are labeled:

ro1 — reflection in ng off m

t10 tp1 — transmission from ng into ny

n
1 Mo IA rio — reflection in ny off no

ti» — transmission from ny into ny

rio — reflection in ny off ng
ti0 — transmission from ny into ng
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Reflection and transmission coefficients

For a slab of thickness A on a substrate, the transmission and reflection
coefficients at each interface are labeled:

ro1 — reflection in ng off m

t10 tp1 — transmission from ng into ny

n, A

rio — reflection in ny off no
ti» — transmission from ny into ny

rio — reflection in ny off ng
ti0 — transmission from ny into ng

Build the composite reflection coefficient from all possible events
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Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top
surface is computed

C. Segre (lIT) PHYS 570 - Fall 2020 February 04, 2020 8/22



Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top
surface is computed
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Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top
surface is computed

Ny / o1
n, IA i

tor1ri2tio
n,
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Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top

surface is computed

C. Segre (IIT)

IA

PHYS 570 - Fall 2020

i
+
to1ri2tio
+
to1ri2rionatio

February 04, 2020

8/22



Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top
surface is computed

n0 i
n, 1A N
tor1ri2tio
n, +
torri2rionatio

Inside the medium, the x-rays are travelling an additional 2A per traversal.
This adds a phase shift of

p2 — ei2(k1 sin Oél)A
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Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top
surface is computed
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Inside the medium, the x-rays are travelling an additional 2A per traversal.
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p2 — ei2(k1 sin Oél)A — einA
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Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top
surface is computed

n0 1
+
n1 IA 2
torri2tio - p
n, +
torri2rionatio

Inside the medium, the x-rays are travelling an additional 2A per traversal.
This adds a phase shift of

p2 — ei2(k1 sin Oél)A — einA
which multiplies the reflection coefficient
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Overall reflection from a slab

The composite reflection coefficient for each ray emerging from the top
surface is computed

n0 i
+
n
1 IA torr2tio - P2
n, +

4
torri2rionztio - p

Inside the medium, the x-rays are travelling an additional 2A per traversal.
This adds a phase shift of

p2 — ei2(k1 sin Oél)A — einA
which multiplies the reflection coefficient with each pass through the slab
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Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
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Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum

2 2 4 2 3 6
I'slab = o1 + to1ri2tiop” + torrioriptiop” + torrpriztiop + -+
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Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Isiab = ro1 + to1ri2tiop” + torrorizatiop” + toiripratiop” + -

factoring out the second term
from all the rest
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Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Isiab = ro1 + to1ri2tiop” + torrorizatiop” + toiripratiop” + -

factoring out the second term

o0
5 m from all the rest
I'slab = ro1 + to1tiori2p E f10r12P
m=0
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Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Isiab = ro1 + to1ri2tiop” + torrorizatiop” + toiripratiop” + -
factoring out the second term

o0
5 m from all the rest
I'slab = ro1 + to1tiori2p E f10r12P
m=0

summing the geometric series
as previously
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Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Isiab = ro1 + to1ri2tiop” + torrorizatiop” + toiripratiop” + -

factoring out the second term
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C. Segre (lIT) PHYS 570 - Fall 2020 February 04, 2020 9/22



Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Isiab = ro1 + to1ri2tiop” + torrorizatiop” + toiripratiop” + -

factoring out the second term

o0
5 m from all the rest
I'slab = ro1 + to1tiori2p E f10r12P
m=0

1 summing the geometric series

= ro1 + to1 t1or12p2m as previously
— rorz

The individual reflection and transmission coefficients can be determined
using the Fresnel equations. Recall
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Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Isiab = ro1 + to1ri2tiop” + torrorizatiop” + toiripratiop” + -

factoring out the second term

o0
5 m from all the rest
I'slab = ro1 + to1tiori2p E f10r12P
m=0

1 summing the geometric series

= ro1 + to1 t1or12p2m as previously
— rorz

The individual reflection and transmission coefficients can be determined
using the Fresnel equations. Recall

Q-Q
R+ Q

C. Segre (lIT) PHYS 570 - Fall 2020 February 04, 2020 9/22



Composite reflection coefficient

The composite reflection coefficient can now be expressed as a sum
_ 2 2 4 2 3 6
Isiab = ro1 + to1ri2tiop” + torrorizatiop” + toiripratiop” + -

factoring out the second term

o0
2 from all the rest
I'slab = ro1 + to1tiori2p E f10r12P
m=0

1 summing the geometric series

= ro1 + to1 t1or12p2m as previously
— rorz

The individual reflection and transmission coefficients can be determined
using the Fresnel equations. Recall

Q- 2Q
O+ Q” R+
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Fresnel equation identity

Applying the Fresnel equations to the top interface
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Applying the Fresnel equations to the top interface
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Fresnel equation identity

Applying the Fresnel equations to the top interface

, Qo — @ ) 2Qo
01— "~ | A 01 — ~ | A
Qo + Q1 Qo + @
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Fresnel equation identity

Applying the Fresnel equations to the top interface

o1 — Qo — A o1 = 2Qo
Qo + Q1 Qo + Q1
Q—Q

no= ———= —n
Y7+ Q o1
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Fresnel equation identity

Applying the Fresnel equations to the top interface

, Qo — @ . 2Qo
0=~ 01 = ~—~
Qo + Q1 Qo+
, Q1 — Qo . , 2
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Fresnel equation identity

Applying the Fresnel equations to the top interface

P Qo — @1 oo 2Qo

T Q& )

o= =R o= 2
Q1+ Qo Q1+ Qo

we can, therefore, construct the following identity

rgl + to1tio
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Fresnel equation identity

Applying the Fresnel equations to the top interface

P Qo — @1 oo 2Qo

T Q& )

o= =R o= 2
Q1+ Qo Q1+ Qo

we can, therefore, construct the following identity

(Q — Q1)? n 2Qo 2Q1
(Q+ Q) Qo+ & &+ Q

r021 + tor1tio =
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Fresnel equation identity

Applying the Fresnel equations to the top interface

P Qo — @1 oo 2Qo

T Q& )

o= =R o= 2
Q1+ Qo Q1+ Qo

we can, therefore, construct the following identity

(Q — Q1)? n 2Qo 2Q1
(Q+ Q) Qo+ & &+ Q

r021 + tor1tio =

R —2QoQ + @ +4QQ1 R +2QoQ+ @2 (Qo+ Q)

(Qo+ Q1) a (Qo+ Q1)? - (Q + Q1)?
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

1

2
I'slab = ro1 + to1tior2p 1— nomap?
— 10712
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

1

. Using the identity
1 —ronap

2
I'siab = ro1 + to1tiori2p

2
to1tio = 1-— 1
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

1 . . .
2

fslab = fo1 + fo1110M2P" 77— 5 2 Using the identity
— 710712 2
to1tio = 1-— 1

2 2 1
= ot (1) nep 1 — rnori2p?
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

2
I'slab = o1 + toitiori2p 1= rorop? o2 P2 Using the identity
tortip =1 — rgl
_ 1 2 2 1 .
=ro + ( - fo1) rap [ Fomap? Expanding over a com-

mon denominator and re-
calling that rip = —rp1.
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

2
I'slab = o1 + toitiori2p 1= rorop? o2 P2 Using the identity
tortip =1 — rgl
_ 1 2 2 1 .
=ro + ( - fo1) rap [ Fomap? Expanding over a com-

mon denominator and re-
calling that rig = —ro1.
5 9 1,2 5 g 10 01
fo1 + rgyriz2p +( ro1) na2p
1 — rori2p®
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

2
Islab = ro1 + to1tiori2p 1= rorap? Using the identity
to1tio = 1-— rgl
_ 1 2 2 1 .
= ro1 + (1 — r51) r2p 1= rorap? Expanding over a com-
mon denominator and re-
calling that rip = —rp1.
_ roit rirop’ + (1= ry) nop?
1 — rion2p?
2
ro1 + rap

slab = ———————%
= 1+ ro1ri2p?
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

1
2
I'siab = ro1 + to1tiori2p m
2 2 1
= ot (1 - f01) Py riori2p?

ro1 + rgirop” + (1= rgy) nop?
1 — rorap?

2
1 + rnap

slab = ——————%
= 1+ ro1ri2p?
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2
to1tio = 1-— 1

Expanding over a com-
mon denominator and re-
calling that rip = —rp1.

In the case of ng = ny
there is the further simpli-
fication of ro> = —rp1.
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Reflection coefficient of a slab

Starting with the reflection coefficient of the slab obtained earlier

1
2
I'siab = ro1 + to1tiori2p m
2 2 1
= ot (1 - f01) Py riori2p?

ro1 + rgirop” + (1= rgy) nop?
1 — rorap?

ro1 + ri2p? _ o (1-p?)
14 ro1 r12p2 1-— r§1p2

I'slab =
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Using the identity

2
to1tio = 1-— 1

Expanding over a com-
mon denominator and re-
calling that rip = —rp1.

In the case of ng = ny
there is the further simpli-
fication of ro> = —rp1.
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Kiessig fringes

p? — el

ro1 (1 — p?)

Islab = >
1-rqp?
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Kiessig fringes
p? = A
ro1 (1 — p?)

Islab = >
1-rqp?

If we plot the reflectivity

Rsiab = |rslab‘2
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Kiessig fringes
P2 — /@A 1

fslab = —7 5 5 i 1
1-rqp?

If we plot the reflectivity

I:{SIab

Rsiab = |rslab‘2
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Kiessig fringes

p? — el

ro1 (1 — p?)

Islab = >
1-rqp?

If we plot the reflectivity

Rsiab = |rslab‘2

These are Kiessig fringes which
arise from interference between
reflections at the top and bot-
tom of the slab.
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Kiessig fringes

p? — el

ro1 (1 — p?)

Islab = >
1-rqp?

If we plot the reflectivity

Rsiab = |rslab‘2

These are Kiessig fringes which
arise from interference between
reflections at the top and bot-
tom of the slab. They have an
oscillation frequency

21/A = 0.0928
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab.
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab.

_ o (L—p?)
I'slab = 1_7%21[)2
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle

ro1 (1 — p?)

Islab = >
1-rqp?
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle

M g>1

Islab = >
1-rqp?

C. Segre (lIT) PHYS 570 - Fall 2020 February 04, 2020 13 /22



Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle

M g>1

Islab = 2 o
1—rap [ro1| < 1 o > o
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle

_r01(]-_p2) g>1

Islab = )
1 r01p2 [ro1| < 1 o > o
~ o1 (1—p?)
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

2
, _f01(1—P) g>1
slab — 1— 202
01p2 1] < 1 Q> ac
~ ro1 (1 — p°)
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

2
Islab = o (1 P ) q>1

— 2.0
1 r01p2 1] < 1 o > o
~ o1 (1—p?)

= 11 (1 — eiQA)
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

ro (1~ p?) g>1
I'slab = 1_22
01p2 o1l < 1 a > ac
%r01(1—p) Go— q1
. r01 =
= n <1 — e’QA) gdo + 91

C. Segre (lIT) PHYS 570 - Fall 2020 February 04, 2020 13 /22



Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

, ro1 (1 — p?)
lab = —o 5 5
sla 1 . rglp2
~ rop (1 — p?)
= 11 (1 — eiQA)
C. Segre (lIT)
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

ro1 (1 — p?) g>1
Isiab = ﬁ
Olp2 \r01| <1 o> O
~ 1—-
ror ( p') o _Go—adta  a—a
= ro1 (1 - e’QA) @otaqpta (g+aq)
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

ro1 (1 - p?) g>1
Isiab = ﬁ
Olp2 \r01| <1 o> O
~ 1-—
ror ( p') o _Go—adta  a—a
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

, ro1 (1 — p?)
lab = 7 5 5
Ssla 1 . r§1p2
~ rop (1 — p?)
= 11 (1 — eiQA)
C. Segre (lIT)
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

ro1 (1 — p?) g>1
Isiab = W
Olp2 \r01| <1 o> O
~ 1—-
ror ( p') o _Go—adta  a—a
= ro1 (1 - e’QA) @otaqpta (g+aq)

N Qc > iQA ~ 1 _ ( Qc >2
I'slap =~ <2Q0> (1 — € ) (2q0)2 200
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

ro1 (1 — p?) g>1
Isiab = W
Olp2 \r01| <1 o> O
~ 1—-
ror ( p') o _Go—adta  a—a
= ro1 (1 - e’QA) @otaqpta (g+aq)

N Qc > iQA ~ 1 _ ( Qc >2
I'slap =~ <2Q0> (1 — € ) (2q0)2 200

16 , . .
Fop = — 472\)/);0 /@D /2 (eloA/z - ef:QA/2)
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we
are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

2
o ro1 (1-p%) g>1
slab — 1_ r2 P2
01 ) ‘r01|<<]. o > Q¢
) 1-—
ror (1 = p°) _Q-qido+q g5 —ai
. iQA 1 = - 2
_r01<1—e ) Go+qrqo+ar  (go+q1)
9 2
r ~ Qc <1_eiQA) ~ 1 2:<QC>
slab 2Qo (2q0) 2Qo
16 ; ; i
__; (47rproA> sin(QA/2) iQA/2
Q QA/2
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

2
I'slab = o (1 2 p2) 9>1
1_r01p2 ‘r01| <1 o > Q¢
~r(l—
01( 'D) Qo —q1q0+q1 qg—CIf
_ 1 — QA i = = 5
ro1 e Go+4g190+91  (qo+ q1)

o Qc > QA ~ 1 :(QC>2
I'slab = <2Q0> <l—e ) (2QO)2 2Qo

16mpry ; ; —i
__; (47rproA> sin(QA/2) iQA/2
Q QRA/2

Since QA < 1 for a thin slab
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

ro1 (1 — p?)
1= rgyp
~ rop (1— P2)

I'slab = q > 1

1] < 1 o > o
' 01:Q0—Q1qo+Q1: 9% — 9i
= ro1 <1 - e'QA) Qo+qdo+ar  (qo+q1)?

2
Qc ’ QA R 1 = ( o )
I'slap =~ (2@0 (1 — € ) (2q0)2 200
167T I( i —i
ooy = P LiQa/2 (eloA/z e QA/2>

Q7

- () aa

Since QA < 1 for a thin slab
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Kinematical reflection from a thin slab

Recall the reflection coefficient for a thin slab. If the slab is thin and we

are well above the critical angle refraction effects can be ignored and we
are in the “kinematical” regime.

ro1 (1 — p?)
1= rgyp
~ rop (1— P2)

I'slab = q > 1

1] < 1 o > o
' 01:Q0—Q1qo+Q1: 9% — 9i
= ro1 <1 - e'QA) Qo+qdo+ar  (qo+q1)?

N Qc > iQA ~ 1 _ ( Qc >2
I'slap =~ <2Q0> (1 — € ) (2q0)2 200

P 127;\)92’0 iQA/2 (eiQA/2 - efiQA/2>
B AmproA\ sin QM ~ AproA
- ( Q )/@/2 —I sin v = Tthin slab
Since QA < 1 for a thin slab
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Multilayers in the kinematical regime

9/\‘/79 N repetitions of a bilayer of thickness A
composed of two materials, A and B which
1 A .
have a density contrast (pa > pg).
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Multilayers in the kinematical regime

9/\‘/79 N repetitions of a bilayer of thickness A

composed of two materials, A and B which
1 A :
have a density contrast (pa > pg).

r1 is the reflectivity of a single bilayer

C. Segre (IIT) PHYS 570 - Fall 2020 February 04, 2020 14 /22



Multilayers in the kinematical regime

9/\‘/79 N repetitions of a bilayer of thickness A

composed of two materials, A and B which
1 A :
have a density contrast (pa > pg).

2
3 r1 is the reflectivity of a single bilayer
B is the average absorption per bilayer
N
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Multilayers in the kinematical regime

I

C. Segre (lIT)

A

N repetitions of a bilayer of thickness A
composed of two materials, A and B which
have a density contrast (pa > pg).

r1 is the reflectivity of a single bilayer
B is the average absorption per bilayer

¢ = QA/2m is a dimensionless parameter
related to the phase shift of a single bilayer
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Multilayers in the kinematical regime

6/\‘/'9 N repetitions of a bilayer of thickness A

composed of two materials, A and B which

; IA have a density contrast (pa > pg).
3 r1 is the reflectivity of a single bilayer
B is the average absorption per bilayer
[;| ¢ = QA/2m is a dimensionless parameter

related to the phase shift of a single bilayer

Form a stack of N bilayers

N-1

m(¢) =) n(¢)e? ™ e

v=0
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Multilayers in the kinematical regime

6/\‘/'9 N repetitions of a bilayer of thickness A

composed of two materials, A and B which

; IA have a density contrast (pa > pg).
3 r1 is the reflectivity of a single bilayer
B is the average absorption per bilayer
[;| ¢ = QA/2m is a dimensionless parameter

related to the phase shift of a single bilayer

Form a stack of N bilayers

N-1 ;
. B 1— el27rCNe—6N
w(¢) = Z fl(C)e'27r<Ve = ri(¢) 1 — ei2mCe—B
v=0
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Reflectivity of a bilayer

The reflectivity from a single bilayer can be evaluated using the reflectivity

developed for a slab but replacing the density of the slab material with the
difference in densities of the bilayer components
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Reflectivity of a bilayer

The reflectivity from a single bilayer can be evaluated using the reflectivity

developed for a slab but replacing the density of the slab material with the
difference in densities of the bilayer components

p  —  PAB = PA—PB
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Reflectivity of a bilayer

The reflectivity from a single bilayer can be evaluated using the reflectivity
developed for a slab but replacing the density of the slab material with the
difference in densities of the bilayer components and assuming that
material A is a fraction [ of the bilayer thickness

p  —  PAB = PA—PB

-)\rO AB +rA/2
I’1(€) _ —I,ip elQT(CZ//\dZ
sind _r/\/2
C. Segre (IIT) PHYS 570 - Fall 2020
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Reflectivity of a bilayer

The reflectivity from a single bilayer can be evaluated using the reflectivity
developed for a slab but replacing the density of the slab material with the
difference in densities of the bilayer components and assuming that
material A is a fraction [ of the bilayer thickness

p  —  PAB = PA—PB

+rA/2
n(¢) = —itoeas e27CE/N gz

sin 0 _r/\/2

_ _;Mopas A [emcr _ efiﬂCF]
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Reflectivity of a bilayer

The reflectivity from a single bilayer can be evaluated using the reflectivity
developed for a slab but replacing the density of the slab material with the
difference in densities of the bilayer components and assuming that
material A is a fraction [ of the bilayer thickness

p  —  PAB = PA—PB

+rA/2
n(¢) = —itoeas e27CE/N gz

sin 0 _r/\/2

eX —e ™™ =2isinx

A A ' '
_ r9p23 > [emcr _ e*lﬂ'Cr]
sinf 27 Q = 4nsinf/\ = 27¢/N\
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Reflectivity of a bilayer

The reflectivity from a single bilayer can be evaluated using the reflectivity
developed for a slab but replacing the density of the slab material with the
difference in densities of the bilayer components and assuming that
material A is a fraction [ of the bilayer thickness

n(¢) =

I.)\fOPAB

p  —  PAB = PA—PB

+rA/2
: elZﬂCz//\dz
sinf —TA/2

eX —e ™™ =2isinx

I.)\rOPAB A |:ei7r<r_efi7rcrj|

sinf  i2wC Q = 4rmsind/\ = 2w(¢/N

. AT\ sin (7l
rn = —2irnpas () sin (T¢)
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Absorption coefficient of a bilayer

The total reflectivity for the multilayer is therefore:

) AT\ sin (7¢) 1 — e?mCNe=BN
N = —2ifopas C wl¢ 1— ef2mCe—5
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Absorption coefficient of a bilayer

The total reflectivity for the multilayer is therefore:

A2F> sin (71¢) 1 — e2mCNe=BN

v = —2oras << TTC 1 eie D

The incident x-ray has a path length A/sin@ in a bilayer, a fraction I’
through na and a fraction (1 — ') through ng.
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The incident x-ray has a path length A/sin@ in a bilayer, a fraction I’
through na and a fraction (1 — I') through ng. The amplitude absorption
coefficient, 3 is
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Absorption coefficient of a bilayer

The total reflectivity for the multilayer is therefore:

A2F> sin (71¢) 1 — e2mCNe=BN

v = —2oras << TTC 1 eie D

The incident x-ray has a path length A/sin@ in a bilayer, a fraction I’
through na and a fraction (1 — I') through ng. The amplitude absorption
coefficient, 3 is

pa TA pp(L-T)A
_o A | BB )R
p 2 sinf + 2 sind
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Absorption coefficient of a bilayer

The total reflectivity for the multilayer is therefore:

) AT\ sin (7¢) 1 — e?mCNe=BN
N = —2ifopas C wl¢ 1— ef2mCe—5

The incident x-ray has a path length A/sin@ in a bilayer, a fraction I’
through na and a fraction (1 — I') through ng. The amplitude absorption
coefficient, 3 is

2 sinf 2 sind - sind

oA TN g (1-TA A

B = (Al +pp(1—T)]
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Reflectivity calculation

1 ' |
10 bilayers

of W/Si

Ay /Aq=10A/40A

I:{Multilayer
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Reflectivity calculation

I:{Multilayer

1

I
10 bilayers
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Ay /Aq=10A/40A
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integer, we have peaks
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Reflectivity calculation

0

10 T T
® When ¢ = QA/2r is an
integer, we have peaks
® As N becomes larger, these
peaks would become more
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Reflectivity calculation

10° T T

® When ¢ = QA/2r is an
integer, we have peaks

® As N becomes larger, these
peaks would become more
B prominent

-
ou

N

]

Multilayer

(\ ® This is effectively a
diffraction grating for
X-rays
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— 10 bilayers
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AW/ASi=1I0A/4OA |
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QA

C. Segre (IIT) PHYS 570 - Fall 2020

10

February 04, 2020 17 /22



Reflectivity calculation

0

10 T
& 1071 .
ﬂ

o

10* 10 bilayers
of W/SIi = |
AW/ASi=1IOA/40A |
0 0.2
QA"

C. Segre (lIT)

PHYS 570 - Fall 2020

When ¢ = QA/27 is an
integer, we have peaks

As N becomes larger, these
peaks would become more
prominent

This is effectively a
diffraction grating for
X-rays

Multilayers are used
commonly on laboratory
sources as well as at
synchrotrons as mirrors
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Slab - multilayer comparison
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Kinematical reflectivity from a multilayer

Using the kinematical approximation, we have calculated the reflectivity of
a multilayer of slabs containing two contrasting elements
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Kinematical reflectivity from a multilayer

Using the kinematical approximation, we have calculated the reflectivity of
a multilayer of slabs containing two contrasting elements
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10 bilayers
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Kinematical reflectivity from a multilayer

Using the kinematical approximation, we have calculated the reflectivity of
a multilayer of slabs containing two contrasting elements

1 T T

This combines the Kiessig fringes

10 bilayers ) )
| of WSIi - from the entire multllayer and the
A, /Ag=10A/40A interference obtained because of
| the bilayer repetition
s |
o
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Kinematical reflectivity from a multilayer

Using the kinematical approximation, we have calculated the reflectivity of
a multilayer of slabs containing two contrasting elements

1 .
10 bi;ayers This combines the Kiessig fringes

| of W/Si | from the entire multilayer and the
AW/ASi=10A/40,Z\ interference obtained because of
the bilayer repetition

g However, the simple kinematical
§ - 1 approximation fails at very low val-
o ues of @ as can be seen in the figure
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Kinematical reflectivity from a multilayer

Using the kinematical approximation, we have calculated the reflectivity of
a multilayer of slabs containing two contrasting elements

1 .
10 bi;ayers This combines the Kiessig fringes

| of W/Si | from the entire multilayer and the
AW/ASi=10A/40,Z\ interference obtained because of
the bilayer repetition

g However, the simple kinematical
§ - 1 approximation fails at very low val-
o ues of @ as can be seen in the figure

An exact approach is required to
give a solution which holds for all

\AA /\ ] values of @
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Kinematical reflectivity from a multilayer

Using the kinematical approximation, we have calculated the reflectivity of
a multilayer of slabs containing two contrasting elements

1 T T
10 bilayers
L of W/Si

Multilayer

R

Ay/Ag=10A/40A

C. Segre (lIT)

PHYS 570 - Fall 2020

This combines the Kiessig fringes
from the entire multilayer and the
interference obtained because of
the bilayer repetition

However, the simple kinematical
approximation fails at very low val-
ues of @ as can be seen in the figure

An exact approach is required to
give a solution which holds for all
values of @

This is Parratt’s recursive approach
and needs to be computed numeri-
cally
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate.

C. Segre (IIT) PHYS 570 - Fall 2020 February 04, 2020 20/22



Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick

substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of continuity, k,; = kx and therefore, we can compute the
z-component of I?J
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of continuity, k,; = kx and therefore, we can compute the
z-component of I?J
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of continuity, k,; = kx and therefore, we can compute the
z-component of I?J

2 AY: 2
kzj - (nJ k) - kx
— . c2\2 12 2
=(1-6;+iB)" k“ — k
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of continuity, k,; = kx and therefore, we can compute the
z-component of k;

K3 = (njk)? — K
=(1—0;+iBj)* k? — k2
~ k2 — 26;k? + 2iBjk?
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of continuity, k,; = kx and therefore, we can compute the
z-component of k;

K3 = (njk)? — K
=(1—0;+iBj)* k? — k2
~ k2 — 26;k? + 2iBjk?

and the wavevector transfer
in the jt layer
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of contirluity, k. = kx and therefore, we can compute the
z-component of k;
K3 = (k) — K3
=(1—0;+iBj)* k? — k2
~ k2 — 26;k? + 2iBjk?

Qj = 2/(J sin aj = 2kzj
and the wavevector transfer
in the jt layer

C. Segre (lIT) PHYS 570 - Fall 2020 February 04, 2020 20/22



Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of contirluity, k. = kx and therefore, we can compute the
z-component of k;
K3 = (k) — K3
=(1—0;+iBj)* k? — k2
~ k2 — 26;k? + 2iBjk?

Qj = 2/(J sin aj = 2kzj
=/ Q2 - 8K26; + 8ik25;

and the wavevector transfer
in the jt layer
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Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is
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Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

C. Segre (IIT) PHYS 570 - Fall 2020

, Q — Qj+1

r.. 1:7
St Qi + Qj+1

February 04, 2020

21/22



Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

Now start calculating the reflectivity
from the bottom of the N layer, closest
to the substrate, where multiple reflections
are not present
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Parratt reflectivity calculation

The reflectivity from the interface between y Qi — Qj+1
layer j and j + 1, not including multiple St Qi + Qj+1
reflections is

Now start calculating the reflectivity / Qv — Qoo
from the bottom of the N layer, closest .00 Qn + Qo
to the substrate, where multiple reflections

are not present
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Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

Now start calculating the reflectivity
from the bottom of the N layer, closest
to the substrate, where multiple reflections
are not present

The reflectivity from the top of the

N layer, including multiple reflections is
now calculated (note no prime!)

C. Segre (lIT) PHYS 570 - Fall 2020

, Q — Qj+1

r. . 1 [
St Qj + Qj+1

r/ QN - Qoo
Moo QN + Qoo

February 04, 2020

21/22



Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

Now start calculating the reflectivity
from the bottom of the N layer, closest
to the substrate, where multiple reflections
are not present

The reflectivity from the top of the

N layer, including multiple reflections is
now calculated (note no prime!)
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Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

Now start calculating the reflectivity
from the bottom of the N layer, closest
to the substrate, where multiple reflections
are not present

The reflectivity from the top of the
N layer, including multiple reflections is
now calculated (note no prime!)

, Q — Qj+1

r.. 1_7
St Qj + Qj+1

r/ _ QN - Qoo
Moo QN + Qoo

/ / 2
'—1,N T 'N0oPN
/ / 2
L+ ry 1 v soPh

rn—1,n =

The recursive relation can be seen from the calculation of reflectivity of

the next layer up

/ 2
'N—2N—1 T IN-1,NPN_1

rN—2,N—1 =
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T I . . . .
Kinematical approximation
gives a reasonably good ap-
proximation to the correct
calculation, with a few excep-
tions.
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matical diverges (Rki, — 00).
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Kinematical - Parratt comparison

1 : . . .
' Kinematical approximation

gives a reasonably good ap-
I 1 proximation to the correct
calculation, with a few excep-

L ] tions.
= L 1 Parratt calculation gives
=} . .
D’:E Rp,r = 1 as @ — 0 while kine-

matical diverges (Rkj, — 00).

Parratt peaks shifted to slightly
higher values of @

Peaks in kinematical calcula-
2 -1 ' i .

QA" tlon.a.re somewhat higher re

flectivity than true value.
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