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® The Fresnel equations
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® Normalized g-coordinates

Reading Assignment: Chapter 3.4

Homework Assignment #02:
Problems to be provided
due Tuesday, February 18, 2020
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HW #02

1. Knowing that the photoelectric absorption of an element scales as the
inverse of the energy cubed, calculate:

(a) the absorption coefficient at 10keV for copper when the value at 5keV
is 1698.3 cm~1;

(b) The actual absorption coefficient of copper at 10keV is 1942.1 cm~!,
why is this so different than your calculated value?

2. A 30 cm long, ionization chamber, filled with 80% helium and 20%
nitrogen gases at 1 atmosphere, is being used to measure the photon rate
(photons/sec) in a synchrotron beamline at 12 keV. If a current of 10 nA
is measured, what is the photon flux entering the ionization chamber?

3. A 5 cm deep ionization chamber is used to measure the fluorescence
from a sample containing arsenic (As). Using any noble gases or nitrogen,
determine a gas fill (at 1 atmosphere) for this chamber which absorbs at
least 60% of the incident photons. How does this change if you are
measuring the fluorescence from ruthenium (Ru)?
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HW #02

4. Calculate the critical angle of reflection of 10 keV and 30 keV x-rays
for:

(a
(b
(c
(d

A slab of glass (SiO32);
A thick chromium mirror;

A thick platinum mirror.

~— — —

If the incident x-ray beam is 2 mm high, what length of mirror is
required to reflect the entire beam for each material?

5. Calculate the fraction of silver (Ag) fluorescence x-rays which are
absorbed in a 1 mm thick silicon (Si) detector and the charge pulse
expected for each absorbed photon. Repeat the calculation for a 1 mm
thick germanium (Ge) detector.
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Area detectors

Area detectors have been used for many years and include older
technologies such as 2D gas proportional detectors, image plates, and even
photographic film!
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Area detectors

Area detectors have been used for many years and include older
technologies such as 2D gas proportional detectors, image plates, and even
photographic film!

Will look carefully only at more modern technologies such as Charge
Coupled Device (CCD) based detectors and active pixel array detectors

The basic criteria which need to be evaluated in order to choose the ideal
detector for an experiment are:

® Area - 20 cm x 20 cm is often standard
® Pixel size - 20 um x 20 pum or larger is typical
® Detector speed - readouts of 5 ms to 1 s are available
® Dynamic range - 16 bits is typical, more is possible
The most advanced detectors can easily cost over a million dollars!
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CCD detectors - direct

One of the two configurations typical of CCD
detectors is direct measurement of x-rays
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the direct measurement
CCD is just a segmented
silicon detector

the x-ray deposits its en-
ergy directly in the de-
pletion region, creating
electron-hole pairs

the electrons and holes
are trapped and accumu-
late during the exposure
time

when readout starts, the charge is swept to the electrodes and read out,

consecutively, line-by-line

expensive to make very large, limited sensitivity to high energies
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CCD detectors - indirect

The largest area detectors are made using
the CCD in indirect mode

The CCD is coupled optically to a fiber
optic taper which ends at a large phosphor

When an x-ray is absorbed at the phos-
phor, visible light photons are emitted in
all directions

A fraction of the visible light is guided to
the CCD chip(s) at the end of the taper

This detector requires careful geomet-
ric corrections, particularly with multiple
CCD arrays

Pixel sizes are usually rather large (50 um
x 50 pm)
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Pixel array detectors - schematic
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Pixel array detectors - schematic

diode detection
layer

solder

"l/ bumps

The Pixel Array Detector combines
area detection with on-board elec-
tronics for fast signal processing

The diode layer absorbs x-rays and
the electron-hole pairs are immedi-
ately swept into the CMOS elec-
tronics layer

This permits fast processing and
possibly energy discrimination on a
per-pixel level
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Pixel array detectors - Pilatus

Pixel array  detector with
1,000,000 pixels.

Each pixel has energy re-
solving capabilities & high speed

readout.

Silicon sensor limits energy
range of operation.

from Swiss Light Source
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High energy solutions

One of the major
problems with pixel
array detectors and
SDDs is the low ab-
sorption cross sec-
tion at high energies
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High energy solutions

120% [ — Silicon (500um)
Ge / GaAs (500um)
—CdTe (500um)

One of the major
problems with pixel
array detectors and
SDDs is the low ab-
80% | sorption cross sec-
tion at high energies

100% |

80%

40% |
One solution is to
use a semiconductor
0% Lo M =S other than Si, for

0 20 < 40 ‘(53 Y 80 100 example Ge, GaAs
-ray energy (ke
or, CdTe

20% |

Proportion absorbed / interacting

The absorption can be significantly enhanced with these higher Z elements
while maintaining good energy discrimination capabilities.
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Refractive index in the x-ray region

When visible light passes from one medium to another, it changes

direction according to Snell's Law which depends on the index of
refraction of the two media.
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Refractive index in the x-ray region

When visible light passes from one medium to another, it changes
direction according to Snell's Law which depends on the index of
refraction of the two media.

For visible light, the index of refraction of a transparent medium is always
greater than unity and this is exploited to create lenses and optical devices.

For x-rays, there is also an index of refraction but it is always slightly less
than unity, resulting in phenomena which can be used to create x-ray
optics and a host of experimental techniques.

The refraction and reflection of x-rays derive fundamentally from the
scattering of x-rays by electrons and the fact that the scattering factor is
negative, —rp.

Initially assume that all interfaces are perfectly flat and ignore all
absorption processes.
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Thin plate response - scattering approach

Consider a thin plate of thickness A onto which x-rays are incident from a
point source S a perpendicular distance Ry away.
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Thin plate response - scattering approach

R is also the distance between the scattering volume and P so, a wave
(x-ray) which travels from S — P through the scattering volume will have
an extra phase shift

\\\W‘*///
S R, R / / P

— A
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Thin plate response - scattering approach

R is also the distance between the scattering volume and P so, a wave
(x-ray) which travels from S — P through the scattering volume will have
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R is also the distance between the scattering volume and P so, a wave
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R is also the distance between the scattering volume and P so, a wave
(x-ray) which travels from S — P through the scattering volume will have
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Thin plate response - scattering approach

R is also the distance between the scattering volume and P so, a wave
(x-ray) which travels from S — P through the scattering volume will have
an extra phase shift
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Thin plate response - scattering approach
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Thin plate response - scattering approach

ikRo ikRo

p_ (€ e ig(x,y) Integrate the scattered

s = < Ro >p(Adxdy)< b Ro >e wave over the entire
plate.
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Thin plate response - scattering approach

kR, ikRo
p_ (€ e ig(x,y) Integrate the scattered
dys = R p(Adxdy) | —b Ry, )€ wave over the entire
0 0
plate. This integral is
, ) basically a Gaussian in-
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Ry J- imaginary (instead of

real) constant in the ex-
ponent and it gives

C. Segre (IIT) PHYS 570 - Spring 2020 January 30, 2020 13 /26



Thin plate response - scattering approach

kR, ikRo
p_ (€ e ig(x,y) Integrate the scattered
dys = R p(Adxdy) | —b Ry, )€ wave over the entire
0 0
plate. This integral is
, ) basically a Gaussian in-
P P ef2kRo oo iy tegral squared with an
1/15 = d”L/JS = —pbAi2 e "0 dxdy . g : q :
Ry J- imaginary (instead of

real) constant in the ex-
ponent and it gives

2,2
00 ;xTHYT g R
/ e R dxdy = i%

—00

C. Segre (IIT) PHYS 570 - Spring 2020 January 30, 2020 13 /26



Thin plate response - scattering approach

ikRo ikRy

p_ (€ e ig(x,y) Integrate the scattered
dvs = < Ro >p(Adxdy)< b Ro >e wave over the entire
plate. This integral is
) basically a Gaussian in-

P P el?fo o0 iy tegral d with
1/}5 _/dws — —pbA 5 / e Fo dXdy egral squarea wi an
Ry J- imaginary (instead of
e2kRo 1 7Ry real) constant in the ex-

= —pbA R2 " ponent and it gives

2,2
00 ;xTHYT g R
/ e R dxdy = i%

—00

C. Segre (IIT) PHYS 570 - Spring 2020 January 30, 2020 13 /26



Thin plate response - scattering approach

ikRo

o8 = [dug = —pbA

i2kRy

RS

C. Segre (IIT)

0

2

0 i><2+2y k
/e Ro dxdy

—00

PHYS 570 - Spring 2020

P_ (¢ A e ivtey)
0 = (42 o) (4520,

Integrate the scattered
wave over the entire
plate. This integral is
basically a Gaussian in-
tegral squared with an
imaginary (instead of
real) constant in the ex-
ponent and it gives

2,2
0 ;X +y k R
/ e R dxdy = P
. k

Thus the total wave
(electric field) at P can
be written

January 30, 2020 13 /26



Thin plate response - scattering approach

ikRo

o8 = [dug = —pbA

i2kRy

RS

WP = + 8

C. Segre (IIT)

0

2

0 i><2+2y k
/e Ro dxdy

—00

PHYS 570 - Spring 2020

P_ (¢ A e ivtey)
0 = (42 o) (4520,

Integrate the scattered
wave over the entire
plate. This integral is
basically a Gaussian in-
tegral squared with an
imaginary (instead of
real) constant in the ex-
ponent and it gives

2,2
0 ;X +y k R
/ e R dxdy = P
- k

Thus the total wave
(electric field) at P can
be written

January 30, 2020 13 /26



Thin plate response - scattering approach

ikRo

e
dyf = ( R

@i2kRo poo P iy%
w';:/dd)g:—pbA 2 / e R dxdy
0 —00
ei2kRo Ro
= —pbA—— [ i—=
"CTR ( k>
VP = + 4§
i2kRy R, ei2kRo
S Yy NGAC
2Ry k R3

C. Segre (IIT)

0

PHYS 570 - Spring 2020

ikRo\
) p(Adxdy) (—beR ) o)

Integrate the scattered
wave over the entire
plate. This integral is
basically a Gaussian in-
tegral squared with an
imaginary (instead of
real) constant in the ex-
ponent and it gives

[e’e] -X2+,V2k R
/ e B dxdy =i
. k

Thus the total wave
(electric field) at P can
be written

January 30, 2020 13 /26



Thin plate response - scattering approach

R oikRo oikRo by)
— A _ ip(x,y
o = (52 o (52
ei2kRo oo jx +2y2
VE = [dyE = —ppbA=——— | e & dxdy
S S RZ
0 J—o
ei2kRo [ 1R
- _obA— ;229
o ()
VP = + 4§
i2kRy i2kRy
=€ — ipbAﬁRO £
2Ro k Rg

C. Segre (IIT) PHYS 570 - Spring 2020

Integrate the scattered
wave over the entire
plate. This integral is
basically a Gaussian in-
tegral squared with an
imaginary (instead of
real) constant in the ex-
ponent and it gives

2,2
0 ;X +y k R
/ e R dxdy = P
- k

Thus the total wave
(electric field) at P can
be written

January 30, 2020 13 /26



Thin plate response - refraction approach

Now let's look at this phenomenon from a different point of view, that of
refraction.
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Calculating n

We can now compare the expressions obtained by the scattering and
refraction approaches.
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By inspection we have
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Index of refraction & critical angle

Now that we have an expression for the index of refraction, we can
examine the consequences and estimate it's magnitude.
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Consider an x-ray incident on an interface at angle «; to the surface which
is refracted into the medium of index ny at angle ao.

Applying Snell's Law, and assuming
that the incident medium is air (vac-
uum).

If we now apply the known form of
the index of refraction for the medium
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Index of refraction & critical angle

Now that we have an expression for the index of refraction, we can
examine the consequences and estimate it's magnitude.

Consider an x-ray incident on an interface at angle «; to the surface which
is refracted into the medium of index ny at angle ao.

Ny COS (x1 = N COS (o

COS (x1 = N COS (o
cosay = (1 — d)cos
cosac.=1—9
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Applying Snell's Law, and assuming
that the incident medium is air (vac-
uum).

If we now apply the known form of
the index of refraction for the medium
(n2 =1- 5)

When the incident angle becomes small
enough, there will be total external re-
flection
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Estimation of critical angle

1— 0 =cosac,
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Connection to atomic scattering

So far, we have made the assumption that the charge distribution is
uniform. We know that this is not correct, and that usually electron
charge distributions are those of the atoms making up the solid.
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Connection to atomic scattering
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charge distributions are those of the atoms making up the solid.
Therefore, it is useful to replace the uniform charge distribution, p, with a
more realistic one, including the atom distribution p:
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Absorption term in n

Since the actual scattering factor of an atom has resonant (“anomalous”)
terms, f(Q) = fO(Q) + ' + if”, we must include an absorption term in
the model for the index of refraction.
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terms, f(Q) = fO(Q) + ' + if”, we must include an absorption term in
the model for the index of refraction.
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modified by the index of refraction
k" = nk so that

The real exponential can be com-
pared with Beer's Law, noting
that intensity is proportional to the
square of the wave function

C. Segre (IIT) PHYS 570 -

Spring 2020
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”
term in the atomic scattering factor:
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”
term in the atomic scattering factor:

2
— S0 [R(Q) + F + if]

n=1 2
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:

2
n=1- 20 Q)+ +if]
2TParo 10 2T Paly
=1- 2 [f(Q)—{—f’]—/ 2 f
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:

2
n=1- 20 Q)+ +if]
2TPalo ¢ 0 2T palo
=1- 20 [(Q) + 1] - iT
=1- 0
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:

2
n=1- 20 Q)+ +if]
2TPalo ¢ 0 2T palo
=1- 20 [(Q) + 1] - i
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:

2Tparoy .
n=1-=7=[(Q)+f +if"]
2TPalo ¢ 0 2T Paly
=1- P [f(Q)+f’}—/ 2 i
=1- 1) + g
2mpaf0(0
Since f9(0) > f’ in the forward o~ 7%1(2()r0
direction, we have
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:
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n=1-=23 [FO(Q) + '+ if"]
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Absorption term in n

The absorptive term in the index of refraction is directly related to the f”

term in the atomic scattering factor:

2Tparoy .
n=1-=7=[(Q)+f +if"]
2TPalo ¢ 0 2T Paly
= 1- L0 [0(Q) 4 ] — i
=1- 0 + i
27 paf°(0)r
Since f9(0) > f’ in the forward o~ 7%1(2()0
direction, we have 2 Fit
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

kg z

o

Wy = a;e’"  incident wave
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

ke |* Ka

o (04

Y = aje incident wave

YR = are reflected wave
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

Y = ae™T  incident wave
YR = are'*RT  reflected wave
7 = a7e*T"  transmitted wave
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

Y = ae™T  incident wave
YR = are'*RT  reflected wave
7 = a7e*T"  transmitted wave

which leads to conditions
on the amplitudes and the
wave vectors of the waves
at z = 0.
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

W = a,e”‘"F incident wave
YR = are'*RT  reflected wave
7 = a7e*T"  transmitted wave

which leads to conditions

on the amplitudes and the ar =a;+ar

wave vectors of the waves

at z = 0.
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

Y = ae™T  incident wave

YR = aRe"ka'F reflected wave
Y1 = aTeik;'F transmitted wave
which leads to conditions
on the amplitudes and the ar = aj+ agR
\;\;avi v:ectglrs of the waves aTk_7" _ 3//:/ —i—aRk_f%

C. Segre (lIT) PHYS 570 - Spring 2020 January 30, 2020 21/26



Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

which leads to conditions
on the amplitudes and the
wave vectors of the waves
at z = 0. Taking vector
components:

Y = ae™T  incident wave
YR = are'*RT  reflected wave
7 = a7e’*T"  transmitted wave

ar =a; + ar

atkt = ajk; + arkg
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

conditions
on the amplitudes and the
wave vectors of the waves

which leads to

at z = 0.
components:

Taking vector
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Y = ae™T  incident wave
YR = are'*RT  reflected wave
7 = a7e’*T"  transmitted wave

ar =a; + ar

atkt = ajk; + arkg

aTkT cosa’ = ajk; cos o + arkr cos o
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Electromagnetic boundary conditions

Maxwell’s equations require that an electromagnetic wave and its
derivative be continuous in all directions at any interface. This condition
places restrictions on the waves which exist at any interface:

conditions
on the amplitudes and the
wave vectors of the waves

which leads to

at z = 0.
components:

Taking vector

— aTkT sin O/

C. Segre (IIT)

arkrcosa =

PHYS 570 - Spring 2020

Y = ae™T  incident wave
YR = are'*RT  reflected wave
7 = a7e’*T"  transmitted wave

ar =a; + ar

atkt = ajk; + arkg

arky cos o + agkg cos a

—aykysina + agkg sin «

January 30, 2020
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Parallel projection & Snell’'s Law

Starting with the equation for the
parallel projection of the field on
the surface and noting that

aTkT cosa’ = ajkj cos o + apkg cos a
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Parallel projection & Snell’'s Law

Starting with the equation for the . .
parallel projection of the field on |kr| = |ki| = k

in vacuum
the surface and noting that

aTkT cosa’ = ajkj cos o + apkg cos a
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parallel projection of the field on |kr| = |ki| = k

in vacuum
the surface and noting that

\k7| = nk in medium

aTkT cosa’ = ajkj cos o + apkg cos a
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Parallel projection & Snell’'s Law

Starting with the equation for the . .
parallel projection of the field on |kr| = |ki| = k

in vacuum
the surface and noting that

\k7| = nk in medium

aTkT cosa’ = ajkj cos o + apkg cos a

aTnkcosa’ = ajk cosa + ark cosa
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Parallel projection & Snell’'s Law

Starting with the equation for the . .

parallel projection of the field on |kr| = |ki| = k in vacuum
the surface and noting that k7| = nk in medium
Combining with the

amplitude equation aTkT cosa’ = ajkj cos o + apkg cos a

and cancelling k arnkcosa’ = ajk cosa + agk cos a

ar = a; t+ar
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Parallel projection & Snell’'s Law

Starting with the equation for the . .

parallel projection of the field on |kr| = |ki| = k in vacuum
the surface and noting that k7| = nk in medium
Combining with the

amplitude equation aTkT cosa’ = ajkj cos o + apkg cos a

and cancelling k arnkcosa’ = ajk cosa + agk cos a

ar = a; t+ar

(aj + ag)ncosa’ = (aj + aR) cos a
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Parallel projection & Snell’'s Law

Starting with the equation for the . .
parallel projection of the field on |kr| = |ki| = k in vacuum

the surface and noting that k7| = nk in medium

Combining with the
amplitude equation aTkT cosa’ = ajkj cos o + apkg cos a
and cancelling k arnkcosa’ = ajk cosa + agk cos a
ar=a;+ar
. . r_
This simply results in (a1 + ar)ncosa’ = (a; + aRr) cos
Snell's Law cos o = ncos o’
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Parallel projection & Snell’'s Law

Starting with the equation for the . .
parallel projection of the field on |kr| = |ki| = k in vacuum

the surface and noting that k7| = nk in medium

Combining with the
amplitude equation aTkT cosa’ = ajkj cos o + apkg cos a

and cancelling k arnkcosa’ = ajk cosa + agk cos a

ar = a;+ar

This simply results in (a1 +ar)ncosa’ = (aj + ar) cosa
Snell's Law which for cosa = ncosa’

small angles can be ex-

panded.
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Parallel projection & Snell’'s Law

Starting with the equation for the . .
parallel projection of the field on |kr| = |ki| = k in vacuum

the surface and noting that k7| = nk in medium

Combining with the
amplitude equation aTkT cosa’ = ajkj cos o + apkg cos a

and cancelling k arnkcosa’ = ajk cosa + agk cos a

ar = a;+ar

This simply results in (a1 +ar)ncosa’ = (aj + ar) cosa

Snell's Law which for cosa = ncosa’

small angles can be ex- . _ a'?
panded. 1—7:(1—5+’5) 1—7
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Parallel projection & Snell’'s Law

Starting with the equation for the . .
parallel projection of the field on |kr| = |ki| = k in vacuum

the surface and noting that k7| = nk in medium

Combining with the
amplitude equation aTkT cosa’ = ajkj cos o + apkg cos a

and cancelling k arnkcosa’ = ajk cosa + agk cos a

ar = a;+ar

This simply results in (a1 +ar)ncosa’ = (aj + ar) cosa

Snell's Law which for cosa = ncosa’

small angles can be ex- . _ a'?
panded. 1—7:(1—5+’5) 1—7

—a?=—a'?2—-25+2iB
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Parallel projection & Snell’'s Law

Starting with the equation for the . .
parallel projection of the field on |kr| = |ki| = k in vacuum

the surface and noting that k7| = nk in medium

Combining with the
amplitude equation aTkT cosa’ = ajkj cos o + apkg cos a

and cancelling k arnkcosa’ = ajk cosa + agk cos a

ar = a;+ar

This simply results in (a1 +ar)ncosa’ = (aj + ar) cosa
Snell's Law which for cosa = ncosa’
small angles can be ex- . _ a'?
panded. 1—7:(1—5+’5) 1—7
Recalling that —a?=—-a'?—25+2i8

e = V20 o?=a'2+a?-2ip
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors

— arkysinad’ = —ajksina + agkgr sina
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors

— arkysinad’ = —ajksina + agkgr sina

—arnksina’ = —(a; — ag)ksina
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

— arkysinad’ = —ajk;sina + agkgr sina
- / .
- —arnksina’ = —(a; — ag)ksina
ar = a; + ar . g
(as + ar)nsina’ = (a; — ag) sin«
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

— arkysinad’ = —ajk;sina + agkgr sina
9y — a4+ —arnksind’ = —(a; — ag)ksina
T =245 Tar . :
(a; + ag)nsina’ = (aj — agr)sin
d|] — ar nsin o
aj + ar sin «
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

— arkysinad’ = —ajk;sina + agkgr sina
9y — a4+ —arnksind’ = —(a; — ag)ksina

T =245 Tar . :

(a; + ag)nsina’ = (aj — agr)sin

aj—ar nsind/ o

= ~ n—

a; + ar sin «
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and

using the amplitude equation

— aTkT sin Oé/ =

H /
— arnksina
ar = aj+ ar

(aj + ag)nsina’

—ark;sina + arkg sin
—(a; — ar)ksina
(aj — ar)sin«

nsin o’ o o

a) — ar
taking n ~ 1 aj+ar
C. Segre (IIT) PHYS 570 - Spring 2020
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

— arkysinad’ = —ajksina + agkg sina

9y — a4+ —arnksina’ = —(a; — ag)ksina

T =245 Tar . :
(a; + ag)nsina’ = (aj — agr)sin

aj—ar nsind/ o o

= ~Nn—~ —

taking n~ 1 a+ ar sin o o «

The Fresnel Equations
can now be derived
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

— arkysinad’ = —ajksina + agkg sina

9y — a4+ —arnksina’ = —(a; — ag)ksina

T =245 Tar . :
(a; + ag)nsina’ = (aj — agr)sin

aj—ar nsind/ o o

= ~Nn—~ —

taking n~ 1 a+ ar sin o o «

ajoe — apQy = a,o/ + aRo/
The Fresnel Equations

can now be derived
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

— arkysinad’ = —ajksina + agkg sina

9y — a4+ —arnksina’ = —(a; — ag)ksina

T =245 Tar . :
(a; + ag)nsina’ = (aj — agr)sin

aj—ar nsind/ o o

= ~Nn—~ —

taking n~ 1 a+ ar sin o o «

ajoe — apQy = a,o/ + aRo/
The Fresnel Equations

no__ /
can now be derived ai(or = af) = ar(a + o)
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

— arkysinad’ = —ajksina + agkg sina

9y — a4+ —arnksina’ = —(a; — ag)ksina

T =245 Tar . :
(a; + ag)nsina’ = (aj — agr)sin

aj—ar nsind/ o o

= ~Nn—~ —

taking n~ 1 a+ ar sin o o «

ajoe — apQy = a,o/ + aRo/
The Fresnel Equations

/ /
_ — -
can now be derived ai(or = af) = ar(a + o) r

aR a—d
f = — = I
aj o+ o
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

ar = a; + ar

taking n~ 1

The Fresnel Equations
can now be derived

ar
aj

r =

C. Segre (lIT)

— arkysinad’ = —ajksina + agkg sina
—arnksina’ = —(a; — ag)ksina
(aj + ag)nsina’ = (aj — ag) sina
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aj+ar  sina NnENE

ajoe — apQy = a,o/ + aRo/
ala—d)=ar(la+a) —r
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Perpendicular projection & Fresnel equations

Taking the perpendicular projection, substituting for the wave vectors and
using the amplitude equation

ar = a; + ar

taking n~ 1

The Fresnel Equations
can now be derived

ar
aj

r =

C. Segre (lIT)

— aTkT sin Oé/
— arnksinad/

(aj + ag)nsina’

= —ajk;sina + arkgr sina
= —(aj — ar)ksina

= (aj — agr)sin«

a/—aR_nsino/Nng’Ng’
aj+ar  sina “Ta T a
a,a—aRa:a,a'+aRa’
ala—d)=ar(la+a) —r
ala—d)=(ar —a)(a+ad) —t
a—a _ar . 2«
a+ao a a+do
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Reflectivity and transmittivity

r and t are called the reflection and ar a—ad
transmission coefficients, respectively. r= a2 a+d
art 2«
t= — =

aj o+ o
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?| are the squares of these quantities,
which are complex because o is complex.

C. Segre (IIT) PHYS 570 - Spring 2020

ar
aj
ar
aj

o —

o+ o

2a

a+a

January 30, 2020

24 /26



Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?| are the squares of these quantities,
which are complex because o is complex.

o' =Re(a’) +ilm(a)
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?| are the squares of these quantities,
which are complex because o is complex.

o' =Re(a’) +ilm(a)
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In the z direction, the am-
plitude of the transmitted
wave has two terms
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?| are the squares of these quantities,
which are complex because o is complex.

o' =Re(a’) +ilm(a)

fo ol : / _ /
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?| are the squares of these quantities,
which are complex because o is complex.

o' =Re(a’) +ilm(a)

fo ol : / _ /
a_,_elka z _ ar elk Re(a’)z e kim(a/)z

C. Segre (lIT) PHYS 570 - Spring 2020

ap  a—d
a a+do
_aT_ 2x

t_?/_a+a’

In the z direction, the am-
plitude of the transmitted
wave has two terms with
the second one being the
attenuation of the wave in
the medium due to absorp-
tion.
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Reflectivity and transmittivity

r and t are called the reflection and
transmission coefficients, respectively. The
reflectivity R = |r?| and transmittivity
T = |t?| are the squares of these quantities,
which are complex because o is complex.

o' =Re(a’) +ilm(a)

fo ol : / _ /
a_,_elka z _ ar elk Re(a’)z e kim(a/)z
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ay a+ o
art 2x

t = =
aj o+ o

In the z direction, the am-
plitude of the transmitted
wave has two terms with
the second one being the
attenuation of the wave in
the medium due to absorp-
tion. This attenuation is
characterized by a quan-
tity called the penetration
depth, A.
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Reflectivity and transmittivity

r and t are called the reflection and ar a—d
. . .. . f = — = ———
transmission coefficients, respectively. The a, a+do
reflectivity R = |r?| and transmittivity ar 20
T = |t?| are the squares of these quantities, t= a2 ato

which are complex because o is complex.
In the z direction, the am-

plitude of the transmitted
o' = Re(d) +ilm(d)) wave has two terms with
the second one being the
attenuation of the wave in

arel®? = ay el Relaz gkimla)z the medium due to absorp-
tion. This attenuation is

A 1 characterized by a quan-

2k Im() tity called the penetration

depth, A.
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Wavevector transfers

While it is physically easier to think of angles, a more useful parameter is
called the wavevector transfer.
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called the wavevector transfer.

Q =2ksina ~ 2ka
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Wavevector transfers

While it is physically easier to think of angles, a more useful parameter is
called the wavevector transfer.

Q =2ksina ~ 2ka
and for the critical angle

Qc = 2ksin o ~ 2ka
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Wavevector transfers
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Wavevector transfers

While it is physically easier to think of angles, a more useful parameter is
called the wavevector transfer.

Q =2ksina ~ 2ka
and for the critical angle
Qc = 2ksin o ~ 2ka
in dimensionless units, these become

Q _ 2k , Q2

Tt TR

g is a convenient parameter to use because it is a combination of two
parameters which are often varied in experiments, the angle of incidence «
and the wavenumber (energy) of the x-ray, k.
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Defining equations in g

Start with the reduced ver-
sion of Snell’s Law

o®=a'?+a%-2ip
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C. Segre (IIT) PHYS 570 - Spring 2020 January 30, 2020 26 /26



Defining equations in g

Start with the reduced ver-
sion of Snell's Law and mul-
tiply by a 1/a2 = (2k/Q.)>.
Noting that

_ 2k,
T
2k 2ﬁ_4k2£
Qc Q2 2k
2k
_@M b},b
,_9-4
a+tq

C. Segre (IIT)

o®=a'?+a%-2ip

2 2
(3 evez-om

*=q'%+1-2ib,

Similarly, we convert the reflection and
transmission coefficients.
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