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Today's Outline - September 21, 2016

e Beam time at MRCAT

e How to write a GU proposal

o Reflection from a graded index

o Reflection from rough interfaces and surfaces
e Models of surfaces

o Reflectivity from the MRCAT mirror

e Mirrors

Homework Assignment #03:
Chapter3: 1, 3, 4,6, 8
due Wednesday, October 05, 2016
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Beamtime at MRCAT

Two days have been set aside for our class to be at Sector 10 MRCAT at
the Advanced Photon Source
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Beamtime at MRCAT

Two days have been set aside for our class to be at Sector 10 MRCAT at
the Advanced Photon Source

Friday, October 28, 2016 — bending magnet line

Friday, November 11, 2016 — insertion device line

Inform me now if you intend to come to one or both sessions

You will need to have a badge approved in order to do anthing more than
just observe!

We will do flux measurements, reflectivity, x-ray absorption spectroscopy
measurements, use ion chambers and the multielement detector, and more

I will try to get BioCAT time as well for those interested
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Writing a General User Proposal

@ Log into the APS site

® Start a general user proposal
® Add an Abstract

@ Choose a beam line

@ Answer the 6 questions
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate.
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Parratt’s recursive method

Treat the multilayer as a stratified medium on top of an infinitely thick
substrate. Take A; as the thickness of each layer and n; =1 —§; +if3; as
the index of refraction of each layer.

Because of continuity, k,; = kx and therefore, we can compute the
z-component of k;

K3 = (njk)? — K
=(1—0;+iBj)* k? — k2
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Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is
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Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

Now start calculating the reflectivity
from the bottom of the N layer, closest
to the substrate, where multiple reflections
are not present

The reflectivity from the top of the
N layer, including multiple reflections is
now calculated (note no prime!)
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Parratt reflectivity calculation

The reflectivity from the interface between S Qi — Qj+1
layer j and j + 1, not including multiple Jul Qj + Qj+1
reflections is

Now start calculating the reflectivity ;o Qv — Qx
from the bottom of the N layer, closest Moo = Qn + Qo
to the substrate, where multiple reflections

are not present

o p + 7 p2
The reflectivity from the top of the _ 'N-1,N T "N,coFN

th : - : flocti - IN-1,N = 1+ ;2
N layer, including multiple reflections is "'N—1,NN,0oPN
now calculated (note no prime!)
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Parratt reflectivity calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

Now start calculating the reflectivity
from the bottom of the N layer, closest
to the substrate, where multiple reflections
are not present

The reflectivity from the top of the
N layer, including multiple reflections is
now calculated (note no prime!)

, Q — Qj+1

r. . 1 [
St Qj + Qj+1

r/ QN - Qoo
Moo QN + Qoo

/ / 2
'—1,N T 'N0oPN
/ / 2
L+ ry 1 v soPh

rn—1,n =

The recursive relation can be seen from the calculation of reflectivity of

the next layer up

/ 2
'N—2N—1 T IN-1,NPN_1

rN—2,N—1 =
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Kinematical - Parratt comparison

T I

Multilayer

R

10°
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Kinematical - Parratt comparison

T T Kinematical approximation
gives a reasonably good ap-
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Kinematical - Parratt comparison

Multilayer

R

1 T T

Kinematical approximation
gives a reasonably good ap-
proximation to the correct
calculation, with a few excep-
tions.

Parratt calculation gives
Rp,y = 1 as Q — 0 while kine-
matical diverges (Rkj, — 00).

Parratt peaks shifted to slightly
higher values of @

Peaks in kinematical calcula-
tion are somewhat higher re-
flectivity than true value.
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Graded interfaces

C. Segre (IIT)

Since most interfaces are not sharp, it is im-
portant to be able to model a graded interface,
where the density, and therefore the index of
refraction varies near the interface itself.
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Graded interfaces

C. Segre (IIT)

Since most interfaces are not sharp, it is im-
portant to be able to model a graded interface,
where the density, and therefore the index of
refraction varies near the interface itself.

The reflectivity of this kind of interface can
be calculated best in the kinematical limit

(Q > Qo).

The density profile of the interface can be de-
scribed by the function f(z) which approaches
1as z— oc.

The reflectivity can be computed as the super-
position of the reflectivity of a series of infinites-
mal slabs of thickness dz at a depth z.
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Reflectivity of a graded interface

C. Segre (lIT)

The differential  reflectivity
from a slab of thickness dz at
depth z is:
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Reflectivity of a graded interface

The differential  reflectivity
from a slab of thickness dz at

Qe

S _ i Xc d depth z is:
Q) = —i;5(2)dz
integrating, to get the entire
@ . reflectivity
r(Q) = —IE f(Z)eIQZdZ
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Reflectivity of a graded interface

2
r(Q) = —155 f(z)dz
2 00
r(Q) = —,fQ / f(z)e'¥dz
C. Segre (lIT)
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Reflectivity of a graded interface

The differential  reflectivity
from a slab of thickness dz at
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depth z is:
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Q) = —ig&f(2)dz
integrating, to get the entire
) reflectivity
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20 f(z)dz

Q2 00 .
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.1 Q2

/Q 4Q

le
402 / f'(z dz

f’(z)eindz

C. Segre (IIT)
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reflectivity
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the term in front is simply the
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face, rr(Q) when ¢ > 1
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The differential  reflectivity
from a slab of thickness dz at
depth z is:

integrating, to get the entire
reflectivity

integrating by parts simplifies

the term in front is simply the
Fresnel reflectivity for an inter-
face, rr(Q) when g > 1, the
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Reflectivity of a graded interface

The differential  reflectivity
from a slab of thickness dz at

2 .
5’,(0) — _14% ( )dZ depth z is:
integrating, to get the entire
@ reflectivity
— _;Xc iQz
Q) = _'4Q f(z)e dz integrating by parts simplifies
1 Q?

f’(z)eindz the term in front is simply the
IQ 4Q Fresnel reflectivity for an inter-
_ Q2 /oc f’(z)eiQZdZ face, r,:'(Q) when.q > 1, the
4Q2) integral is the Fourier transform
of the density gradient, ¢(Q)
Calculating the full reflection coefficient relative to the Fresnel reflection

coefficient
/ <df> led
Re(Q) dz
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The error function - a specific case

The error function is often chosen as a model for the density gradient

f( ) f( /z/fa 2
z er “hdt
f \/>
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The error function - a specific case

The error function is often chosen as a model for the density gradient

F(z) = erf(—2—) = = / e e tdt
W20 VAo

the gradient of the error function is simply a Gaussian

df(z) —ierf( z )= 1 e_%z%
dz  dz N
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The error function - a specific case

The error function is often chosen as a model for the density gradient

F(z) = erf(—2—) = = / e e tdt
W20 VAo

the gradient of the error function is simply a Gaussian

df(z) _ d 1

fl—e) =
dz dz N

_122
e 2 52

whose Fourier transform is also a Gaussian, which when squared to obtain

the reflection coefficient, gives.

R(Q) = Re(Q)e~ ¥
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The error function - a specific case

The error function is often chosen as a model for the density gradient

F(z) = erf(—2—) = = / e e tdt
W20 VAo

the gradient of the error function is simply a Gaussian

df(z) _ d 1

fl—e) =
dz dz N

_122
e 2 52

whose Fourier transform is also a Gaussian, which when squared to obtain

the reflection coefficient, gives. Or more accurately.

R(Q) = Re(Q)e™ " = Re(Q)e

Q =ksinf, Q =k'sin¢
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Rough surfaces

When a surface or interface is not perfectly smooth but has some
roughness the reflectivity is no longer simply specular but has a non-zero
diffuse component which we must include in the model.
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Rough surfaces

When a surface or interface is not perfectly smooth but has some
roughness the reflectivity is no longer simply specular but has a non-zero
diffuse component which we must include in the model.

V The incident and scattered angles are no
longer the same, the x-rays illuminate the
volume V.
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Conversion to surface integral
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Conversion to surface integral

/(ﬁé)d?:/é-a@ .
v S r\/:—rop/ e'*rdr
v

Taking
~ ol QF
C=2—
’Qz
We have
. eié-r
V-C=
Q. '
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Conversion to surface integral

/V(ﬁ.z—)d?:/sadg e

rbs
Ql
!

Q

~|

o
-
5
@
S~ <

. ol QF
.3 .dr
v (z 0. r

L = —rp
. e/Q-r
C=2—
’Qz
We have
- eié'r =
V- C=—iQ,=¢9"
0. Q-
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Conversion to surface integral

Taking
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We have
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Conversion to surface integral

Taking L [, ei07
5 el Q7 v e
C=72 iQ-7
z IQz Ae’Q.r S
We have s e
L elQ7 iQ-7 3
/Qz S
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Evaluation of surface integral

The side surfaces of the volume do not contribute to this integral as they
are along the 2 direction, but we can also choose the thickness of the slab
such that the lower surface will not contribute either.

C. Segre (IIT) PHYS 570 - Spring 2016 September 21, 2016 12 /19



Evaluation of surface integral

The side surfaces of the volume do not contribute to this integral as they
are along the 2 direction, but we can also choose the thickness of the slab
such that the lower surface will not contribute either.

Thus, the integral need only
be evaluated over the top,
rough surface whose varia-
tion we characterize by the
function h(x,y)
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Evaluation of surface integral

The side surfaces of the volume do not contribute to this integral as they
are along the 2 direction, but we can also choose the thickness of the slab
such that the lower surface will not contribute either.

Thus, the integral need only S
be evaluated over the top, Q7= Q0 y) + Quxt Quy

rough surface whose varia-

tion Yve characterize by the ro — _.roip e;QZh(X’y)e,-(QXXjLny)dxdy
function h(x,y) Q.

The actual scattering cross section is the square of this integral

ZQ (fop> / / 1Qu(h()—h(x'-9) gIQux—x") 1Y) chyx’ dy’
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Scattering cross section

If we assume that h(x,y) — h(x’,y’) depends only on the relative
difference in position, x — x” and y — y’ the four dimensional integral
collapses to the product of two two dimensional integrals
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Scattering cross section

If we assume that h(x,y) — h(x’,y’) depends only on the relative

difference in position, x — x” and y — y’ the four dimensional integral
collapses to the product of two two dimensional integrals

do\ [rop i Q:(h(0,0)—h(x,y))\ iQcx giQyy
() () o s v

2
A . . .

where Ap/sin 61 is just the illuminated surface area
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Scattering cross section

If we assume that h(x,y) — h(x’,y’) depends only on the relative
difference in position, x — x” and y — y’ the four dimensional integral
collapses to the product of two two dimensional integrals

do\ [rop i Q:(h(0,0)—h(x,y))\ iQcx giQyy
() () o s v

2
_(rp Ao iQ2(h(0.0)—h(x.y))\ LiQcx AiQyy
= <Qz) sin91/<e >e e"™Y dxdy

where Ag/sinf; is just the illuminated surface area and the term in the
angled brackets is an ensemble average over all possible choices of the
origin within the illuminated area.
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Scattering cross section

If we assume that h(x,y) — h(x’,y’) depends only on the relative
difference in position, x — x” and y — y’ the four dimensional integral
collapses to the product of two two dimensional integrals

do\ [rop i Q:(h(0,0)—h(x,y))\ iQcx giQyy
() () o s v

2
_ (e Ao 1Q(h(0,0)~h(x,)) \ wiQux aiQyy
a <Qz> sin01/<e >e e dudy

where Ag/sinf; is just the illuminated surface area and the term in the
angled brackets is an ensemble average over all possible choices of the
origin within the illuminated area.

Finally, it is assumed that the statistics of the height variation are
Gaussian and

do\ (rp 2 Ao / —Q2([h(0,0)—h(x.y)I*) /2 LiQcx LiQyy
<d9> - (o) siny J © ey
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Limiting Case - Flat surface

Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.
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Limiting Case - Flat surface

Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.

For a perfectly flat surface, h(x,y) = 0 for all x and y.

dU _ rgp 2 Ao iQux iny
(c/gz)—(o) sin 0 / e e dxdy
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Limiting Case - Flat surface
Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.

For a perfectly flat surface, h(x,y) = 0 for all x and y.
by the definition of a delta

function do rop 2 Ao Qux i0
il B /5 QX oiQvY dfxdf
. (dQ) (Qz> sin91/e € xay
270(q) = /e’qxdx
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Limiting Case - Flat surface

Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.

For a perfectly flat surface, h(x,y) = 0 for all x and y.

by the definition of a delta

function do rop 2 Ao Qux i0
) = [ 2= iQxx LiIQyy
_ (dQ) <Qz> sin 01 /e e dxdy
270(q) = /e’qxdx op\2 A
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the expression for the scat-
tered intensity in terms of
the momentum transfer wave
vectors is
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For a perfectly flat surface, h(x,y) = 0 for all x and y.
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function do rop 2 Ao O 10
Pt IR (Vs QX oiQvY dfxdf
. (dQ) <Qz> sin 0y /e € xay
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0 0
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Limiting Case - Flat surface

Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.

For a perfectly flat surface, h(x,y) = 0 for all x and y.

by the definition of a delta

function do rop 2 Ao Qux i0
) = OF QX afQyY e
(dQ) <QZ> si al/e ¢ e

275(q) = / £ dx ) <r0p>2

the expression for the scat-

tered intensity in terms of o do\ AQAQ,
.= — 7 Txx Py
the monjentum transfer wave sc < 0) (dQ) K2sin 0o
vectors Is
! 2 2 1 2 4
)= = (ER) (LY (&)
IO Qz Qz/2 202
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Uncorrelated surfaces

For a totally uncorrelated surface, h(x, y) is independent from h(x’,y’) and
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Which, apart from the term containing o is simply the Fresnel
cross-section for a flat surface
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o) (2 A /e_Q§<h2>/2eiQXxeinydxd
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Which, apart from the term containing o is simply the Fresnel
cross-section for a flat surface

( do ) ( do ) Q202
- — R e z
dQ2 dQ2 Fresnel
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Surface roughness effect

< do > ( do > Q202
- — - e z
dQ df2 Fresnel
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Surface roughness effect

do\ _ (do
dQ /)  \dQ
for a perfectly flat surface,

we get the Fresnel reflectivity
derived for a thin slab
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Surface roughness effect

< do > < do > Q202
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reduced by an exponential
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surface roughness o
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Correlated surfaces

Assume that height fluctuations are isotropically correlated in the x-y

plane. Therefore, g(x,y) = g(r) = g(\/m)
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Correlated surfaces

Assume that height fluctuations are isotropically correlated in the x-y
plane. Therefore, g(x,y) = g(r) = g(\/m)

In the limit that the correlations are unbounded as r — oo, g(x,y) is
given by

glx,y) = Ar*"

where h is a fractal parameter which defines the shape of the surface.
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In the limit that the correlations are unbounded as r — oo, g(x,y) is
given by

glx,y) = Ar*"
where h is a fractal parameter which defines the shape of the surface.

jagged surface for h < 1
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where h is a fractal parameter which defines the shape of the surface.
jagged surface for h < 1 smoother surface for h — 1

If the resolution in the y direction is very broad (typical for a synchrotron),
we can eliminate the y-integral and have
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Assume that height fluctuations are isotropically correlated in the x-y
plane. Therefore, g(x,y) = g(r) = g(/x? + y?)

In the limit that the correlations are unbounded as r — oo, g(x,y) is
given by
glxy) = Ar*"

where h is a fractal parameter which defines the shape of the surface.
jagged surface for h < 1 smoother surface for h — 1

If the resolution in the y direction is very broad (typical for a synchrotron),
we can eliminate the y-integral and have

do N rnp 2 AO / —AQQ‘XFh/Z (Q )d
dQ/) \Q,) sin#; € costixjax
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Unbounded correlations - limiting cases

This integral can be evaluated in closed form for two special cases, both
having a broad diffuse scattering and no specular peak.
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Unbounded correlations - limiting cases

This integral can be evaluated in closed form for two special cases, both
having a broad diffuse scattering and no specular peak.

h=1/2

do\  [(Aorgp? A
(dQ> B (25”191) (QF +(A/2)°Q7)
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Unbounded correlations - limiting cases

This integral can be evaluated in closed form for two special cases, both
having a broad diffuse scattering and no specular peak.

h=1/2 | -
do\ _ Aordp? A '
da) = \2sinbr ) (@+ (A2PQ)

Lorentzian with half-width AQ? /2

o1 0
Qx
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Unbounded correlations - limiting cases

This integral can be evaluated in closed form for two special cases, both
having a broad diffuse scattering and no specular peak.

01

h = ]_/2 008 10408
do\ (Ao ré p? A g -
dQ ) \2sinf; ) (Q2+ (A/2)2Q%)

Lorentzian with half-width AQ2?/2 L I
h — 1 001 1e+50
2 2 1 ek

do\ _ M 1. (Aog ) ¢ .
dQ 2sin 6, Q4

Gaussian with variance AQ? :
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Bounded correlations

If the correlations remain bounded as r — oo
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Bounded correlations

If the correlations remain bounded as r — oo

g(x,y) = 2(h*) —2(h(0,0)h(x.y)) = 20* — 2C(x, y)

where
C(x,y) = g2 (/97
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Bounded correlations

If the correlations remain bounded as r — oo

g(x,y) =2(h?*) — 2(h(0,0)h(x.y)) = 202 — 2C(x, )

where
C(x,y) = g2 (/97

do np 2 AO Q202 Q2 (x,y) AiQ Q
bl R —Qso 2C(x,y) fiQxX 4iQyy
<dQ) <Qz) sinﬁle /e e e"™Y dxdy
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Bounded correlations

If the correlations remain bounded as r — oo
g(x,y) =2(h?*) — 2(h(0,0)h(x.y)) = 202 — 2C(x, )

where

()

C(x,y) = g2 (/97

2
<rop> AO e—Q§a2 / ngC(x,y)eiQxxeinydXdy

Qz sin 91

np 2 Ao 2 .2 2 p ;
== D@ / [eQZ Cloy) — 1 41| e @*e™ @Y dxdy

Q,/ sinf;
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Bounded correlations

If the correlations remain bounded as r — oo
g(x,y) =2(h?*) — 2(h(0,0)h(x.y)) = 202 — 2C(x, )

where

()

C(x,y) = g2 (/97

2
<rop) Ao @202 / @ C(x) QX QY gl ly

Qz sin 91
np 2 Ao 2 .2 2 p ;
= () ——e @0 / [eQz Choy) 1 41| ™Y dxdy
Q,/ sinf;
do 22 (rp\° A 2 2 -
— . 7on' 07/) 0 7010' F .
<dQ> . e + <Qz> sin s e diffuse( Q)
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Bounded correlations
If the correlations remain bounded as r — oo

g(x,y) =2(h?*) — 2(h(0,0)h(x.y)) = 202 — 2C(x, )

where
C(x,y) = g2 (/97

d 2 A
< a) _ <rop> 0 e_ogaz/ngc(x,y)eiQxxeinydXdy

dQ @ sin 61
np 2 Ao 2 .2 2 p ;
== D@ / [eQz Coy) — 1 41| e @*e™ @Y dxdy
Q,/ sinf;
do 22 (rp\° A 2 2 -
— — 7on' in 0 7010- F .
<dQ> . e + <Qz> sin s e diffuse( Q)

And the scattering exhibits both a specular peak, reduced by uncorrelated
roughness, and diffuse scattering from the correlated portion of the surface
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