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SAXS review

Calculating Rg

Porod regime

Nucleation mechanism by SAXS

Homework Assignment #04:
Chapter 4: 2, 4,6, 7, 10
due Monday, March 10, 2015
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Small Angle Scattering

Recall that there was an additional term in the scattering intensity which
becomes important at small Q.
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Small Angle Scattering

Recall that there was an additional term in the scattering intensity which
becomes important at small Q.

/SAXS f2Z/ Pate (Fn— rm)dv
= f? Z Q7 / pate_iQ'Fdem
n 14
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Small Angle Scattering

Recall that there was an additional term in the scattering intensity which
becomes important at small Q.

1SAXS (G Z/ pape @ FTn gy,
= fQZeiQ'F”/ pate_iQ'Fdem
- v

= f? / pare’@TdV, / pare” AV,
v v
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Small Angle Scattering

Recall that there was an additional term in the scattering intensity which

becomes important at small Q.

1SAXS (G Z/ pape @ FTn gy,
= fQZeiQ'F”/ pate_iQ'Fdem
n 1%
= f? / pare’@TdV, / pare” AV,
v v

L2
/ psleio"dV
v
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Small Angle Scattering

Recall that there was an additional term in the scattering intensity which

becomes important at small Q.

1SAXS (G Z/ pape @ FTn gy,
= fZZeiQ'F”/ pate_iQ'Fdem
- v

= f? / pare’@TdV, / pare” AV,
v v

L2
= / psleio"dV
v

Where we have assumed sufficient averaging and introduced pg = fpa:.
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Small Angle Scattering

Recall that there was an additional term in the scattering intensity which
becomes important at small Q.

1SAXS (G Z/ pape @ FTn gy,
= fZZeiQ'F”/ pate_iQ'Fdem
n 1%
= 2 / pare' S dV, / pare” 9dV,,
v v

L2
= / ps,eio"dV
v

Where we have assumed sufficient averaging and introduced pg = fpa:.
This final expression looks just like an atomic form factor but the charge
density that we consider here is on a much longer length scale than an

atom.
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The SAXS experiment

Log (Counts) —>
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Scattering from a dilute solution

The simplest case is for a dilute solution of non-interacting molecules.

2
ISAXS(Q_') _

/ pse’ 97V,
Vp
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Scattering from a dilute solution

The simplest case is for a dilute solution of non-interacting molecules.

Assume that the scattering length density of each identical particle

(molecule) is given by pg , and the scattering length density of the solvent
IS Ps1,0-

2

ISAXS(Q_') _ /V PsleiQ'Fde
P
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Scattering from a dilute solution

The simplest case is for a dilute solution of non-interacting molecules.

Assume that the scattering length density of each identical particle
(molecule) is given by pg , and the scattering length density of the solvent

IS Ps1,0-
2
/ e'Tqv,
Vp

2
IS(Q) = = (pst.p = psi0)*

/ pse’ 97V,
Vp
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Scattering from a dilute solution

The simplest case is for a dilute solution of non-interacting molecules.

Assume that the scattering length density of each identical particle
(molecule) is given by pg , and the scattering length density of the solvent

IS Ps1,0-

2 2

1¥%(Q) = = (psi.p = psi0)’

/ pse’ 97V,
Vp

If we introduce the single-particle

—

form factor F(Q):

/ e 9Tdv,
Vp
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Scattering from a dilute solution

The simplest case is for a dilute solution of non-interacting molecules.

Assume that the scattering length density of each identical particle
(molecule) is given by pg , and the scattering length density of the solvent

IS Ps1,0-

2 2

1¥%(Q) = = (psi.p = psi0)’

/ ps1e' 97 dV, / e 9Tdv,
v, Vo

If we introduce the single-particle F(Q) = 1 / ei@-Fde
Vp

—

form factor F(Q):
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Scattering from a dilute solution

The simplest case is for a dilute solution of non-interacting molecules.

Assume that the scattering length density of each identical particle
(molecule) is given by pg , and the scattering length density of the solvent
IS Ps1,0-

2 2
ISAXS(@) B / pSIeiQdep = (Psl,p - psl,O)2 / eiQ'Fde
A v,
If we introduce the single-particle F(§) = 1/ eié'Fde
form factor F(Q): v, v

IP%5(Q) = AP VAIF(Q)P

Where Ap = (psi.p — psi0), and the form factor depends on the
morphology of the particle (size and shape).
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Scattering from a sphere

There are only a few morphologies which can be computed exactly and the
simplest is a constant density sphere of radius R.
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simplest is a constant density sphere of radius R.

. 1 R 27 T
F(Q) = / / / e/@reost2.in 0 db do dr
VoJo Jo Jo
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Scattering from a sphere

There are only a few morphologies which can be computed exactly and the
simplest is a constant density sphere of radius R.

. 1 R /2 pm
F(Q)= / / / e/Qreosf,2 gin g df dp dr
Vo Jo Jo Jo

<~ 1 (R sin(Qr) ,
]:(Q)—/O 47 o r* dr
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Scattering from a sphere

There are only a few morphologies which can be computed exactly and the
simplest is a constant density sphere of radius R.

. 1 R /2 pm
F(Q)= / / / e/Qreosf,2 gin g df dp dr
Vo Jo Jo Jo

R .
F(Q) = 1/ 45090 2
0

Vp Qr
sin(QR) — QR cos(QR)
=3 Q3R3
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Scattering from a sphere

There are only a few morphologies which can be computed exactly and the
simplest is a constant density sphere of radius R.

. 1 R /2 pm
F(Q)= / / / e/Qreosf,2 gin g df dp dr
Vo Jo Jo Jo

R .
F(Q) = 1/ 45090 2
0

Vp Qr
sin(QR) — QR cos(QR)
=3 Q3R3
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Scattering from a sphere

There are only a few morphologies which can be computed exactly and the

simplest is a constant density sphere of radius R.

. 1 R /2 pm
F(Q)= / / / e/Qreosf,2 gin g df dp dr
Vo Jo Jo Jo

R .
.7:(65): 1 / 47rsm(Qr)r2dr
0

Vp Qr
_3 [sin(QR) - QR cos(QR)]
B Q3R3
_ 34(QR)
="0r

Where Ji(x) is the Bessel function
of the first kind
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Scattering from a sphere

There are only a few morphologies which can be computed exactly and the
simplest is a constant density sphere of radius R.

. 1 R 27 T
F(Q) = / / / e/@reost2.in 0 db do dr
VoJo Jo Jo

R .
F(Q) = 1/ 47rsm(Qr) r? dr
0

Vp Qr
sin(QR) — QR cos(QR)
=3 Q3RS =

_ 341(QR) =
R

Where J1(x) is the Bessel function \/ \/

of the first kind

0 5 10
X
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Scattering from a sphere

341(QR)|?

I(vectQ) = Ap? V2 OR

p
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Scattering from a sphere

2

= APV sin(QR) — QR cos(QR) |?

Q3R3

341(QR)

I(vectQ) = Ap? V2 OR

5 3
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Scattering from a sphere

341(QR)|? sin(QR) — QR cos(QR) |2
I(vectQ) = Ap* V7 “oR =0p°V2 3 PR3
T T T

R=100A |
10* 1+ -
10°1

-6 ' | \ | ' | L
107, 0.05 0.1 015 0.2
QA"
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Scattering from a sphere

2
I(vectQ) = Ap* V7 wé;m = Ap*V}]
e T 10°
R=100A i o
- 10%
_ gma
10 . 10*
10°1 10°
0 o ois o2 10°

QA"

C. Segre (IIT) PHYS 570 - Spring 2015

3

sin(QR) — QR cos(QR) |2

Q3R3

R=200A

[ nas
QA"

March 03, 2015

.2

6/15



Guinier analysis

In the long wavelength limit QR — 0 we can approximate the scattering
factor with the first terms of the sum
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Guinier analysis

In the long wavelength limit QR — 0 we can approximate the scattering

factor with the first terms of the sum

3 Q3 R3 QS R5
FQ= Q3R? [QR "6 TTi20
Q2 R2 Q4 R4
—OR([1-= —
@ ( > T4
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Guinier analysis

In the long wavelength limit QR — 0 we can approximate the scattering

factor with the first terms of the sum

3p3 5 p5
3 [QR_QR Q°R

F(Q) = a3gs 6 120

Q2R2 Q4R4
_QR(1- _
@ ( > T4
2 p2
this simplifies to F(Q)~1- and

10

C. Segre (lIT) PHYS 570 - Spring 2015

March 03, 2015

7/15



Guinier analysis

In the long wavelength limit QR — 0 we can approximate the scattering
factor with the first terms of the sum

3p3 5 p5
3 [QR—QR Q>R

F(Q)~ a3g3 6 120

Q2 R2 Q4R4
—QR|[1= .
@ ( > T4
2 p2
this simplifies to F(Q)~1- 10 and
SAXS 2\/2 Q2R2 ?
/ ~ ApV: |1l —
(@ =~ avi[1- 4]
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Guinier analysis

In the long wavelength limit QR — 0 we can approximate the scattering

factor with the first terms of the sum

3p3 5 p5
3 [QR_QR Q°R

F(Q)~ a3g3 6 120

Q2R2 Q4R4
_QR(1- _
@ ( > T4
2 p2
this simplifies to F(Q)~1- 10 and
SAXS 2)/2 Q?R?)* 2)/2
/ (Q)xApr[l— 10} %Apvp[l—
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Guinier analysis

In the long wavelength limit QR — 0 we can approximate the scattering
factor with the first terms of the sum

3p3 5 p5
3 [QR_QR Q°R

F(Q)~ a3g3 6 120

Q2R2 Q4R4
—QR[1- — ...
@ ( 2 2
2pR2
this simplifies to F(Q)~1- 10 and
Q2R2 2 Q2R2
1SA%5(Q) ~ £p? V2 [1 - | AR

~ A V2e CR/S, QR < 1
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Guinier analysis
In the long wavelength limit

(QR — 0), the form factor be-
comes
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Guinier analysis

In the long wavelength limit
(QR — 0), the form factor be-
comes

QZR2
10

F(Q)~1
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Guinier analysis

In the long wavelength limit
(QR — 0), the form factor be-
comes

_ QZR2
FQ)~1- 10

1(Q) ~ Ap?V2e TR/
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Guinier analysis

In the long wavelength limit
(QR — 0), the form factor be-
comes

QZRZ
10
1(Q) ~ Ap?V2e TR/

F(Q)~1-—

and the initial slope of the log(/) vs
Q? plot is —R?/5
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Guinier analysis

In the long wavelength limit
(QR — 0), the form factor be-
comes
QZRZ
~l— ——
F(Q) 10
~ 21,2 ,—Q%*R%/5
1(Q) ~ Ap*V2e /

and the initial slope of the log(/) vs
Q? plot is —R?/5
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Guinier analysis

In the long wavelength limit
(QR — 0), the form factor be-
comes
QZR2
F ~1l— ——
(@) 10
~ A 2V2.—Q?R?/5
1(Q) ~ Ap*V2e /
and the initial slope of the log(/) vs
Q? plot is —R?/5

In terms of the radius of gyration,
¢+ Which for a sphere is given by

R,
3
ViR
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Guinier analysis

In the long wavelength limit
(QR — 0), the form factor be-
comes

_ QZR2
Q1= 5

1(Q) ~ Ap?V2e TR/

and the initial slope of the log(/) vs
Q? plot is —R?/5

In terms of the radius of gyration,
¢+ Which for a sphere is given by

R,
3
ViR

1(Q) ~ Ap?V2e FRe/3
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Calculation of R,
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Calculation of R,

1 In terms of the scattering length den-
RZ=— f2de sity, we have
£V, v, )
B fvp Psl,p(F)erVp
fvp pst,p(F)dVp
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Calculation of R,

1 In terms of the scattering length den-
R; =V f2de sity, we have
P Vp
2
. fvp pst,p(r)r=dVp after orientational averaging this ex-
f\/p pst,p(r)dVp pression can be used to extract R, from

experimental data using
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Calculation of R,

1 In terms of the scattering length den-
R; =V f2de sity, we have
P Vp
2
. fvp pst,p(r)r=dVp after orientational averaging this ex-
f\/p pst,p(r)dVp pression can be used to extract Ry from

experimental data using
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Calculation of R,

1 In terms of the scattering length den-
R; =V f2de sity, we have
P Vp
2
. fvp pst,p(r)r=dVp after orientational averaging this ex-
f\/p pst,p(r)dVp pression can be used to extract Ry from

experimental data using

/15AX5(Q) ~ Ap? Vge—QzR§/3

this expression holds for uniform and non-uniform densities
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

F(Q) =3 sin(QR)  cos(QR)

Q3R3 Q2R2
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

Q) = 3 [sin(QR) cos(QR)]

Q3R3 Q2R2

cos(QR)
~3 [_QQRZ ]
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

Q) = 3 [sin(QR) cos(QR)]

Q3R3 Q2R?
~3 [_ cos( QR)]

Q2R2

2
1(Q) = 982V [—C"g(f;f)]
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

Q) = 3 [sin(QR) cos(QR)]

Q3R3 Q2R?
~3 [_ cos( QR)]

QQRZ
QR)1°
(o-smi
2 QR
= 9Ap? V,? <COZ4(R4 )>
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

Q) = 3 [sin(QR) cos(QR)]

Q3R3 Q2R?
~3 [_ cos( QR)]

Q2R2
QR)1?
-5 52

2
=9Ap*V; <Co;4(/§4R)>

21,2
_ 9Ap°Vy3 (1
Q*R* \2
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

Q) = 3 [sin(QR) cos(QR)]

Q3R3 Q2R?
~3 [_ cos( QR)]

Q2R2
QR)1?
-5 52

2
=9Ap*V; <Co;4(/§4R)>

_98pPVE (1
Q*R* \2
21 Ap?
Q) = =g
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

Q) = 3 [sin(QR) cos(QR)]

Q3R3 Q2R?2
N3[ cos(QR)]
T Q2R2
QR)1°
1(Q) = 98P V2 [—C"S(QRQ)]
cos?(QR)
:9Ap2Vp27< OiRE )

_98pPVE (1
Q*R* \2
21 Ap?
Q) = =g
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Porod analysis

In the short wavelength limit
(QR > 1), the form factor for a
sphere can be approximated

Q) = 3 [sin(QR) cos(QR)]

Q3R3 Q2R2
cos(QR)
3 TR
QR)1?
1(Q) = 98P V2 [—C"gng)]
cos?(QR)
:9Ap2V37< OiRE )

_98pPVE (1
Q*R* \2
21 Ap?
Q) = =g

C. Segre (lIT)

power law drop as Q~* for spheres
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Shape effect on scattering

The shape of the particle will have a
significant effect on the SAXS since
the form factor is derived from an
integral over the particle volume,
V.
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Shape effect on scattering

The shape of the particle will have a
significant effect on the SAXS since
the form factor is derived from an

integral over the particle volume,
V.

If the particle is not spherical, then
its “dimensionality” is not 3 and
this will affect the form factor and
introduce a different power law in
the Porod regime.
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Shape effect on scattering

The shape of the particle will have a
significant effect on the SAXS since
the form factor is derived from an

integral over the particle volume,
V.

If the particle is not spherical, then
its “dimensionality” is not 3 and
this will affect the form factor and
introduce a different power law in
the Porod regime.

dV, = 4nr’dr  sphere

C. Segre (lIT) PHYS 570 - Spring 2015 March 03, 2015 11 /15



Shape effect on scattering

The shape of the particle will have a
significant effect on the SAXS since
the form factor is derived from an
integral over the particle volume,
V.

If the particle is not spherical, then
its “dimensionality” is not 3 and
this will affect the form factor and

introduce a different power law in
the Porod regime.

dV, = 4nr’dr  sphere
dAp = 2mrdr disk
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Shape effect on scattering

The shape of the particle will have a
significant effect on the SAXS since
the form factor is derived from an

integral over the particle volume,
V.

If the particle is not spherical, then
its “dimensionality” is not 3 and
this will affect the form factor and
introduce a different power law in
the Porod regime.

dV, = 4nr’dr  sphere
dAp = 2mrdr disk
dL, = dr rod
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Shape effect on scattering

The shape of the particle will have a
significant effect on the SAXS since
the form factor is derived from an

integral over the particle volume,
V.

If the particle is not spherical, then

. "y . e =
its “dimensionality” is not 3 and QEG
this will affect the form factor and &
introduce a different power law in
the Porod regime. 0.2
dV, = 4nr’dr  sphere a =4 0
dAp = 2mrdr disk
dL, = dr rod
C. Segre (lIT) PHYS 570 - Spring 2015

------ Sphere
— = Disk
—-=Rod
\\
\i\.
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Shape effect on scattering

The shape of the particle will have a
significant effect on the SAXS since
the form factor is derived from an

integral over the particle volume,
V.

If the particle is not spherical, then
its “dimensionality” is not 3 and
this will affect the form factor and
introduce a different power law in
the Porod regime.

I7(Q)*

dV, = 4nr’dr  sphere a =4
dAp = 2mrdr disk oo =2
dL, = dr rod a =1
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Polydispersivity

Intensity [arb. units]
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Nucleation & growth of glycine

Can SAXS help us understand the nucleation and growth of a simple
molecule which is the prototype for pharmaceutical compounds?

9!& T T
Oy .
%k ® 1min
O 50 min
“‘%Sj 180 min
[ ¥ 245 min ]
0.01F "2 v 275min
‘_‘A *
‘E 8 A
3 7
6|
=
g sk
=
4|
3
5%
0.01 4 0.1
q@A’)

initial studies at 12 keV show change but no crystallization
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Glycine nucleation

2.0x10° T T T T
)
S | aeo® change to 25 keV x-rays
2
< study neutral (top) and acidic (bot-
?, 1.6x10° tom) solutions
£

-6 1 1 1 1 1
1.4x10 0.04 0.06 0.08 0.1 0.2
q (A

2.6x10° T T LI T
- (b)
= " un -t " <&
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Glycine nucleation
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Glycine R,
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“Relationship between Self-Association of Glycine Molecules in Supersaturated Solution and Solid State Outcome”,
D. Erdemir et al. Phys. Rev. Lett. 99, 115702 (2007)

C. Segre (IIT)

PHYS 570 - Spring 2015

March 03, 2015

in aqueous solution, Rg implies
. dimerization and increases due to
aggregation until crystallization

1 in acidic solution, Rg remains small
and implies that no dimerization
or aggregation occurs before nucle-
ation
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