
Parratt’s Recursive Method

Treat the multilayer as a stratified medium on top of an infintely thick
substrate.

Take ∆j as the thickness of each layer and nj = 1− δj + iβj as
the index of refraction of each layer.
Because of continuity, kxj = kx and therefore, we can compute the

z-component of ~kj

k2zj = (njk)2 − k2x

= (1− δj + iβj)
2 k2 − k2x

≈ k2z − 2δjk
2 + 2iβjk

2

Qj = 2kj sinαj = 2kzj

=
√

Q2 − 8k2δj + 8ik2βj

and the wavevector transfer
in the jth layer
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Parratt Reflectivity Calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is

Now start calculating the reflectivity
from the bottom of the Nth layer, closest
to the substrate, where multiple reflections
are not present

The reflectivity from the top of the
Nth layer, including multiple reflections is
now calculated (note no prime!)

r ′j ,j+1 =
Qj − Qj+1

Qj + Qj+1

r ′N,∞ =
QN − Q∞
Qj + Q∞

rN−1,N =
r ′N−1,N + r ′N,∞p2N

1 + r ′N−1,N r
′
N,∞p2N

The recursive relation can be seen from the calculation of reflectivity of
the next layer up

rN−2,N−1 =
r ′N−2,N−1 + rN−1,Np

2
N−1

1 + r ′N−2,N−1rN−1,Np
2
N−1
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Graded Interfaces

f(z)

z

1

0

Since most interfaces are not sharp, it is
important to be able to model a graded in-
terface, where the density, and therefore the
index of refraction varies near the interface
itself.

The reflectivity of this kind of interface can
be calculated best in the kinematical limit
(Q > Qc).

The density profile of the interface can
be described by the function f (z) which
approaches 1 as z →∞.

The reflectivity can be computed as the su-
perposition of the reflectivity of an infinites-
mal slab of thickness dz at a depth z .
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Reflectivity of a Graded Interface

δr(Q) = −i Q
2
c

4Q
f (z)dz

r(Q) = −i Q
2
c

4Q

∫ ∞
0

f (z)e iQzdz

= i
1

iQ

Q2
c

4Q

∫ ∞
0

f ′(z)e iQzdz

=
Q2

c

4Q2

∫ ∞
0

f ′(z)e iQzdz

The differential reflectivity from
a slab of thickness dz at depth
z is.

Integrating, to get the entire re-
flectivity.
integrating by parts simplifies
the term in front is simply the
Fresnel reflectivity for an inter-
face, rF (Q) when q � 1 the
integral is Fourier transform of
the density gradient, φ(Q)

Calculating the full reflection coefficient relative to the Fresnel reflection
coefficient

R(Q)

RF (Q)
=

∣∣∣∣∫ ∞
0

(
df

dz

)
e iQzdz

∣∣∣∣2
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Fresnel reflectivity for an inter-
face, rF (Q) when q � 1 the
integral is Fourier transform of
the density gradient, φ(Q)

Calculating the full reflection coefficient relative to the Fresnel reflection
coefficient

R(Q)

RF (Q)
=

∣∣∣∣∫ ∞
0

(
df

dz

)
e iQzdz

∣∣∣∣2
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The Error Function - a Specific Case

The error function is often chosen as a model for the density gradient

f (z) = erf (
z√
2σ

) =
2√
π

∫ z/
√
2σ

0
e−t

2
dt

the gradient of the error function is simply a Gaussian

df (z)

dz
=

d

dz
erf (

z√
2σ

) =
1√

2πσ2
e−

1
2

z2

σ2

whose Fourier transform is also a Gaussian, which when squared to obtain
the reflection coefficient, gives

R(Q) = RF (Q)e−Q
2σ2
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Rough Surfaces

When a surface or interface is not perfectly smooth but has some
roughness the reflectivity is no longer simply specular but has a non-zero
diffuse component which we must include in the model.

θ
2

θ
1

V

rV = −ro
∫
V

(ρd~r)e i
~Q·~r

∫
V

(
~∇ · ~C

)
d~r =

∫
S

~C ·d~S

The incident and scattered angles are no
longer the same, the x-rays illuminate the
volume V . The scattering from the entire,
illuminated, volume is given by using Gauss’
theorem.
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Conversion to Surface Integral

∫
V

(
~∇ · ~C

)
d~r =

∫
S

~C · d~S

Taking

~C = ẑ
e i
~Q·~r

iQz

We have

~∇ · ~C =
e i
~Q·~r

iQz
iQz = e i

~Q·~r

rV = −roρ
∫
V
e i
~Q·~rd~r

= −roρ
∫
V

~∇ ·

(
ẑ
e i
~Q·~r

iQz

)
· d~r

rS = −roρ
∫
S

(
ẑ
e i
~Q·~r

iQz

)
· d~S

= −roρ
∫
S

(
ẑ
e i
~Q·~r

iQz

)
· dxdy ẑ

rS = −roρ
1

iQz

∫
S
e i
~Q·~rdxdy
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ẑ
e i
~Q·~r

iQz

)
· d~S

= −roρ
∫
S

(
ẑ
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Evaluation of Surface Integral

The side surfaces of the volume do not contribute to this integral as they
are along the ẑ direction, but we can also choose the thickness of the slab
such that the lower surface will not contribute either.

Thus, the integral need only
be evaluated over the top,
rough surface whose varia-
tion we characterize by the
function h(x , y)

~Q ·~r = Qzh(x , y) + Qxx + Qyy

rS = −roρ
1

iQz

∫
S
e iQzh(x ,y)e i(Qxx+Qyy)dxdy

The actual scattering cross section is the square of this integral

dσ

dΩ
=

(
roρ

Qz

)2 ∫
V

∫
V ′

e iQz (h(x ,y)−h(x ′,y ′))e iQx (x−x ′)e iQy (y−y ′)dxdydx ′dy ′
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Scattering Cross Section

If we assume that h(x , y)− h(x ′, y ′) depends only on the relative
difference in position, x − x ′ and y − y ′ the four dimensional integral
collapses to the product of two two dimensional integrals

(
dσ

dΩ

)
=

(
roρ

Qz

)2 ∫
V ′

dx ′dy ′
∫
V

〈
e iQz (h(0,0)−h(x ,y))

〉
e iQxxe iQyydxdy

=

(
roρ

Qz

)2 Ao

sin θ1

∫ 〈
e iQz (h(0,0)−h(x ,y))

〉
e iQxxe iQyydxdy

where Ao/ sin θ1 is just the illuminated surface area and the term in the
angled brackets is an ensemble average over all possible choices of the
origin within the illuminated area.
Finally, it is assumed that the statistics of the height variation are
Gaussian and(

dσ

dΩ

)
=

(
roρ

Qz

)2 Ao

sin θ1

∫
e−Q

2
z 〈[h(0,0)−h(x ,y)]2〉/2e iQxxe iQyydxdy
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Limiting Case - Flat Surface

Define a function g(x , y) =
〈

[h(0, 0)− h(x , y)]2
〉

which can be modeled

in various ways.

For a perfectly flat surface, h(x , y) = 0 for all x and y .

by the definition of a delta
function

2πδ(q) =

∫
e iqxdx

the expression for the scat-
tered intensity in terms of
the momentum transfer wave
vectors is

(
dσ

dΩ

)
=

(
roρ

Qz

)2 Ao

sin θ1

∫
e iQxxe iQyydxdy

=

(
roρ

Qz

)2 Ao

sin θ1
δ(Qx)δ(Qy )

Isc =

(
Io
Ao

)(
dσ

dΩ

)
∆Qx∆Qy

k2 sin θ2

R(Qz) =
Isc
Io

=

(
Q2

c /8

Qz

)2(
1

Qz/2

)2

=

(
Qc

2Qz

)4
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Uncorrelated Surfaces

For a totally uncorrelated surface, h(x , y) is independent from h(x ′, y ′) and

〈
[h(0, 0)− h(x , y)]2

〉
= 〈h(0, 0)〉2 − 2〈h(0, 0)〉 〈h(x , y)〉+ 〈h(x , y)〉2

= 2
〈
h2
〉

This quantity is simply related to the rms roughness, σ by σ2 =
〈
h2
〉

and
the cross-section is given by(

dσ

dΩ

)
=

(
roρ

Qz

)2 Ao

sin θ1

∫
e−Q

2
z 〈h2〉2/2e iQxxe iQyydxdy

=

(
roρ

Qz

)2 Ao

sin θ1
e−Q

2
z σ

2
∫

e iQxxe iQyydxdy

Which, apart from the term containing σ is simply the Fresnel
cross-section for a flat surface(

dσ

dΩ

)
=

(
dσ

dΩ

)
Fresnel

e−Q
2
z σ

2
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