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Parratt Reflectivity Calculation

The reflectivity from the interface between
layer j and j + 1, not including multiple
reflections is
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The recursive relation can be seen from the calculation of reflectivity of

the next layer up
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Graded Interfaces

Since most interfaces are not sharp, it is
important to be able to model a graded in-
terface, where the density, and therefore the
index of refraction varies near the interface
itself.
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Since most interfaces are not sharp, it is
important to be able to model a graded in-
terface, where the density, and therefore the
index of refraction varies near the interface
itself.

The reflectivity of this kind of interface can
be calculated best in the kinematical limit

(Q> Q).

The density profile of the interface can
be described by the function f(z) which
approaches 1 as z — oo.

The reflectivity can be computed as the su-
perposition of the reflectivity of an infinites-

mal slab of thickness dz at a depth z.
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Reflectivity of a Graded Interface

The differential reflectivity from
a slab of thickness dz at depth
Zis.
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Reflectivity of a Graded Interface

The differential reflectivity from

Q2 a slab of thickness dz at depth
5r(Q) = —I—Qf(z)dz o P
Q2 . Integrating, to get the entire re-
(@) =-i30 f(2)6dz fectivity,
1 Q2 _ integrating by parts simplifies
= // f'(z)e’¥dz  the term in front is simply the
iQ4Q .. ;
Q? Fresnel reflectivity for an inter-
C

— 2/00 f'(2)e'¥ dz face, re(Q) when g > 1 the
4Q% Jo integral is Fourier transform of

the density gradient, ¢(Q)
Calculating the full reflection coefficient relative to the Fresnel reflection

coefficient
R( Q) / < df ) led
0 dZ
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The Error Function - a Specific Case

The error function is often chosen as a model for the density gradient

F(z) = erf(—2—) = = / e et dt
W20l VAo
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the gradient of the error function is simply a Gaussian
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whose Fourier transform is also a Gaussian, which when squared to obtain

the reflection coefficient, gives

R(Q) = Rr(Q)e~ ¥
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Rough Surfaces

When a surface or interface is not perfectly smooth but has some
roughness the reflectivity is no longer simply specular but has a non-zero
diffuse component which we must include in the model.
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Evaluation of Surface Integral

The side surfaces of the volume do not contribute to this integral as they
are along the 2 direction, but we can also choose the thickness of the slab
such that the lower surface will not contribute either.
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Thus, the integral need only
be evaluated over the top,
rough surface whose varia-
tion we characterize by the
function h(x,y)
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are along the 2 direction, but we can also choose the thickness of the slab
such that the lower surface will not contribute either.

Thus, the integral need only S
be evaluated over the top, Q7= Q0 y) + Quxt Quy

rough surface whose varia-

tion we characterize by the 1 iQh(x,y) Ai(Qux+Qyy)
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The actual scattering cross section is the square of this integral

Z% = (rop) // e/ Qe(h0x.y)=h(x".")) giQx(x=x") o1 Q (Y =¥") dixdlydix’ dly’
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Scattering Cross Section

If we assume that h(x,y) — h(x’,y’) depends only on the relative
difference in position, x — x” and y — y’ the four dimensional integral
collapses to the product of two two dimensional integrals
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where A,/ sin 0 is just the illuminated surface area and the term in the
angled brackets is an ensemble average over all possible choices of the
origin within the illuminated area.
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where A,/ sin 0 is just the illuminated surface area and the term in the
angled brackets is an ensemble average over all possible choices of the
origin within the illuminated area.

Finally, it is assumed that the statistics of the height variation are
Gaussian and
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(dQ) - <QZ> sin91/e e e dxdy
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Limiting Case - Flat Surface

Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.
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Limiting Case - Flat Surface
Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.

For a perfectly flat surface, h(x,y) = 0 for all x and y.
by the definition of a delta

function do rop 22 Qux i0
) = (= o iQxx LiQyy
) (dQ) <Qz> sin91/e e dxdy
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by the definition of a delta
2
fop Ao 1QeX giQyY s
<oz> s el/e Y

function do
(dQ) in
2
fop Ao
(%) soe-@5(0,)

270(q) = /eiqxdx
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Define a function g(x,y) = <[h(0, 0) — h(x,y)]2> which can be modeled
in various ways.

For a perfectly flat surface, h(x,y) = 0 for all x and y.
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fop Ao
<Qz> sin Hlé(QX)é(Qy)

by the definition of a delta

function do
(&)

270(q) = /eiqxdx

the expression for the scat-
tered intensity in terms of
the momentum transfer wave
vectors is
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vectors Is
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Uncorrelated Surfaces

For a totally uncorrelated surface, h(x, y) is independent from h(x’,y’) and
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For a totally uncorrelated surface, h(x, y) is independent from h(x’,y’) and
(1h(0.0) = h(x, Y)I?) = (h(0,0))> = 2(h(0.0)) (h(x.y)) + {h(x,¥))?
=2(h?)

This quantity is simply related to the rms roughness, o by 02 = <h2> and
the cross-section is given by
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Which, apart from the term containing o is simply the Fresnel
cross-section for a flat surface
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(1h(0,0) = h(x, Y)I*) = (h(0,0)) = 2(h(0,0)) (h(x,y)) + (h(x, ))?

=2(#)

This quantity is simply related to the rms roughness, o by 02 = <h2> and

the cross-section is given by
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Which, apart from the term containing o is simply the Fresnel
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( do ) ( do ) Q202
- — R e z
dQ2 dQ2 Fresnel
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