
Today’s outline - April 19, 2022

• Mixtures of correctable errors

• Quantum independent error models

• Requirements for quantum computers

• NMR-based quantum computers

• 2- and 5-qubit NMR quantum computers

Homework Assignment #07:
Chapter 9:2,3,4; Chapter 10:3,4,11
Due Thursday, April 21, 2022

Exam #2 - April 26, 2022

Final Exam will be 10 minute presentations
on a quantum computing journal article
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Mixtures of correctable errors

Let E be a probabilistic mixture of errors
from a correctable set E such that

If E takes a codeword |c⟩, with density op-
erator ρ = |c⟩⟨c | to a mixed state, ρ′

E =
m∑
i=0

αiEi ,
m∑
i=0

|αi |2 = 1

ρ′ = EρE † =
m∑
i=0

|αi |2Ei |c⟩⟨c |E †
i

The Ei |c⟩ are orthogonal and ρ′ has trace 1 and ρ′ is a mixed state

Consider the observable O where Pi are pro-
jection operators onto the subspace EiC

Measurement with O will give the state
Piρ

′P†
i with probability |αi |2 and will leave

the system in the pure state Ei |c⟩

O =
m∑
i=0

λiPi

Piρ
′P†

i = Ei |c⟩⟨c |E †
i

Knowing the result of the measurement, λi , means that the error can be corrected by
application of E †

i thus recovering the corrected state |c⟩
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Quantum independent error models

There are many possible correctable error models from which to choose

It is usual to assume that errors on separate qubits occur independently and that there is a
probability p of a given qubit being subject to an error

One of the most common correctable error
sets is the generalized Pauli group, Gn, which
consists of n-fold tensor products of Pauli
group elements

The transform Xi applies X to the i th qubit
leaving all others alone

µA1 ⊗ A2 ⊗ · · · ⊗ An

Ai ∈ {I ,X ,Y ,Z}, µ ∈ {1,−1, i ,−i}

Xi =

i

I ⊗ · · · ⊗ I ⊗X ⊗
n−i−1

I ⊗ · · · ⊗ I

The weight of a Pauli error is the number of non-identity terms in its tensor produce

Since all the elements of E and C are orthogonal, if Xi and Zi are correctable errors, then

⟨c1|X †
i Zi |c2⟩ = ⟨c1|Z †

i Xi |c2⟩ = ⟨c1|I Zi |c2⟩ = ⟨c1|I Xi |c2⟩ = 0
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consists of n-fold tensor products of Pauli
group elements

The transform Xi applies X to the i th qubit
leaving all others alone

µA1 ⊗ A2 ⊗ · · · ⊗ An

Ai ∈ {I ,X ,Y ,Z}, µ ∈ {1,−1, i ,−i}

Xi =

i

I ⊗ · · · ⊗ I ⊗X ⊗
n−i−1

I ⊗ · · · ⊗ I

The weight of a Pauli error is the number of non-identity terms in its tensor produce

Since all the elements of E and C are orthogonal, if Xi and Zi are correctable errors, then

⟨c1|X †
i Zi |c2⟩ = ⟨c1|Z †

i Xi |c2⟩ = ⟨c1|I Zi |c2⟩ = ⟨c1|I Xi |c2⟩ = 0
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Requirements for quantum computers

It is not sufficient to just make many qubits, a true quantum computer requires that the
qubits interact with each other in a controllable way while interacting as little as possible with
the environment

DiVincenzo established these widely used criteria

• Scalable physical systems with well-characterized qubits

• Ability to initialize qubits in a simple state

• Robustness to environmental noise, long decoherence times

• Ability to realize high fidelity universal quantum gates

• High efficiency, qubit-specific measurements

• Ability to interconvert stationary and “flying” qubits

• Faithful transmission of flying qubits between locations

These hold for the standard circuit model, alternative models require more general criteria
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NMR-based quantum computers

The first implementations of quantum computers were using nuclear magnetic resonance
technology (NMR)

This technology has two important limitations: the fact that the system is based on an
ensemble of molecules which cannot be addressed individually, and the number and topology
of spins that can be built into a quantum computer is limited

The advantages of NMR technology are that it is mature and it is well-understood how to
manipulate spins in a liquid, and that the “qubits” are stable ensembles of identical qubits
which are relatively insensitive to error

The first 2-qubit NMR system was based on the (2,3)-
dibromothiophene molecule in a liquid NMR system

In a 4.7 T magnetic field, the proton spin states are separated
by 200 MHz but are slightly different because of the differing
local environment
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2-qubit NMR computer

Assume that the state of the entire system can be described as an ensemble of non-interacting
molecules (e.g. liquid)

The averaged state is described by a density matrix which
is a tensor product of individual molecule density matrices

ρ = ρ1 ⊗ · · · ⊗ ρN

Even though N ∼ O(1023), because of thermal equilibrium, the density matrices are all
identical and since they are non-interacting this system behaves as an n = 2 qubit system

The spin of each hydrogen has its two spin
states populated according to the field, B0

The populations are determined by the
Boltzmann distribution
where αi = ℏωi/2kT ≈ 4× 10−6B0

ρi =

(
p → 0

0 p →

)
≈ 1

2

(
1 0
0 1

)
+

1

2

(
αi 0
0 −αi

)

The deviation from equilibrium is what is being measured as the qubit state

“Bulk spin-resonance quantum computation,” N.A. Gershenfeld and I.L. Chuang, Science 275, 350-356 (1997).
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2-qubit NMR computer

The density matrix for the n = 2 spin molecule is simply ρ = ρ1 ⊗ ρ2

ρ =
1

4


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+
1

4


α1 + α2 0 0 0

0 α1 − α2 0 0
0 0 −α1 + α2

0 0 0 −α1 − α2

 =
1

4
I + ρ∆

Where the basis can be written as {|

→ →

⟩, |

→

→⟩, | →

→

⟩, | → →⟩}

The density matrix is composed of the iden-
tity plus a traceless deviation, which can be
manipulated by a unitary transformation

UρU† = U
[
1
4 I + ρ∆

]
U† = 1

4 I + Uρ∆U
†

The dynamics of the ensemble can be approximated by just the deviation density matrix whose
macroscopic signal has a relatively long decoherence time

“Bulk spin-resonance quantum computation,” N.A. Gershenfeld and I.L. Chuang, Science 275, 350-356 (1997).
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Where the basis can be written as {|

→ →

⟩, |

→

→⟩, | →
→

⟩, | → →⟩}

The density matrix is composed of the iden-
tity plus a traceless deviation, which can be
manipulated by a unitary transformation

UρU† = U
[
1
4 I + ρ∆

]
U† = 1

4 I + Uρ∆U
†

The dynamics of the ensemble can be approximated by just the deviation density matrix whose
macroscopic signal has a relatively long decoherence time
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At equilibrium, suppose that the deviation
density matrix is given by

This means that the distribution of the 1023

molecules among the four states is

ρ∆ = α


3 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


p|

→ →

⟩ = (14 + 3α)× 1023

p|

→

→⟩ = p| →

→

⟩ = p| → →⟩ = (14 − α)× 1023

This is a pseudo-pure state, a mixed state that behaves like a pure state

For example if an RF pulse is provided that sends one of the spins in all of the molecules into
the transverse plane, the excess population in the |

→ →

⟩ state will produce a signal

Single spin operations are possible because each spin has a different resonant frequency and
can be manipulated individually by applying an appropriately timed RF pulse to rotate the spin

The Cnot gate can be implemented due to the nonlinear interaction between spins on the same
molecule
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5-qubit NMR computer

In 2000, this was extended to a 5-qubit system using the same
principles

This system was used to demonstrate the Deutch-Joza algo-
rithm for constant and balanced functions

The molecule was synthesized specifically for this computer

“Approaching five-bit NMR quantum computing,” R. Marx, A.F. Fahmy, J.M. Myers, W. Bermel, and S.J.
Glaser, Phys. Rev A 62, 012310 (2000).

In 2021, a Chinese company announced a commercial,
low cost 2-qubit NMR quantum computer using hydro-
gen and phosphorous nuclei

The authors claim that this computer can demonstrate
at least 10 quantum algorithms

“SpinQ Gemini: a desktop quantum computer for education and research,” Sh.-Y. Hao et al.,
arXiv 10017 (2021).
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