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® Superoperators
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® QOperator sum decomposition

® More examples

Reading assignment: 11.1 — 11.2

Quantum circuit simulator https://algassert.com/quirk
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Since the density operator for pure state |¢) p = Uy (p|UT = UpUT

is p = [¥) (Y]

Things are more complicated in the general pa=Tr(p) = ply = Tr(UJ) (b UT)

case when X = A® B and |¢)) € X, now

In the case when U = Us ® Ug then the person who controls subsystem A can obtain ,ofq
directly using pa and U

However for a general unitary operator, it is not possible to deduce p/, from pa and U alone as
'y depends on the initial state [1)) of the entire system

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 2/12



Superoperators V

Suppose that Dy is the set of all density operators for subsystem A

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators i
Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in
a state |¢pg) then the action of U on X is

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators i
Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—= X
a state |¢pg) then the action of U on X is

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators i
Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—->X
a state |¢g) then the action of U on X is ) — Ulp)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—->X
a state |¢g) then the action of U on X is ) — Ulp)

which induces the action of the superoperator 533

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—->X
a state |¢g) then the action of U on X is ) — Ulp)

which induces the action of the superoperator 533 .
SU :Dp — Dy

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—->X
a state |¢g) then the action of U on X is ) — Ulp)
which induces the action of the superoperator 533 &
SUB :Dp — Dy
PA ' P

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators V

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—->X

a state |¢g) then the action of U on X is ) — Ul)
which induces the action of the superoperator 533 o5 |

where Su" Pa— D/A
pa = Tr([9)(¥]) and ply = Tr(U[y)(p|UT) PA ' Pa

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators V

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—->X

a state |¢g) then the action of U on X is ) — Ul)
which induces the action of the superoperator 533 o5 |

where Su" Pa— D/A
pa = Tr([9)(¥]) and ply = Tr(U[y)(p|UT) PA ' Pa

Consider a density operator that is a probabilistic
mixture of other density operators

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in
a state |¢pg) then the action of U on X is

which induces the action of the superoperator 533
where

pa=Tr([¥)(¥l) and pls = Tr(Ule) (v |UT)

Consider a density operator that is a probabilistic
mixture of other density operators

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

U:-X—=X
) = Uly)

Slqu :Dp — Dy

pA = P

p = ZP:‘P,‘

April 07, 2022 3/12



Superoperators V

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in U: X—= X
a state |¢pg) then the action of U on X is ) s U)
which induces the action of the superoperator 523 o5 .
where Sy” 1 Pa— Da

/
pa = Tr([¥)(@]) and ply = Tr(Ul) (p|UT) PA PA
Consider a density operator that is a probabilistic B
mixture of other density operators P= Z Pipi

The effect of a superoperator on this mixture is
the sum of its effect on the individual density op-
erators

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 3/12



Superoperators

Suppose that Dy is the set of all density operators for subsystem A

If A and B are not entangled and B is initially in
a state |¢pg) then the action of U on X is

which induces the action of the superoperator 523
where

pa=Tr([¥)(¥l) and pls = Tr(Ule) (v |UT)

Consider a density operator that is a probabilistic
mixture of other density operators

The effect of a superoperator on this mixture is
the sum of its effect on the individual density op-
erators

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

U:-X—=X
) = Uly)

Slqu :Dp — Dy

pA = P
p=>_ pipi
S:ip— Y piS(pi)

i

April 07, 2022

3/12



Example 10.4.1 V

Let X = A® B, where A and B are single qubit systems

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 4/12



Example 10.4.1 V/
Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpot with B as the control and A the target

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 4/12



Example 10.4.1 i
Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpot with B as the control and A the target
U ={00)(00| + |11)(01| + |10)(10| + |01)(11]

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 4/12



Example 10.4.1

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
U ={00)(00| + |11)(01| + |10)(10| + |01)(11]

Consider the following states, each of which is consistent with pa, and compute p/;

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
U ={00)(00| + |11)(01| + |10)(10| + |01)(11]

Consider the following states, each of which is consistent with pa, and compute p/;

|v0) = [00),

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= 100)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) = [00),  pa = Trg(00)(00) = > > ") “(ik|00)(00jk)|j) il

i=0 j=0 k=0

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= 100)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) =100),  pa = Tre(|00)(00]) => > ) (ik|00)(00|jk) j)(i| = |0)(0]

i=0 j=0 k=0

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) =100),  pa = Tre(|00)(00]) => > ) (ik|00)(00|jk) j)(i| = |0)(0]

i=0 j=0 k=0
pa = Trg(U[00)(00|V)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) =100),  pa = Tre(|00)(00]) => > ) (ik|00)(00|jk) j)(i| = |0)(0]

i=0 j=0 k=0
pa = Tre(U|00)(00|U) = Trp(]00)(00]) = |0)(O]

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) =100),  pa = Tre(|00)(00]) => > ) (ik|00)(00|jk) j)(i| = |0)(0]

i=0 j=0 k=0
pa = Tre(U|00)(00|U) = Trp(]00)(00]) = |0)(O]

lv1) = [01),

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) = |00), pa = Trz(|00)(00|) ZZZIMOO (001jk)1j)(i| = |0)(0]

i=0 j=0 k
pla = Trp(U]00)(00|U) = Trp(]00)(00]

O

~—

= [0)(0]

[y

1 1
1) =101),  pa=Tre(01)(01]) = Y " “(ik|01)(01]jk)[j) (il

i=0 j=0 k=0

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) = |00), pa = Trz(|00)(00|) ZZZIMOO (001jk)1j)(i| = |0)(0]

i=0 j=0 k
pla = Trp(U]00)(00|U) = Trp(]00)(00]

O

~—

= [0)(0]

[y

1 1
1) = [01),  pa=Tra(j01)(01)) = > > > (ik|01)(01]jk)Lj){i| = [0)(0]

i=0 j=0 k=0

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) = |00), pa = Trz(|00)(00|) ZZZIMOO (001jk)1j)(i| = |0)(0]

i=0 j=0 k
pla = Trp(U]00)(00|U) = Trp(]00)(00]

O

~—

= [0)(0]

[y

1 1
1) = [01),  pa=Tra(j01)(01)) = > > > (ik|01)(01]jk)Lj){i| = [0)(0]

i=0 j=0 k=0
pia = Trg(U[01)(01|V)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) = |00), pa = Trz(|00)(00|) ZZZIMOO (001jk)1j)(i| = |0)(0]

i=0 j=0 k
pla = Trp(U]00)(00|U) = Trp(]00)(00]

O

~—

= [0)(0]

[y

1 1
1) = [01),  pa=Tra(j01)(01)) = > > > (ik|01)(01]jk)Lj){i| = [0)(0]

i=0 j=0 k=0
pia = Trg(U[01)(01|U) = Trp(|11)(11])

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) = |00), pa = Trz(|00)(00|) ZZZIMOO (001jk)1j)(i| = |0)(0]

i=0 j=0 k
pla = Trp(U]00)(00|U) = Trp(]00)(00]

O

~—

= [0)(0]

1 1 1
1) = [01),  pa=Tra(j01)(01)) = > > > (ik|01)(01]jk)Lj){i| = [0)(0]
i=0 j=0 k=0
1 1 1
pla = Tre(UI01)(01|U) = Tre(|11)(11]) = Y > > (ik|11)(11]jk) L) (i]
i=0 j=0 k=0
Carlo Segre (lllinois Tech)

PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1

<

Let X = A® B, where A and B are single qubit systems

Define pa = |0)(0| and take U = Cpor with B as the control and A the target
= [00)(00] + [11)(01| + |10)(10] + [01)(11]

Consider the following states, each of which is consistent with p4, and compute p,

1 1 1
o) = |00), pa = Trz(|00)(00|) ZZZIMOO (001jk)1j)(i| = |0)(0]

i=0 j=0 k
pla = Trp(U]00)(00|U) = Trp(]00)(00]

O

~—

= [0)(0]

1 1 1
1) = [01),  pa=Tra(j01)(01)) = > > > (ik|01)(01]jk)Lj){i| = [0)(0]
i=0 j=0 k=0
1 1 1
pla = Tre(U[01)(01|U) = Tre(|11)(11]) = Y > > (ik[11)(1L]jk) i) (il = [1)(1]
i=0 j=0 k=0
Carlo Segre (lllinois Tech)

PHYS 407 - Introduction to Quantum Computing

April 07, 2022 4/12



Example 10.4.1 (cont.) V
U = [00){00] + [11){01] + [10)(10] + [01)(11]

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



Example 10.4.1 (cont.) V
U = |00)(00| + [11)(01| + [10){10] + |01)(11|
[2) = 75(100) + [01))

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



Example 10.4.1 (cont.) \
U = ]00Y(00] + |11)(01| + |10)(10| + |01)(11]
[42) = 75(]00) +]01))
pa=Trg (%(|00>(00| +100)(01] + 01)(00] + |01><01|))

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



Example 10.4.1 (cont.) i
= [00)(00] + |11)(01] + [10)(10] + |01)(11]
[42) = 75(]00) +]01))
pa=Trg (%(|00 (00| + |00Y(01| + |01)(00] + |01><o1|))

1 1
> > 5{ik|(100)(00] + |00){01| + |01){00| + [01)(0L])|jk) Lj) (il
i=0 j=0 k=0

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



Example 10.4.1 (cont.) i
= [00)(00] + |11)(01] + [10)(10] + |01)(11]
[42) = 75(]00) +]01))
pa=Trg (%(|00 (00| + |00Y(01| + |01)(00] + |01><o1|))

1 1
ZZZ% ik| (100) (00| -+ 00) (01| + [01) (00| + 01)(01]) |k} 1) (]

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



Example 10.4.1 (cont.) i
= [00){00] + [11){01] + [10){10] + [01){11]
[2) = 75(100) + [01))

oa=Trg (%(|00 (00| + |00)(01] + |01)(00| + |01><o1|))
1

1 1
ZZZ% ik| (100) (00| -+ 00) (01| + [01) (00| + 01)(01]) |k} 1) (]
0 k=

) 0)( | = 10)(0
U(]00)(00] 4 00)(01] + |01)(00| + 01)(01]) U)

e

>

|

_|

-~

oy}
/

Nl—= N

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



Example 10.4.1 (cont.) \
= [00)(00] + |11)(01] + [10)(10] + |01)(11]
[42) = 75(]00) +]01))
pa=Trg (%(|00 (00| + |00Y(01| + |01)(00] + |01><o1|))

1 1 1

= ZZZ% ik|(/00) (00| + |00) (01| + |01)(00] + [01)(OL]) k) |j) il
i=0 0 k=

-3+

%)I0>< | =10){0]

L1(|00)(00] + [00) (01| + 01) (00| + [01)(01]) U)
1

2

(100)(00] + 0011 + [11)(00] + [11)(11]))

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



<

Example 10.4.1 (cont.)
= [00)(00] + |11)(01] + [10)(10] + |01)(11]
[42) = 75(]00) +]01))
pa=Trg (%(|00><00| +100)(01] + 01)(00] + |01><o1|))

1 1 1

= ZZZ% ik|(100) (00| + 00) (01| + [01){00] + [01){01]) |jk) L) (i

i=0 j=0 k=
3+ )|0>< | = 10)(0
U(]00)(00] 4 00)(01] + |01)(00| + 01)(01]) U)

- 2
TrB

I\)H—l

P
— Trp (1(]00)(00] + 00) (11| + |11)(00] + \11><11\))
1 1

DD 0D 5 (ik|(100)(00] + [00) (11| + [11)(00] + [11)(11]) [jk)[j) (|
i=0 j=0 k=0

M _ N 7N
N= N

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



-

Example 10.4.1 (cont.)
= [00)(00] + |11)(01] + [10)(10] + |01)(11]
[42) = 75(]00) +]01))
pa=Trg (%(|00><00| +100)(01] + 01)(00] + |01><o1|))

1 1 1

= ZZZ% ik|(100) (00| + 00) (01| + [01){00] + [01){01]) |jk) L) (i

i=0 j=0 k=
=(3+ %)|0>< | = [0)(0]
1U(]00)(00] + |00)(01| + |01)(00| + |01><o1|)u)

— Trg (%(\oo>(00| + 100)(11] + [11)400] + [11)(11]))

1 1
=2~ 3(iK|(00)(00] + [00){11| +[11)(00] + 1) (11]) ik} 1) (i
i=0 j=0 k=0
:%|0><0\ 3111
Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



-

Example 10.4.1 (cont.)
= [00)(00] + |11)(01] + [10)(10] + |01)(11]
[42) = 75(]00) +]01))
pa=Trg (%(|00><00| +100)(01] + 01)(00] + |01><o1|))

1 1 1

= ZZZ% ik|(100) (00| + 00) (01| + [01){00] + [01){01]) |jk) L) (i

i=0 j=0 k=
=(3+ %)|0>< | = [0)(0]
1U(]00)(00] + |00)(01| + |01)(00| + |01><o1|)u)

— Trg (%(\oo>(00| + 100)(11] + [11)400] + [11)(11]))

1 1
=2~ 3(iK|(00)(00] + [00){11| +[11)(00] + 1) (11]) ik} 1) (i
i=0 j=0 k=0
= %|0><0\ 20 =3
Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 5/12



Example 10.4.2 V

Consider the operator Ugyitch = [00)(00] + [10)(01| +|01)(10| 4 |11)(11] acting on single qubit
systems A and B
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Example 10.4.2 \ 7

Consider the operator Ugyitch = [00)(00] + [10)(01| +|01)(10| 4 |11)(11] acting on single qubit
systems A and B

Suppose that system A is initially in state pa = [1) ()| and system B is in state |0)(0|

Because pg = |0)(0| the state of the system initially can be described as
(a|0) + b[1))|0) = a|00) + b|10) where |a|? + |b|> = 1
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Consider the operator Ugyitch = [00)(00] + [10)(01| +|01)(10| 4 |11)(11] acting on single qubit
systems A and B

Suppose that system A is initially in state pa = [1) ()| and system B is in state |0)(0|

Because pg = |0)(0| the state of the system initially can be described as
(a|0) + b[1))|0) = a|00) + b|10) where |a|? + |b|> = 1

/
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Example 10.4.2 \ 7

Consider the operator Ugyitch = [00)(00] + [10)(01| +|01)(10| 4 |11)(11] acting on single qubit
systems A and B

Suppose that system A is initially in state pa = [1) ()| and system B is in state |0)(0|

Because pg = |0)(0| the state of the system initially can be described as
(a|0) + b[1))|0) = a|00) + b|10) where |a|? + |b|> = 1

L=Trg (U(a\ 100)(00] + ab|10)(00] + ab|00)(10] + |b|?|10)(10]) )
= Trg (|al?|00)(00] + ab|01)(00] + ab|00) (01| + [b|?|01)(01|)

1 1 1
:ZZZ ik|(|a|*100)(00| + ab|01)(00| + ab|00) (01| + |b|*|01)(01])|jk) ) (il
0 k=0

i=0 j=
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Consider the operator Ugyitch = [00)(00] + [10)(01| +|01)(10| 4 |11)(11] acting on single qubit

systems A and B

Suppose that system A is initially in state pa = [1) ()| and system B is in state |0)(0|

Because pg = |0)(0| the state of the system initially can be described as
(a|0) + b[1))|0) = a|00) + b|10) where |a|? + |b|> = 1
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Example 10.4.2 \ 7

Consider the operator Ugyitch = [00)(00] + [10)(01| +|01)(10| 4 |11)(11] acting on single qubit
systems A and B
Suppose that system A is initially in state pa = [1) ()| and system B is in state |0)(0|

Because pg = |0)(0| the state of the system initially can be described as
(a|0) + b[1))|0) = a|00) + b|10) where |a|? + |b|> = 1

o= Trg (U(\a\2yoo><00\ + ab|10) (00| + 3b|00) (10| + |b|?|10)(10]) U)

= Trg (]a[*|00)(00| + ab|01)(00| + ab|00) (01| + |b|*|01)(01|)
1 1 1
=> > > (ik[(lal*|00){00| + ab|01)(00| + ab|00) (01| + [b]*|01)(01]) k) |} (il
i=0 j=0 k=0
= (|a]* + |b[*)[0)(0] = [0)(O]
Note that Usyitch is Not reversible
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Operator sum decomposition \ i

In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator
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Operator sum decomposition VY

In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator

It is, however, possible to write all superoperators as a
sum of linear operators A;, ..., Ak
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Operator sum decomposition VY

In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator
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It is, however, possible to write all superoperators as a S(p) = Z A,-pAT
sum of linear operators A;, ..., Ak P '
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In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator
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It is, however, possible to write all superoperators as a S(p) = Z A,-pAT
sum of linear operators A;, ..., Ak P '

This sum is called an operator sum decomposition for S and is not generally unique
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In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator

K—1
It is, however, possible to write all superoperators as a S(p) = Z A,-pAT
sum of linear operators A;, ..., Ak P '

This sum is called an operator sum decomposition for S and is not generally unique

In order to obtain the operator sum decomposition for S¢, let {|3;)} be a basis for B and let
Ai = (Bi|U|¢p) : A— A so we have
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Operator sum decomposition YV
In general superoperators are not reversible, of the form UpU' where U is unitary or even of

the form ApA" where A is a linear operator

K—1
It is, however, possible to write all superoperators as a S(p) = Z A,-pAT
sum of linear operators A;, ..., Ak P '

This sum is called an operator sum decomposition for S and is not generally unique

In order to obtain the operator sum decomposition for S¢, let {|3;)} be a basis for B and let
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Operator sum decomposition YV

In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator

It is, however, possible to write all superoperators as a S(p) = Z A,-pAT
sum of linear operators A;, ..., Ak

This sum is called an operator sum decomposition for S and is not generally unique

In order to obtain the operator sum decomposition for 53, let {|5;)} be a basis for B and let
Ai = (Bi|U|¢p) : A— A so we have

K-1
SH(p) = Tre (U(p® [o)(8))UT) = > (BilU(p ® |6)(8]) UT|3:)
i=0
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Operator sum decomposition YV

In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator

K—1
It is, however, possible to write all superoperators as a S(p) = Z A,-pAT
sum of linear operators A;, ..., Ak P '

This sum is called an operator sum decomposition for S and is not generally unique

In order to obtain the operator sum decomposition for 53, let {|5;)} be a basis for B and let
Ai = (Bi|U|¢p) : A— A so we have
K-1

SH(p) = Tre (U(p® [o)(8))UT) = > (BilU(p ® |6)(8]) UT|3:)

=
For the pure state p = |¢) (1| the tensor product is separable and for a mixed state which is a
probabilistic sum of pure states can be similarly separated, so
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Operator sum decomposition YV

In general superoperators are not reversible, of the form UpU' where U is unitary or even of
the form ApA" where A is a linear operator

It is, however, possible to write all superoperators as a S(p) = Z A,-pAT
sum of linear operators A;, ..., Ak '

This sum is called an operator sum decomposition for S and is not generally unique

In order to obtain the operator sum decomposition for 53, let {|5;)} be a basis for B and let

Ai = (Bi|U|¢p) : A— A so we have
K-1
Si(p) = Trs (U(p @ [@)(e)UT) = D _ (Bl U(p @ |6) (e U[5:)
i=0
For the pure state p = |¢) (1| the tensor product is separable and for a mixed state which is a

probabilistic sum of pure states can be similarly separated, so
K—1
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Operator sum decomposition vV

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0
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Operator sum decomposition i

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi-
tian and positive but does not necessarily have trace one
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= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- TI’(A,',OA,T) >0
tian and positive but does not necessarily have trace one

However, a density operator, pdecomp, can be constructed
by normalizing
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Operator sum decomposition i

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- TI’(A,',OA,T) >0
tian and positive but does not necessarily have trace one A-pAT
iPA;

Pdecomp = —, .
Tr(AipAl)

However, a density operator, pdecomp, can be constructed
by normalizing
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Operator sum decomposition

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- TI’(A,',OA,T) >0
tian and positive but does not necessarily have trace one

AipAl
. Pdecomp = T
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Operator sum decomposition VY

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- TI’(A,',OA,T) >0
tian and positive but does not necessarily have trace one

AipAl
. Pdecomp = 7T
However, a density operator, pdecomp, can be constructed Tr(AipA;)
by normalizing K-1
Tr (S§(p) = D Tr(AipAl) =1
The trace of the associated superoperator is one so i—0
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Operator sum decomposition \ i

K-1 K—1
= > (BilUIg)p(a|UT[B;) = > AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- TF(A;,OA,T) >0
tian and positive but does not necessarily have trace one

AipAl
. Pdecomp = A
However, a density operator, pgecomp, Can be constructed Tr(AipA;)
by normalizing K-1
Tr (S§(p) = D Tr(AipAl) =1
The trace of the associated superoperator is one so i—0

Thus the superoperator is a probabilistic mixture of the
normalized operators
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Operator sum decomposition \ i

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- TF(A;,OA,T) >0
tian and positive but does not necessarily have trace one A-pAT

. Pdecomp = ’7%
However, a density operator, pgecomp. Can be constructed Tr(AipA;)
by normalizing K-1

Tr (SG(p) = Y Tr(AipAl) =1
The trace of the associated superoperator is one so i—0
. o KL ppal

Thus the superoperator is a probabilistic mixture of the 53(0) - PiL
normalized operators i—0 Tr(AiﬂA,T-)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 8/12



Operator sum decomposition \ i

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- TF(A;,OA,T) >0
tian and positive but does not necessarily have trace one A-pAT

. Pdecomp = ’7%
However, a density operator, pgecomp. Can be constructed Tr(AipA;)
by normalizing K-1

Tr (SG(p) = Y Tr(AipAl) =1
The trace of the associated superoperator is one so i—0
. o KL ppal

Thus the superoperator is a probabilistic mixture of the 53(0) - PIL’T
normalized operators with p; = Tr(A;pA:[) =0 Tr(AipA;))
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Operator sum decomposition \ i

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi- Tr(AipAl) > 0
tian and positive but does not necessarily have trace one

AipAl
. Pdecomp TN
However, a density operator, pdecomp, can be constructed Tr(AipA;)
by normalizing K-1
Tr (SG(p) = Y Tr(AipAl) =1
The trace of the associated superoperator is one so i=0
K-1 1
. g AipA:
Thus the superoperator is a probabilistic mixture of the Sg(p) _ pj— ’T
normalized operators with p; = Tr(A;pA:[) =5 Tr(AipA;})

This is reminiscent of the possible measurement out-
comes of p by operator O with projectors P;
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Operator sum decomposition

K-1 K-1
= > (BilUIe)plo|UT|Bi) = Y AipAl
i=0 i=0

Each term in the operator sum decomposition is Hermi-
tian and positive but does not necessarily have trace one

However, a density operator, pdecomp, can be constructed
by normalizing

The trace of the associated superoperator is one so

Thus the superoperator is a probabilistic mixture of the
normalized operators with p; = Tr(A;pA:[)

This is reminiscent of the possible measurement out-
comes of p by operator O with projectors P;

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

AipAl
Pdecom
P Tr(AipAl
K-1
Tr (Sf}(p)) = Tr(A;
i=0
K-1

s Tr(



Operator sum decomposition V'

If A; is the operator obtained in the operator sum decomposition for 53 when using basis
{|Bi)} for the B subsystem
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Operator sum decomposition v

If A; is the operator obtained in the operator sum decomposition for 5‘3 when using basis
{|Bi)} for the B subsystem

Suppose that after U: AR B — A® B is applied to p, subsystem B were measured with
respect to the projectors P; = |3;)(f3;| for the K = 2% basis elements of B, the best description
of subsystem A after this measurement is a probabilistic mixture of mixed states
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Operator sum decomposition v

If A; is the operator obtained in the operator sum decomposition for 5‘3 when using basis
{|Bi)} for the B subsystem

Suppose that after U: AR B — A® B is applied to p, subsystem B were measured with
respect to the projectors P; = |3;)(f3;| for the K = 2% basis elements of B, the best description
of subsystem A after this measurement is a probabilistic mixture of mixed states

K-1
p = Pipi,
0

i=
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Operator sum decomposition

If A; is the operator obtained in the operator sum decomposition for 5‘3 when using basis
{|Bi)} for the B subsystem

Suppose that after U: AR B — A® B is applied to p, subsystem B were measured with
respect to the projectors P; = |3;)(f3;| for the K = 2% basis elements of B, the best description
of subsystem A after this measurement is a probabilistic mixture of mixed states

K-1

, (1@ P)U(p® |4)(g])UT(I @ PT) )
= iPiy i:Tr I

’ Z,-_opp g B(Tr((/w,-)U(p@r¢><¢|>w</®P,-*))
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Operator sum decomposition

If A; is the operator obtained in the operator sum decomposition for 5‘3 when using basis
{|Bi)} for the B subsystem

Suppose that after U: AR B — A® B is applied to p, subsystem B were measured with
respect to the projectors P; = |3;)(f3;| for the K = 2% basis elements of B, the best description
of subsystem A after this measurement is a probabilistic mixture of mixed states

K-1
, (12 P)U(p2 [9) (@) Ul(I @ P]) )
= iPiy i = Tr I
P ;Pf’ g (n (12 PYU(p® 8)(o)UT(I @ P)))
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Operator sum decomposition

If A; is the operator obtained in the operator sum decomposition for 5‘3 when using basis
{|Bi)} for the B subsystem

Suppose that after U: AR B — A® B is applied to p, subsystem B were measured with
respect to the projectors P; = |3;)(f3;| for the K = 2% basis elements of B, the best description
of subsystem A after this measurement is a probabilistic mixture of mixed states

K-1
, (12 P)U(p2 [9) (@) Ul(I @ P]) )
= iPiy i:Tr I
o= b b B(n((/@P,-)U(p@r¢><¢|)w(/®P,-*))
and  pi=Tr((l@P)U(p® |6)(e))UT(I ® P)))
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Operator sum decomposition

If A; is the operator obtained in the operator sum decomposition for 5‘3 when using basis
{|Bi)} for the B subsystem

Suppose that after U: AR B — A® B is applied to p, subsystem B were measured with
respect to the projectors P; = |3;)(f3;| for the K = 2% basis elements of B, the best description
of subsystem A after this measurement is a probabilistic mixture of mixed states

K-1
, (12 P)U(p2 [9) (@) Ul(I @ P]) )
= iPiy i:Tr I
P ;Pf’ g (n((/@P,-)U(p@r¢><¢|>UT(/®P,-*))
and  pi=Tr((l@P)U(p® |6)(e))UT(I ® P)))
but  Tre (1 @ |8)(Bi)Up @ |6) (6| UT(1 © kbBif3;) = (BilUp @ |6) (6| UT|3:)

So the density operator p' =", pjpi = Sfj(p)
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Example 10.4.3 vV

Find the operator sum decomposition for Cpot and |¢) = \%2(|0> + (1))
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Example 10.4.3 i

Find the operator sum decomposition for Cp,or and |¢) = %(|O) + (1))

The Cpot operator U can be written as
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Example 10.4.3 i

Find the operator sum decomposition for Cpot and |¢) = \%(|o> + 1))

The Cpot operator U can be written as U=Xo |11 +1®][0)0|
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Example 10.4.3 N

Find the operator sum decomposition for Cpor and |¢) = %(]0) +11))

The Cpot operator U can be written as U=X®[1)(1] + I ©]0)(0|
If the two systems are initially unentangled and A
and B are in states
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Example 10.4.3 N
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The Cpot operator U can be written as
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If the two systems are initially unentangled and A _ ;o
and B are in states p=I0)Wl, o =]}l
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Example 10.4.3 N
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Example 10.4.3

<

Find the operator sum decomposition for Cp,or and |¢) = %(]0) + (1))

The Cpot operator U can be written as U=X®|1)(1] + I [0)(0]
If the two systems are initially unentangled and A B ;o
and B are in states p=10)l, o =I]9){d|

S =Tr (Ulp@16)(@))U") = AopAj + A1pA]
Where Ag = (0|U|¢) and A1 = (1|U|¢) so applying these operators to the state of A
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Example 10.4.3 N

Find the operator sum decomposition for Cpor and |¢) = %(]0) +11))

The Cpot operator U can be written as U=X®|1)(1] + I [0)(0]
If the two systems are initially unentangled and A _ ;o
and B are in states p=10)l, o =I]9){d|

Si=Tr (U(p @ [6)(8))UT) = AopAl + ApA]

Where Ag = (0|U|¢) and A1 = (1|U|¢) so applying these operators to the state of A
1

Aolp) = Z (ai[(O[U[)) | @) |exi)

i=0
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Example 10.4.3 N

Find the operator sum decomposition for Cp,or and |¢) = %(]0) + (1))

The Cpot operator U can be written as U=X®|1)(1] + I [0)(0]
If the two systems are initially unentangled and A _ ;o
and B are in states p=10)l, o =I]9){d|

Si=Tr (U(p @ [6)(8))UT) = AopAl + ApA]

Where Ag = (0|U|¢) and A1 = (1|U|¢) so applying these operators to the state of A
1

Aolp) = Z (ai[(O[U[)) | @) |exi)

i=0

= (O[{0[(X ® |1)(1] + I ® |0)(0[)[4)|$}[0) + (L[(O|(X @ [1){1] + 1 ©[0){0])|+)|¢) 1)
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Example 10.4.3 N

Find the operator sum decomposition for Cp,or and |¢) = %(|O) + (1))

The Cpot operator U can be written as U=X®|1)(1] + I [0)(0]

If the two systems are initially unentangled and A _ ;o

and B are in states p=10)l, o =I]9){d|
St =Tr (U(p® [8)(0])U') = AopAf + A1pA]

Where Ag = (0|U|¢) and A1 = (1|U|¢) so applying these operators to the state of A
1

Aolp) = Z (ai[(O[U[)) | @) |exi)

<0!<0!(X ® [1) (L] + 1 ®[0)(0))[)]$)[0) + (L[(O[(X © [1)(1] + 1 ©[0)(0])|+)|¢) 1)
= ((OKOI(X ® [1){1D)[))]¢) + (0[{0I(/ @ [0)(O])[ ) $))[0)
+ ((LO0I(X @ [1)(1])[¥)|¢) + (1[{0I(/ ® [0){0]) )] $))[1)
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Example 10.4.3 (cont.) V

Aolr) = ({O[(0I(X @ [1)(1])[)]¢) + (01Ol (/ @ |0){0])[v}|¢))[0)
+ (01X @ [1)(1])[v)|¢) + (L[(0|(/ @ [0){0[)|2)[)) 1)
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Example 10.4.3 (cont.) V

Aolt)) = ow(mm 1)[¥)|¢) + (0[(0](/ ® [0)(0])¥)|¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
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Example 10.4.3 (cont.) \id
Aolv)) = OwW®MﬂWW (O[{0[(/ & 0){0])[¢4)]4))[0)

+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
= (0(0[(/ ® [0)(0])|)|¢))[0) + (L[{O|(/ ® |0)(O[)[e+) ¢))[1)
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Example 10.4.3 (cont.) V

Aol) = (ow(li\)\ww (0[{01(1 @ 10)(0])[4:)[¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
= (0[(0](/ @ [0){0])[4)|¢))[0) + (L[{OI(/ @ [0){0])|)|¢))[1)

(0[4)(014)[0) + (1[¢)(0])[1)
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Example 10.4.3 (cont.) V

Aol) = (ow(mm 1)[¥)|¢) + (0[(0](/ ® [0)(0])¥)|¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
= (0[(0](/ @ [0){0])[4)|¢))[0) + (L[{OI(/ @ [0){0])|)|¢))[1)

(0[1){0[@)|0) + (1[¥)(0]$)[1) = a0(0]¢)[0) + 21(0]¢) 1)

= (0l#)[)
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Example 10.4.3 (cont.) V

Aoly)) = (ow(x ® J¥(1])|¥)|¢) + (0[(0](/ ® [0)(0])|¥)|¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
)

= (0[(0[(/ ® [0){0])[4)]#))[0) + (1[{0I(/ @ [0){O])[)[#))[1)
= (0[1){0[9)|0) + (1]0)(0]¢)[1) = a0(0|#)[0) + a1(0|¢)[1) = (O[¢)[%)
Recall that |¢)(/0) + 1)) so Aolv)) = (0l¢) ) = Z5|v)
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Example 10.4.3 (cont.) V

Aoly)) = wwwawmww (0[{0[(/ @ [0)(0])[)[#))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
)

= (0[{0[(/ ® [0) (0])]14}16))10) + (110l & 0) (ODI)]6)) 1)
— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI
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Example 10.4.3 (cont.) V

Aoly)) = wwu&Muww (0[{0[(/ @ [0)(0])[)[#))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
)

= (0[{0[(/ @ [0) (O)])]6))10) + (1101(/ & [0)(ODI)6)) 1)
— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI

Similarly for A; we have
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Example 10.4.3 (cont.) V

Aoly)) = wwwawmww (0[{0[(1 ® [0)(0])[)[¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
)

= (0[{0[(/ @ [0) (O)])]6))10) + (1101(/ & [0)(ODI)6)) 1)
— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI

Similarly for A; we have

Al) = (O[{1[(X ® [1){(1)[)[$))10) + (1[{1[(X ® [1){1])]+)[$)) (1)
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Example 10.4.3 (cont.) V
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— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI

Similarly for A; we have

Al) = (O[{1[(X ® [1){(1)[)[$))10) + (1[{1[(X ® [1){1])]+)[$)) (1)
= (01X[9)(1[#)[0) + (1|X[y)(1]#)[1)
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Example 10.4.3 (cont.) V

Aoly)) = wwwawmww (0[{0[(1 ® [0)(0])[)[¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
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= (0[{0[(/ @ [0) (O)])]6))10) + (1101(/ & [0)(ODI)6)) 1)
— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI

Similarly for A; we have

Avl) = (O[{1[(X ® [1){1])[)[$))0) + (1[{1[(X ® [1){1
= (0IX[9)(1[#)[0) + (1|X[¢)(1[#)[1) = a1(1|¢)]

)|e) ) [1)
0) + ao(1]¢)|1)
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Example 10.4.3 (cont.) V

Aoly)) = wwwawmww (0[{0[(1 ® [0)(0])[)[¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
)

= (0[{0[(/ @ [0) (O)])]6))10) + (1101(/ & [0)(ODI)6)) 1)
— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI

Similarly for A; we have

Avl) = (O[{1[(X ® [1){1])[)[$))0) + (1[{1[(X ® [1){1
= (0IX[9)(1[#)[0) + (1|X[¢)(1[#)[1) = a1(1|¢)]
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0) + ao (L]} |1) = (1]¢)X|e))

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 11/12



Example 10.4.3 (cont.) V

Aoly)) = wwwawmww (0[{0[(1 ® [0)(0])[)[¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
)

= (0[{0[(/ @ [0) (O)])]6))10) + (1101(/ & [0)(ODI)6)) 1)
— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI

Similarly for A; we have

A) = (O1(LI(X @ [1)(DI)I))10) + (LI(L(X 1) (2
= (OIXI¥)(116)10) + (1IX[0) LI6)[1) = 2r(11¢)]
= 5XIv)

)|e) ) [1)
0) + ao (L]} |1) = (1]¢)X|e))
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Example 10.4.3 (cont.) V

Aoly)) = wwwawmww (0[{0[(1 ® [0)(0])[)[¢))[0)
+ ((1)@(X @ JEa)w)le) + (1[0](/ ® [0){0])|¢)]4))[1)
)

= (0[{0[(/ @ [0) (O)])]6))10) + (1101(/ & [0)(ODI)6)) 1)
— (0[4)(016)[0) + (1144)(016)[1) = 20(016)[0) + a1 {0]}[1) = (0]6)|v)
Recall that [¢) (|0} + 1)) so Aoli) = (O16)[0) = L) — Ag= LI

Similarly for A; we have

Avlyh) = (O[(L|(X @ [1){1)])]¢))[0) + (1
= (01X[)(1[#)[0) + (1|X[y)(1]#)
1

— 1 1
=LXjy) —  A=LX

)W) |d)) 1)

(X @ [1)(1]
10) + ao(1]d)[1) = (1[¢) X|¢))

| ) = ai(1|9)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 11/12



Example 10.4.4 V

Find the operator sum decomposition

itch = 1 1 1)(1 11)(11
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Example 10.4.4 V

Find the operator sum decomposition

itch = 1 1 1)(1 11)(11

S§ =Tre (U(p @ |9) () U")
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Example 10.4.4 V

Find the operator sum decomposition

itch = 1 1 1)(1 11)(11

S{ =Trg (U(p @ |6) (0 )UT) = AopAl + A1pAl, A = (i|U|¢)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S{ =Trg (U(p @ |6) (0 )UT) = AopAl + A1pAl, A = (i|U|¢)
1

Aolvy) =Y (ai[(0]UJ))|¢)]evs)

i=0
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S) =Tre (U(p @ [6)(0))UT) = AgpAl + A1pAl,  A; = (i|U|¢)
1
Aoltr) = (i (0]U[)|@) i) = (00](]00)(00] + [10)(01| + [01)(10] + [11)(11])]¢b¢5}|O)
=0 + (10/(]00)(00] + [10) (01| + [01)(10] + [11)(11[)[1h¢p)|1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aol) = (a0 U[4)[6) ;) = (00](|00) (00] + [1BHO1T + JOLHIOT + [1LHETN) ) 0)
= + (10](00X00T + [10)(01] + JOLHEOT + | LLHEIN) ) 1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aol) = (a0 U[4)[6) ;) = (00](|00) (00] + [1BHO1T + JOLHIOT + [1LHETN) ) 0)
|

=0 + (10](100HEOT + |10) (01| + JOLHE0T + [ 114317 i) 1)
— (00]9)[0) + (01]'6)|1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aol = z 011{0]U[1)[6)xs) = (00](|00){00] + [LOHOTT + |OLHTOT + [114HT) ) 0)
|

= + (10](1a0K607 + [10){01[ + [Q1T0T + [1IKTT])[v9)|1)
) =

= (00[¢)0) + (01[v¢)|1) = (0]¢){0[4)[0) + (0[¢)(L]¢)[1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aolt) = Z 011{0]U[1)[6)xs) = (00](|00){00] + [LOHOTT + |OLHTOT + [114HT) ) 0)
= + (10](100H00T + [10)(01] + JOLHE0T + |LLHEIN) ) 1)
) =

= (00[1¢)0) + (01|1¢)[1) = (0[)(0]$)|0) + (Ov) {Le5]]1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aolt) = Z 011{0]U[1)[6)xs) = (00](|00){00] + [LOHOTT + |OLHTOT + [114HT) ) 0)
= + (10](100H00T + [10)(01] + JOLHE0T + |LLHEIN) ) 1)
) =

= (00[1¢)|0) + (01|1¢)[1) = (0[)(0$)[0) + (O) {L]|1) = [0)(O%))
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aolt) = Z 011{0]U[1)[6)xs) = (00](|00){00] + [LOHOTT + |OLHTOT + [114HT) ) 0)
= + (10](100H00T + [10)(01] + JOLHE0T + |LLHEIN) ) 1)
) =

= (00[1¢) 0) + (01[1¢)[1) = (0[))(0]$)|0) + (0]v) {15} 1) = [0)(O])) — Ao = |0)(0]
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aolt) = Z 011{0]U[1)[6)xs) = (00](|00){00] + [LOHOTT + |OLHTOT + [114HT) ) 0)
= + (10](100H00T + [10)(01] + JOLHE0T + |LLHEIN) ) 1)
) =

= (00[1¢) 0) + (01[1¢)[1) = (0[))(0]$)|0) + (0]v) {15} 1) = [0)(O])) — Ao = |0)(0]

1

Al) = (el (1| UN) )] exi)

i=0
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aolt) = Z 011{0]U[1)[6)xs) = (00](|00){00] + [LOHOTT + |OLHTOT + [114HT) ) 0)
= + (10](100H00T + [10)(01] + JOLHE0T + |LLHEIN) ) 1)
= (00[46)(0) + (01[6)[1) = (0112){0]$)[0) + (O[4) {LeTIL) = 0)(0]r) —> Ao = |0)(0
1
ALlY) = 3 (@il(1]U[)]6)]as) = (01](]00)(00] + [10)(01] + |01)(10] + [11)(11])|6) 0)
=0 + (11(100)(00] + [10){01] + [01)(10] + [11)(11))|¥6) 1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S) =Tre (U(p @ [6)(0))UT) = AgpAl + A1pAl,  A; = (i|U|¢)
1
Aoltp) = Z ;|(0|U[)|¢)|evi) = (00](|00){00] + [LOKOTIT + |OIKTOT + [11HETT)[vh¢)[0)
= + (10](JQOHK60T + [10) (01| + |OIHTOT + [L14ETT)[vhg) 1)
= (00]¢¢)|0) + (01]epg)|1) = (0[))(0]$)|0) + (Of) {Les|1) = |0)(0]¢)) — Ao = [0)(O]
1
ALlY) = Z (i[(LU[Y)|@)|evi) = (01](JO0KOOT + |LOMOTT + |01)(10] + [L1HE1T)[+/¢)|0)
=0 + (11](1Q0K60T + [10KOTT + |01KT0T + [11)(11])[h¢)|1)
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Example 10.4.4 V

Find th t d iti
o e et Ty PN Ui = 00)(00] + [10)(01]+ 01)(10] + [11)11]
switc -

S =Tre (U(p @ [0)(¢])UT) = AopAl + AipAl,  Ai = (i|U|¢)
1
Aolty) = Z ;| (0|U[)|¢)|cvi) = (00](|00){00] + |LOHBIT + |OLHIOT + |1LKH])|v/)[0)
= + (10](|00)X60T + [10) (01| + |OLHIOT + |LLHET)|¢0) 1)
= (00[4:$)|0) + (01]¢s9)[1) = (0[2)(0]@)[0) + (0]¢) (LTI1) = [0)(0[p) —> Ag = [0)(0]
1

Arly) =Y (il (L]UI9)|¢)|evi) = (01](|00KOOT + [LOKOTT + [01)(10] + [1LKEIT)|¢/6)|0)
|

=0 + (11](100X60T + [1OXOTT + J01X0T + |11)(11])[v¢)[1)
= (10[v9)[0) + (11[¢¢)|1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S) =Tre (U(p @ [6)(0))UT) = AgpAl + A1pAl,  A; = (i|U|¢)
1
Aoltp) = Z ;|(0|U[)|¢)|evi) = (00](|00){00] + [LOKOTIT + |OIKTOT + [11HETT)[vh¢)[0)
= + (10](JQOHK60T + [10) (01| + |OIHTOT + [L14ETT)[vhg) 1)
= (00]¢¢)|0) + (01]epg)|1) = (0[))(0]$)|0) + (Of) {Les|1) = |0)(0]¢)) — Ao = [0)(O]
1
ALlY) = Z (i[(LU[Y)|@)|evi) = (01](JO0KOOT + |LOMOTT + |01)(10] + [L1HE1T)[+/¢)|0)
=0 + (11](1Q0K60T + [10KOTT + |01KT0T + [11)(11])[h¢)|1)
= (10[10¢)[0) + (11[1v¢)[1) = (1|1)(0[¢)|0) + (L|1)(1|$)[1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @ [0)(¢])UT) = AopAl + AipAl,  Ai = (i|U|¢)
1
Aolty) = Z ;| (0|U[)|¢)|cvi) = (00](|00){00] + |LOHBIT + |OLHIOT + |1LKH])|v/)[0)
= + (10](|00)X60T + [10) (01| + |OLHIOT + |LLHET)|¢0) 1)
= (00[4:$)|0) + (01]¢s9)[1) = (0[2)(0]@)[0) + (0]¢) (LTI1) = [0)(0[p) —> Ag = [0)(0]
1
Arlp) = (il (1]U[4)|@)]evi) = (O1|([00HBOT + [LOKBTT + [01)(10] + [LLKHIT)[10¢)[0)
=0 + (11](|00K60T + [LOKOTT + |OLKIOT + [11)(11])] ) |1)
= (10[9¢)[0) + (11]xb¢)[1) = (1[)(0[¢)[0) + (1[¢) {Ls7|1)
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

S =Tre (U(p @6} U") = AopAb + ApAl, A = (ilUl9)
1
Aolt) = Z 011{0]U[1)[6)xs) = (00](|00){00] + [LOHOTT + |OLHTOT + [114HT) ) 0)
= + (10](100H00T + [10)(01] + JOLHE0T + |LLHEIN) ) 1)
) =

= (00[1¢) 0) + (01[1¢)[1) = (0[))(0]$)|0) + (0]v) {15} 1) = [0)(O])) — Ao = |0)(0]

1
Arly) =Y (il (L]UI9)|¢)|evi) = (01](|00KOOT + [LOKOTT + [01)(10] + [1LKEIT)|¢/6)|0)
=0 + (11](100H00T + [LOXOTT + [014F0T + [11)(11])|¢)[1)
= (101¢)0) + (11|1¢)[1) = (1[1))(0[$)[0) + (1]v) {Le]|1) = [0)(1|¢))
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Example 10.4.4 V

Find the operator sum decomposition
o e et ST P Usuicen = 100){00] + [10)(01] + 01)(10] + [11) (11

G =Tre (U(p® [0)(¢])UT) = AopAl + A1pAl, A = (i|U|9)
1
Aolv) = Za, (01UJ)|6) i) = (00](|00)(00] + |LOKOTT + [OLHIOT + [1LHH1T) ¢¢)[0)
= + (10](|O0K60T + [10)(01] + JOLHFOT + [1LKHTT) o)1)
= (00[12$)[0) + (01[@)[1) = (0]¢:)(0])[0) + (0]3) (Le7[1) = [0)(0]3s) — Ao = [0)(0]
1
Arlv) =" (il (1]U]4)|@)]ar) = (01|(|OOKEOT + [LOMBIT + [01)(10] + |1 6)[0)
=0 + (11](|O0K60T + [LOMBTT + [OLHFOT + [11) (11])[vo6) 1)
= (101¢)[0) + (11[9@)[1) = (1]¢:)(0]@)[0) + (1]¢) (LeT[1) = [0)(1]4h) —> A1 = |0)(1]

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing April 07, 2022 12/12



	Preamble
	Today's outline - April 07, 2022

	Subsystem Transformations
	Superoperators
	Superoperators
	Example 10.4.1
	Example 10.4.1 (cont.)
	Example 10.4.2
	Operator sum decomposition
	Operator sum decomposition
	Operator sum decomposition
	Example 10.4.3
	Example 10.4.3 (cont.)
	Example 10.4.4


