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Einstein Podolsky Rosen paradox

DESCRIPTION OF PHYSICAL REALITY m

of anthanum is 72 hence the nuclsr magnetc

moment as deermined by tis analysis fs 2
e magnetons. This s in fair  Jgreement
With the value 28 nuclear magnetons deter
ined rom L 111 hyperine sructares by the
writer and N. S. Grace.

NF. Craword and N. . Grace, Phys. Rev. 47, 536
935),

This investigation was carried out under the
supervision of Professor G. Breit, and I wish to
thank him for the invaluable advice and assis-

Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?

A Exxserw, B. Ponovsk anp N. Rosux, Insitte for Advanced Study, Princeon, New Jersey
(Received March 25, 1035)

Ins compt thor b o gt crwoondiog

 condition for the

of prediceing
I

he Geacrpton of ety given by the vave functon in

1
NY serious consideration of a physical
theory must take into account the dis-
between the objective reality, which is
indipeadent of 8y thicey, aod the physeal
concepts with which the theory operates, These
concepts are intended to correspond with. the
objective reality, and by means of these concepts
we picture this reality to ourselves
In attempting to judge the success of a
physical theory, we may ask ourselves two ques-
tions: (1) “Is the theory correct?” and (2) “Is
the description given by the theory complete 7"
It s only in the case in which positive answers
may be given to both of these questions, that the
concepts of the theory may be said to be satis-
factory. The correctness of the theory is judged
by the degree of agreement between the con-
clusions of the theory and human experience.
“This experience, which alone enables us to make
infrences about ey, in physis takes the
form of expe Tt is the
oo cueaion hat we with s consder hore, a0
appied o Quantum mechanics,
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avatum mechanis in oot compete o 3 ths ¢

quantitescannot have simultancous realty. Cwl\dcr-nml

o the problem of making predictions conor

o the e of meaureméats mads on atber

had previously interacted with it leads to theresut that it
then (2) nalso false. One i thus e to conclude

e desription of eality as given by a wave function

it not complete

iF

lement of the physical reality st have @ counter-
ot s phyia by We sl call i he
condition of completeness, The second quest
isthus ealy sasweced, 8 0000 8 e v sble 0
decide what are the clements of the physical
realty.
clements of the physical reality cannot

be determined by a priori philosophical con-
siderations, but must be found by an appeal to
s of experments and meserements, A
comprehendive denition o raity

ey o out e We sl e snioiod
with the follwin citerion, which e rgardas

q

prababitity equal fo unity) the value of a physical
aanity, then there esisis an clemen of physical
veality corresponding to this physical quantity. 1t

ms 0 us that this criterion, while far from
eshausting all possible ways of recogizing a
physical reality, at least provides us with one
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such way, whenever the conditions set down in
it occur. Regarded not as a necessary, bu
merely as a suffcient, condition of realty, i
eriterion is in agreement with classical as well as
quantum-mechanical ideas of reality.
To illustrate the ideas involved let us consider
the. quintun-mechanicl d@tnpum\ of the
ing a single degree of

is the concept of sta
completely charactes
I a function of the variables chosen to
describe the particle's behavior. Corresponding
to cach physically observable quantity A there
in an operator, which may be designated by the
same let

11 i cigenfunction of theaperator 4, that

V=Ay=ay, ¢

where @ is a number, then the physical quantity
A has with certainty the value o whenever the
particle is in the state given by ¥. In accordance
withour citsion of el for  parice i the
state given by ¢ for which Eq. (1)
is an element of physical reality C(imw[wmhng
to the physical quantity 4. Let, for cxample,

P @
where J is Planck’s constant, po is some constant
number, and x the independent variable. Since
the operator corresponding to the momentum of
the particle is

= (h/2wi)o 0%,

we abtain
L )

Thus, in the state given by Eq. (2), the momen-
tum has certainly the value po It thus b
meaning to say that the momentum of the par-
ticl te given by Eq. (2) is real.

On the other hand if Eq. (1) does not hold,
we can no longer speak of the physical quantity
4 having a particular value. This i the case, for
example, with the coordinate of the particle. The
operator corresponding to i, say g, is the operator
of multiplication by the independent variable.
Thus,

=syap. )

Introduction to Quantum Computing

In accordance with quantum mechanics we can
only say that the relative probability that a
measurement of the coordinate will give a result
ying between a and b

©

Since this probabilty s independent of o, but
depends only upon the difierence b—a, we see
that all values of the coordinate are equally
probabe.

A definite value of the coordinate, for a par-
ficle in the state given by Fq. (2)

of a particle is known,its coordinate has no physical
reality.

More generally, it is shown in quantum me-
chanics that, if the operators corresponding to
two physical quantities, say 4 and B, do not
commute, that is, if 4B BA, then the precice
knowledge of one of them precludes such a
knowledge of the other. Furthermore, any
attempt to determine the latter experimentally
will alter the state of the system in such a way
as to destroy the knowledge of the first.

tancous reality. For if both of them had simul-
tancous reality—and thus definite values—these
values would enter into the complete description,
sasoding to the condiion of completenom. If
e function provided mch » complete
it would contain these

w(rr\p\mu "

in the state to which it corresponds. At first
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Bohm's thought experiment 7

Suppose a pair of photons are generated in the entangled state \%(|00> + |11))
The first photon is sent to Alice and the second to Bob who are far apart

Alice and Bob can only measure the single photon they have received

Alice can measure only with an observable

Bob can only measure with an observable of
of the form O ® I

the form | ® O’

Now Alice measures her photon and sees that it is the the |0) state which forces the original
state to collapse: \%(]00} + |11)) — |00)
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Bohm's thought experiment V

Suppose a pair of photons are generated in the entangled state \%(|00> + |11))
The first photon is sent to Alice and the second to Bob who are far apart
Alice and Bob can only measure the single photon they have received

Alice can measure only with an observable Bob can only measure with an observable of
of the form O ® | the form | ® O’

Now Alice measures her photon and sees that it is the the |0) state which forces the original
state to collapse: \%(]00} + |11)) — |00)

When Bob now measures his photon he will get |0) with 100% certainty
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Bohm's thought experiment V

Suppose a pair of photons are generated in the entangled state \%(|00> + |11))
The first photon is sent to Alice and the second to Bob who are far apart
Alice and Bob can only measure the single photon they have received

Alice can measure only with an observable Bob can only measure with an observable of
of the form O ® | the form | ® O’

Now Alice measures her photon and sees that it is the the |0) state which forces the original
state to collapse: \%(]00} + |11)) — |00)

When Bob now measures his photon he will get |0) with 100% certainty

Similarly, if Alice measures |1) so will Bob
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Bohm's thought experiment \d

Suppose a pair of photons are generated in the entangled state \%(|00> + |11))
The first photon is sent to Alice and the second to Bob who are far apart
Alice and Bob can only measure the single photon they have received

Alice can measure only with an observable Bob can only measure with an observable of
of the form O ® | the form | ® O’

Now Alice measures her photon and sees that it is the the |0) state which forces the original
state to collapse: \%(]OO} + |11)) — |00)

When Bob now measures his photon he will get |0) with 100% certainty
Similarly, if Alice measures |1) so will Bob

This is true irrespective of who measures their photon “first” since because of special relativity,
it is always possible to find a frame of reference where either Alice or Bob is measuring first
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Bohm's thought experiment \d

Suppose a pair of photons are generated in the entangled state \%(|00> + |11))
The first photon is sent to Alice and the second to Bob who are far apart
Alice and Bob can only measure the single photon they have received

Alice can measure only with an observable Bob can only measure with an observable of
of the form O ® | the form | ® O’

Now Alice measures her photon and sees that it is the the |0) state which forces the original
state to collapse: \%(]OO} + |11)) — |00)

When Bob now measures his photon he will get |0) with 100% certainty
Similarly, if Alice measures |1) so will Bob

This is true irrespective of who measures their photon “first” since because of special relativity,
it is always possible to find a frame of reference where either Alice or Bob is measuring first

There is no causality, just correlated random behavior
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Einstein Podolsky Rosen paradox N

This so-called “spooky action at a distance” profoundly bothers many including Einstein,
Podolsky, and Rosen
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Einstein Podolsky Rosen paradox V

This so-called “spooky action at a distance” profoundly bothers many including Einstein,
Podolsky, and Rosen

“If, without in any way disturbing a system, we can predict with certainty (i.e.,
with probability equal to unity) the value of a physical quantity, then there exists
an element of physical reality corresponding to this physical quantity.”
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Einstein Podolsky Rosen paradox Vv

This so-called “spooky action at a distance” profoundly bothers many including Einstein,
Podolsky, and Rosen

“If, without in any way disturbing a system, we can predict with certainty (i.e.,
with probability equal to unity) the value of a physical quantity, then there exists
an element of physical reality corresponding to this physical quantity.”

This implies that when the two photons are created, there is some additional hidden state that
is created along with the two photons which contains the information about how the result of
Alice's and Bob’s measurements will turn out

This local hidden variable is generated with a random value such that the measurements are
random

If such a theory is correct, then the result of the measurements is determined before the
photons are separated and no possible violations of causality can occur
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“On the Einstein Podolsky Rosen paradox,”

Bell's inequality

Physics Vol. 1, No. 3, pp. 195-200, 1964 Physics Publishing Co.  Printed in the United States

ON THE EINSTEIN PODOLSKY ROSEN PARADOX*

BELL!

I
Department of Physics, University of Wisconsin, Madison, Wisconsin

(Received 4 November 1964)

1. Introduction

THE paradox of Einstein, Podolsky and Rosen (1] was advanced as an argunent that quantum mechanics
‘could not be a complete theory but should be supp by additional variables. These additional vari-
ables were to restore to the theory causality and locality [2]. In this note that idea will be formulated
mathematically and shown to be incompatible with the statistical pred;
the requirement of locality, or more precisely that the result of a measutement on cne system be uraffected
by operations on a distant system with which it has interacted in the past, that creates the essential d
ficuly. There have been attempts (3] to show th thout such a separability or locality require-
ment no “hidden variable” interpretation of quantum mechanics s possible. These attempts have been
exanined elsewhere (4] and found wanting. Moreover, a hidden variable interpretation of elementary quan-
tum theory (5] has been explicitly constructed. That particular interpretation has indeed a grossly non-
local structure. This is characteristic, according to the result to be proved here, of any such theory which
reproduces exactly the quantum mechanical predictions.

Il Formulation

With the example advocated by Bohm and Aharonov [6), the EPR argument is the following. Consider
a pair of spin one-hall particles formed somehow in the singlet spin state and moving freely in opposite
directions. Measurements can be made, say by Stern-Gerlach magnets, on selected components of the
Spins &, and 3. If measurement of the component 3,3, where @ is some unit vector, yields the value
1 then, according to quantum mechanics, measurement of 3,4 must yield the value ~1 and vice vers
Now we make the hypothesis [2], and it scems one at least worth considering, that if the two measure-
ments are made at places remote from one another the orientation of one magaet does not influence the
result obtained with the other. Since we can predict in advance the result of measuring any chosea compo-

‘measurement must actually be predeterined. S 1
determine the result of an individual measurement, this predeternination implies the possibility of a more
complete specification of the state.

Let this more complete specification be effected by means of parameters A. It is a matter of indiffer-
210 n the fellaviag whothe A dentesu singe verisle o & s, o evn ¢ S8 of nctoss, ad vhethor
the variables are discrete of continuous. However, we write ere  single continuous parameter.
The result A of measuring 7, -4 is then determined by @ and )u :nd lhe result B of measuring o+ 5 in the
same instance is determined by 5 and A, and

“Work supported in part by the U.S. Atomic Energy Commission
7o of absence from SLAC and CERN

195

Carlo Segre (lllinois Tech) PHYS 407 -

. value of this vari

J.S. Bell, Physics 1, 195-200 (1964).

196 Js.BELL Vol 1, Mo, 3
AG N = £1,BE N = 1 O]
‘The vital assumption [2] is that the result B for particle 2 does not depend on the setting 4, of the magnet
for particle 1, nor 4 on
I plA) is the pmb-mluy distribution of A then the expectation value of the product of the two com-
ponents 5,3 and 5,5 is
PGB :/;AV(AMG. NBGN @

‘This should equal the quantum mechanical expectation value, which for the singlet state is

<33 5p8>a-d-B. ®

be shown that this is not possible.
Some migh rfe  formlation n sbic the bidden waribles ull nto o et with 4 dependent on
one and B on the other; this possibility s contained bove, since A any number o var
e and he dependences threon of 4 snd B sre umestricted. 1o conpleteshysical heowy of the
type envisaged by Einstein, the hidden variables would have dynamical significance and laws of motion;
our A can then be thought of ss initial values of these variables at some suitabl

L. Hlustrotion

“The proof of the main result is quite simple. Before giving it, however, a number of llustrations may
serve to put it in perspective.

Firstly, there s no difficulty in giving a hidden variable account of spin measurements on a single
particle, Suppose we have a spin half particle in a pure spia state with polarization denoted by a unit
vector 7. Let the hidden variable be (for example) a unit vector X with uniform probabilty distribation
over the henisphere X+ > 0. Specify that the result of measurement of a conponeat o - & is

sign X . “@
where &' is a unit vector demamlm @ and 3 in c ay to be specified, and the sign l\lnthnn

-1 according to the sign of its argument. Actually this leaves the result undetermined when A - &'
Bot o5 e bl oF s 5 3er we Wil et e Specal rescuphone for e Rweroging over X the
expectation value is

<G a>=1-20m, 6}
whete 0' is the angle between &' and 7. Suppose then that &' is obtained from 3 by rotation towards 7
until
1-5- -cosd ®
where 0 is the angle between & and p. Then we have the desired result
<Grd>=cosh @
So in this simple case there is no difficulty in the view that the result of every measurement is determined

by the value of an extra variable, and that the statistical features of quantum mechanics arise because the
ible is unknown in individual instances.

Introduction to Quantum Computing January 25, 2022
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The pair of photons are emitted in an en-
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vectors with results (eigenvalues) +1
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If Op is a 1-qubit observable with two basis
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Bell's thought experiment V

The pair of photons are emitted in an en- 0

tangled state [¢)) = L(|00) + [11)) PR <>
g V2 source Bob
Alice and Bob have polarizers which can be

set to vertical or £60° from vertical

If Oy is a 1-qubit observable with two basis [v) = +cos0[0) +sinf]1) — +1
vectors with results (eigenvalues) +1 lvt) = —sin]0) + cosf|1)
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Bell's thought experiment V

The pair of photons are emitted in an en-
tangled state |¢)) = —(|00) + |11)) 0 EPR "
& V2 source Bob

Alice and Bob have polarizers which can be
set to vertical or £60° from vertical

If Oy is a 1-qubit observable with two basis [v) = +cos0[0) +sinf]1) — +1

vectors with results (eigenvalues) +1 lvt) = —sind|0) 4+ cos A1) — —1

According to quantum mechanics, what is the probability of Alice and Bob obtaining the same
value when they make their individual measurements, Oy, ® | and | ® Oy,?
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Bell's thought experiment \ i

The pair of photons are emitted in an en-
tangled state |¢)) = —(|00) + |11)) 0 EPR "
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For the two measurements to result in |v1)|v2) or |vi-)|vs), the projector must be
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Bell's thought experiment V

The pair of photons are emitted in an en- 0

tangled state [¢)) = L(|00) + [11)) PR <>
g V2 source Bob

Alice and Bob have polarizers which can be

set to vertical or £60° from vertical

If Oy is a 1-qubit observable with two basis [v) = +cos0[0) +sinf]1) — +1
vectors with results (eigenvalues) +1 lvt) = —sind|0) 4+ cos A1) — —1

According to quantum mechanics, what is the probability of Alice and Bob obtaining the same
value when they make their individual measurements, Oy, ® | and | ® Oy,?

Start with the projectors for each of the

PYi = |v: . PVil — L L
measureable states |v;) and |v;t) [vir{vil Vi) (v

For the two measurements to result in |v1)|v2) or |vi-)|vs), the projector must be

P=(Pra)(l®P?) + (PT ol)(leP%)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 25, 2022 6/18



Bell's thought experiment V
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tangled state [¢)) = L(|00) + [11)) PR <>
g V2 source Bob

Alice and Bob have polarizers which can be

set to vertical or £60° from vertical

If Oy is a 1-qubit observable with two basis [v) = +cos0[0) +sinf]1) — +1
vectors with results (eigenvalues) +1 lvt) = —sind|0) 4+ cos A1) — —1

According to quantum mechanics, what is the probability of Alice and Bob obtaining the same
value when they make their individual measurements, Oy, ® | and | ® Oy,?

Start with the projectors for each of the

PYi = |v: . PVil — L L
measureable states |v;) and |v;t) [vir{vil Vi) (v

For the two measurements to result in |v1)|v2) or |vi-)|vs), the projector must be

P=(P1al)(leP?)+ (PP @) (loP2)=(P*eP"?) + (P4 ®P%)
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Quantum mechanics prediction A

Now expand each of the two projection operators P***2 and Pvivi

|v) = +cos0|0) +sind|1) and |v) = —sin0|0) + cosf|1)

recalling that
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Quantum mechanics prediction VYV

Now expand each of the two projection operators P***2 and Pvivi recalling that
|v) = 4+ cos0|0) +sinf|1) and |v1) = —sinH|0) + cosf|1)

P2 = P @ P% = (Jvi){v1] @ |v2)(v2|)
= |v1)|v2)( cos 01 cos 62(00] )
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Quantum mechanics prediction VYV
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Quantum mechanics prediction VYV
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Quantum mechanics prediction VYV
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Quantum mechanics prediction i

Now expand each of the two projection operators P***2 and Pvivi recalling that
|v) = 4+ cos0|0) +sinf|1) and |v1) = —sinH|0) + cosf|1)
P72 = P @ P% = (Jvi)(v| @ [v2)(v2)
= |vi)|v2)( cos 61 cos 82(00| + cos 07 sin B2 (01| + sin 61 cos #2(10] + sin O7 sin H2(11])
P =P @ P = (v (v | @ ) (v )
= |vi)|vsh) (sin By sin B2(00] — sin 61 cos (01| — cos b1 sin B2 (10| 4 cos f; cos B (11|)

Using these projection operators, measure the probability of Alice and Bob getting the same
answer when applied to [¢)) = %UOO) +]11)) by applying P = P12 + PVi V2
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Quantum mechanics prediction i

Now expand each of the two projection operators P***2 and Pvivi recalling that
|v) = 4+ cos0|0) +sinf|1) and |v1) = —sinH|0) + cosf|1)
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answer when applied to [¢)) = %UOO) +]11)) by applying P = P12 + PVi V2

Ply)y = %]vl)]vz)(cos 01 cos b + sin 01 sin0y) + %]vﬁ\vzﬂ(sin 01 sin 6, + cos 61 cos 6)

= T cos(b1 — a)[[vi)lva) + vi)[va )] —  (¥|P[y) = cos*(6r — 62)
The probability of [1/) being found in the +1 eigenspace generated by {|v1)|va), |vi)|vs )}
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Photon polarization example

The three polarizations for each filter represent

three different observables, Myo, M g00, and
M_e0°

Carlo Segre (lllinois Tech)
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Photon polarization example V

The three polarizations for each filter represent

three different observables, Myo, M g00, and % ) EPR "
M_600

source Bob

Each observable has only two outcomes, the

photon passing through (outcome P) or the (1)|0p, @ O, |9)) = cos*(61 — 62)
photon being absorbed (outcome A)
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Photon polarization example V

The three polarizations for each filter represent

three different observables, Mgo, Moo, and % - | EPR | 1"

source Bob
M_600

Each observable has only two outcomes, the )
photon passing through (outcome P) or the (¥[0g, ® Oy, |th) = cos™(61 — 62)
photon being absorbed (outcome A)

We can now compute the probabilities for all
different settings of the two polarizers (remem-
ber Alice and Bob choose the settings randomly
and measure at any time they like)
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Photon polarization example

The three polarizations for each filter represent

M_e0°

Each observable has only two outcomes, the
photon passing through (outcome P) or the
photon being absorbed (outcome A)

01 — 6o
We can now compute the probabilities for all 0°
different settings of the two polarizers (remem- 1600

ber Alice and Bob choose the settings randomly
and measure at any time they like)
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three different observables, Myo, M g00, and " « EPR "
M_e00 source Bob
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photon passing through (outcome P) or the
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Photon polarization example

The three polarizations for each filter represent
three different observables, Mgo, Mygpo, and
M_600

Each observable has only two outcomes, the
photon passing through (outcome P) or the
photon being absorbed (outcome A)

We can now compute the probabilities for all
different settings of the two polarizers (remem-
ber Alice and Bob choose the settings randomly
and measure at any time they like)

\d

G

(| 0p, ® Oy,|p) = cos®(61 — )

01 — 62
0°
+60°
+120°

cos (01 — 62)
1
_l’_

NI N~

Probability

FNTENN TS

If the polarizers are set randomly and independently, they will be the same % of the time
100% probability of the measurements agreeing and be different % of the time with 25%

probability of the measurements agreeing
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Photon polarization example

The three polarizations for each filter represent

\d

three different observables, Myo, M g00, and " « EPR "
M_e00 source Bob

Each observable has only two outcomes, the

photon passing through (outcome P) or the (¥]0p, @ Oy,|1) = cos®(61 — 02)

photon being absorbed (outcome A)

We can now compute the probabilities for all 0° 1 1
different settings of the two polarizers (remem- 1600 41 1
ber Alice and Bob choose the settings randomly . % ‘1‘
and measure at any time they like) +120 -2 7

If the polarizers are set randomly and independently, they will be the same % of the time
100% probability of the measurements agreeing and be different % of the time with 25%
probability of the measurements agreeing

The overall probability of measurements agreeing is thus % -1+ % S =3
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Consequences of a local hidden variable

Suppose there is a local hidden state associated with each pho-

ton which determines the result of the measurement in each of
the three polarizer settings
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Consequences of a local hidden variable

Suppose there is a local hidden state associated with each pho-

ton which determines the result of the measurement in each of
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Consequences of a local hidden variable

Suppose there is a local hidden state associated with each pho-
ton which determines the result of the measurement in each of
the three polarizer settings

There can only be 23 such states for this kind of system

We know that when both filters are in the same position the
two measurements of an EPR pair must coincide such that if
Alice’s measurements are to be PAP, then Bob's must also be
PAP so we enumarate the 9 possible filter settings and see what
the local hidden variables predict
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Consequences of a local hidden variable

Suppose there is a local hidden state associated with each pho- Polarizer
ton which determines the result of the measurement in each of 2T X
the three polarizer settings hp P P P
3 L hh P P A
There can only be 2° such states for this kind of system
h P A P
We know that when both filters are in the same position the hs P A A
two measurements of an EPR pair must coincide such that if ha A P P
Alice's measurements are to be PAP, then Bob's must also be hs A P A
PAP so we enumarate the 9 possible filter settings and see what he A A P
the local hidden variables predict hy A A A

{CA ), (), (A0, (10 7), (1), (=), O 2), (N 1), (NN )}

If the hidden state is hg or h; measurements agree for all possible filter settings
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Consequences of a local hidden variable V

Suppose there is a local hidden state associated with each pho- Polarizer
ton which determines the result of the measurement in each of 2T X
the three polarizer settings hp P P P
3 L hh P P A
There can only be 2° such states for this kind of system
h P A P
We know that when both filters are in the same position the hs P A A
two measurements of an EPR pair must coincide such that if ha A P P
Alice's measurements are to be PAP, then Bob's must also be hs A P A
PAP so we enumarate the 9 possible filter settings and see what he A A P
the local hidden variables predict hy A A A

{CA ), (), (A0, (10 7), (1), (=), O 2), (N 1), (NN )}

If the hidden state is hg or h; measurements agree for all possible filter settings but for the

other 6 hidden states g of the measurements will agree giving total probability 1- % + g -g = 18—2

This does not match the quantum mechanics result of %
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Bell's inequality V

The previous is a special case of Bell's inequality, which is a more general derivation
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If we have two detectors with three polarizations each, a, b, and ¢ we define the following
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P.y: the observed probabilities of the two EPR photons interacting the same way with the first
polarizer set to x and the second set to y or the first set to y and the second set to x
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According to a local hidden variable theory, the result of a measurement is determined by the
value of the hidden state h
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According to a local hidden variable theory, the result of a measurement is determined by the
value of the hidden state h

Since the measurements of the two photons are identical if the filter settings are the same
(P«x = 1), both photons must be described by the same hidden variable
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The previous is a special case of Bell's inequality, which is a more general derivation
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probabilities

P.y: the observed probabilities of the two EPR photons interacting the same way with the first
polarizer set to x and the second set to y or the first set to y and the second set to x

According to a local hidden variable theory, the result of a measurement is determined by the
value of the hidden state h

Since the measurements of the two photons are identical if the filter settings are the same
(P«x = 1), both photons must be described by the same hidden variable

Define Pfy to be 1 if the results of the two measurements agree on states with hidden variable
h and 0 otherwise
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Bell's inequality \d

The previous is a special case of Bell's inequality, which is a more general derivation

If we have two detectors with three polarizations each, a, b, and ¢ we define the following
probabilities

P.y: the observed probabilities of the two EPR photons interacting the same way with the first
polarizer set to x and the second set to y or the first set to y and the second set to x

According to a local hidden variable theory, the result of a measurement is determined by the
value of the hidden state h

Since the measurements of the two photons are identical if the filter settings are the same
(P«x = 1), both photons must be described by the same hidden variable

Define Pfy to be 1 if the results of the two measurements agree on states with hidden variable
h and 0 otherwise

Finally, let wy be the probability with wich the EPR source emits photons of kind h
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Bell's inequality (cont.) V

The sum of the observed probabilities the three combinations P, + P.c + Ppyc is given by

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 25, 2022 11/18



Bell's inequality (cont.) V
The sum of the observed probabilities the three combinations P,y + Pac + Py is given by

Pus Pt Prc = S (Pl + Pl P
h
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Bell's inequality (cont.) V
The sum of the observed probabilities the three combinations P, + P.c + Ppyc is given by

Pab+Pac+Pbc:th<P£b+ch+ch>
h

However, as we saw from the simple example, for every possible local hidden state h, the result

of measuring the two photons will be the same for one or more of the three combinations, P:b,

h h
P, or Pbc
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However, as we saw from the simple example, for every possible local hidden state h, the result

of measuring the two photons will be the same for one or more of the three combinations, P:b,

h h
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Pl + Pl +Pp. > 1
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Bell's inequality (cont.) \d
The sum of the observed probabilities the three combinations P, + P.c + Ppyc is given by

Pab+Pac+Pbc:th<P£b+ch+ch>
h

However, as we saw from the simple example, for every possible local hidden state h, the result
of measuring the two photons will be the same for one or more of the three combinations, P:b,
Ph_, or P} and this forces the sum to be greater than 1 for any values of a, b, and ¢

P:b+P:c+chzl — Pab+Pac+Pbc>1

This is Bell's inequality and provides an experimentally testable condition
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Bell's inequality (cont.) \d
The sum of the observed probabilities the three combinations P, + P.c + Ppyc is given by

Pab+Pac+Pbc:th<Pgb+ch+ch>
h

However, as we saw from the simple example, for every possible local hidden state h, the result
of measuring the two photons will be the same for one or more of the three combinations, P:b,
Ph_, or P} and this forces the sum to be greater than 1 for any values of a, b, and ¢

P:b+P:c+chzl — Pab+Pac+Pbc>1

This is Bell's inequality and provides an experimentally testable condition

For the angle between a and b being 6 and the angle between b and ¢ being ¢ we have that

P.p + Pac 4 Ppe = cos? 0 4 cos?(0 + ¢) + cos® ¢ > 1
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Testing Bell's inequality vV

Pab + Pac + Pyc = COS2(03 —0b) + COS2(03 —0c) + COSQ(eb —0c)>1
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Testing Bell's inequality i
P.b + Pac + Ppe = c052(9a —0p) + cosz(Qa —0.)+ cosz(Qb —0.)>1

Take the worst case, that of 6, = g 0, =0, and . =~y

o

o

\
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Testing Bell's inequality

P.b+ Pac + Ppe = cos?(6, — 0p) + cos®(0, — 0.) + cos?(0, — 0c) > 1

Take the worst case, that of 6, = g 0, =0, and . =~y

T
P.p = cos? > =0

Pe = cos’(—7)
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Testing Bell's inequality

P.b+ Pac + Ppe = cos?(6, — 0p) + cos®(0, — 0.) + cos?(0, — 0c) > 1

Take the worst case, that of 6, = g 0, =0, and . =~y

T
P., = cos? 5= 0
Py = cos?(—v) = cos?

T
P,c = cosz(E -7)
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Testing Bell's inequality

P.b+ Pac + Ppe = cos?(6, — 0p) + cos®(0, — 0.) + cos?(0, — 0c) > 1

Take the worst case, that of 6, = g 0, =0, and . =~y
s
P., = cos? 5= 0
Py = cos?(—v) = cos?

P.c = cosz(g — ) =sin?y
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Testing Bell's inequality

P.b+ Pac + Ppe = cos?(6, — 0p) + cos®(0, — 0.) + cos?(0, — 0c) > 1

Take the worst case, that of 6, = g 0, =0, and . =~y

T
P.p = cos? > =0

Py = cos?(—v) = cos?

P.c = cosz(g — ) =sin?y

P.p+ Pac + Ppe = 0+ cos®y +sin*y =1 % 1
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Testing Bell's inequality

P.p+ Py + Ppe = c052(9a —0p) + cosz(Qa —

Take the worst case, that of 6, = g 0, =0, and . =~y

T

P., = cos? 5= 0

Py = cos?(—v) = cos?
P = cosz(g — ) =sin?y

P.p+ Pac + Ppe = 0+ cos®y +sin*y =1 % 1

All other cases give answers that are less than 1 and thus an experimental result predicted by

6.) 4+ cos?(A, — 6.) > 1

(@

b

»
>

quantum mechanics would rule out the presence of any local hidden variables
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Py = cos?(—v) = cos?
P = cosz(g — ) =sin?y
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All other cases give answers that are less than 1 and thus an experimental result predicted by

6.) 4+ cos?(A, — 6.) > 1

(@
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quantum mechanics would rule out the presence of any local hidden variables

Carlo Segre (lllinois Tech)
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The EPR experiment V;.-

COINCIDENCE
MONITORING

The nominal EPR experiment with photons has two photons emitted by a single source and
their polarizations measured by two polarizers 3 and b to measure their correlation
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The EPR experiment \d

COINCIDENCE
MONITORING

The nominal EPR experiment with photons has two photons emitted by a single source and
their polarizations measured by two polarizers 3 and b to measure their correlation

while a number of experiments of this kind yielded the expected result, the fact that the
polarizers are static is problematic and could be argued to violate Bell's conditions
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The EPR experiment \d

COINCIDENCE
MONITORING

The nominal EPR experiment with photons has two photons emitted by a single source and
their polarizations measured by two polarizers 3 and b to measure their correlation

while a number of experiments of this kind yielded the expected result, the fact that the
polarizers are static is problematic and could be argued to violate Bell's conditions

what is needed is a system where the relative orientation of 3 and b is randomized and
unknown at the time of photon emission
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this experiment used two different orientations of the polarizers on each side and used fast
switches to randomly and in an uncorrelated manner switch between the two possibilities
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FOURFOLD COINCIDENCE
L>— MONITORING ‘—<—J

this experiment used two different orientations of the polarizers on each side and used fast
switches to randomly and in an uncorrelated manner switch between the two possibilities

the switches work on a time scale of ~10 ns while the transit time of the photons, L/c ~ 40 ns

measurements are taken with all 4 polarizers in place, only two in place and none in place
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Acoustical Bragg switching \ i

an acoustic generator is used to actuate the switches which are standing waves in water

Bragg diffraction occurs when the amplitude is maximum, twice each period
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The results of the three different correlation experiments are used to compute the quantity S,
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for (3, b') = 67.5° and all others 22.5° we have

Sexpt = 0.101 £ 0.020
Som = 0.112
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tween polarizers also follows the quantum pre-
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The results of the three different correlation experiments are used to compute the quantity S,
which is corresponds to Bell's inequality
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Latest Bell tests \d

Since 1982 many groups have improved on these experiments and removed any loopholes that
were present in the original experiments
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Since 1982 many groups have improved on these experiments and removed any loopholes that
were present in the original experiments

The first is the “locality” loophole that the result of a measurement at one polarizer does not
depend on the orientation of the other This can be solved by ensuring that the choice of
polarizer orientation is done while the two photons are in flight to Alice and Bob

While this was done in the 1982 experiment, there were only a limited number of orientations
available

This was solved in 1998 with genuine random numbers used to select orientations

The second is the “detection” loophole that due to the low fraction of detected pairs in all the
experiments, one could not be sure that the photons being detected were representative of all
photons

This was solved in 2013 with high quantum efficiency detectors

Finally in 2015, three papers came out which closed both loopholes simultaneously
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