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A linear transformation, X, that swaps |0) and |1) is with an alternative notation being

x=oa+moi=(5 )+ (28)=(7 ) X{R::;i
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A linear transformation, X, that swaps |0) and |1) is with an alternative notation being
01 00 01 0) = [1)

X = [0)(1] + 1)(0] = + - . X
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In a 2-qubit system, what is the transformation that exchanges |00) and |10) but does not
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This will be a 4 x 4 matrix and the corresponding outer products are

100 (10] + |01)(01] 4 |10)(00] + [11)(11] =

o= OO
[N el o]
o O o
= O O O
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It is evident that an operator in an n-qubit system which maps |j) — |i) and leaves all the
others the same in the standard basis is O = |i)(j|

a general operator with entries aj; is 0= Z Z ag|i)(j
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the operator can be written in the same way for any basis {[8;)} as O = _, > b;|3:) (8]

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022

5/12



Measuring with projection operators vV

Previously used projection onto a detector to describe measurement, now generalize

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 6/12



Measuring with projection operators

A\

Previously used projection onto a detector to describe measurement, now generalize

Consider a subspace, S of V all of whose vectors are orthogonal to a subspace S+ such that
V=Sost

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

January 20, 2022 6/12



Measuring with projection operators V

Previously used projection onto a detector to describe measurement, now generalize

Consider a subspace, S of V all of whose vectors are orthogonal to a subspace S+ such that
V=SaSst

Any vector |v) € V can be written as |v) = §; + $> where 5] € S and 53 € S+

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing

January 20, 2022 6/12



Measuring with projection operators V

Previously used projection onto a detector to describe measurement, now generalize

Consider a subspace, S of V all of whose vectors are orthogonal to a subspace S+ such that
V=SaSst

Any vector |v) € V can be written as |v) = §; + $> where 5] € S and 53 € S+

For any subspace S, the projection operator Ps is the linear operator Ps : V — S that sends
|v) — si

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 6/12



Measuring with projection operators \ i

Previously used projection onto a detector to describe measurement, now generalize
Consider a subspace, S of V all of whose vectors are orthogonal to a subspace S+ such that
V=SaSst

Any vector |v) € V can be written as |v) = §; + $> where 5] € S and 53 € S+

For any subspace S, the projection operator Ps is the linear operator Ps : V — S that sends
|v) — si

To generalize, for any direct sum decomposition of V = 51 & --- & Sy into k orthogonal
subspaces, there are k related projection operators P; : V — S; such that

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 6/12



Measuring with projection operators \ i

Previously used projection onto a detector to describe measurement, now generalize
Consider a subspace, S of V all of whose vectors are orthogonal to a subspace S+ such that
V=SaSst

Any vector |v) € V can be written as |v) = §; + $> where 5] € S and 53 € S+

For any subspace S, the projection operator Ps is the linear operator Ps : V — S that sends
|v) — si

To generalize, for any direct sum decomposition of V = 51 & --- & Sy into k orthogonal
subspaces, there are k related projection operators P; : V — S; such that

Pilv) = s, V) =8 +---+5, sES

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 6/12



Measuring with projection operators \ i

Previously used projection onto a detector to describe measurement, now generalize
Consider a subspace, S of V all of whose vectors are orthogonal to a subspace S+ such that
V=SaSst
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Any vector |v) € V can be written as |v) = §; + $> where 5] € S and 53 € S+
For any subspace S, the projection operator Ps is the linear operator Ps : V — S that sends
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normalized so a detector, with associated decomposition V = S @ S+ is applied to |1)) must
produce a normalized state |¢)

Pil¢) = cilg)
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Measuring with projection operators \ i

Previously used projection onto a detector to describe measurement, now generalize
Consider a subspace, S of V all of whose vectors are orthogonal to a subspace S+ such that
V=SaSst
Any vector |v) € V can be written as |v) = §; + $> where 5] € S and 53 € S+
For any subspace S, the projection operator Ps is the linear operator Ps : V — S that sends
|v) — si
To generalize, for any direct sum decomposition of V = 51 & --- & Sy into k orthogonal
subspaces, there are k related projection operators P; : V — S; such that

Pilv) = si, v)=si+-+sk S€ES

The state, §;, resulting from the projection operator P; applied to a state [¢)) is not necessarily
normalized so a detector, with associated decomposition V = S @ S+ is applied to |1)) must
produce a normalized state |¢)

Pily) = cilg)  —  |8) = Pily))/|Pily)]
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Projector examples VYV

Given a single qubit state ) = a|0) + b|1)
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Projector examples A

Given a single qubit state ) = a|0) + b|1)
apply the projector (0)(0 0)(01) = a(oferTo) + biorTo
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Projector examples A

Given a single qubit state ) = a|0) + b|1)
apply the projector [0)(0) 0)(0[) = a(0}o7T0) + b(ofTT0) = alo)
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Projector examples
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Projector examples

Given a single qubit state ) = a|0) + b|1)

0)(0]4) = a(0167T0) + bORITO) = al0)

Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

apply the projector |0)(0]

110)(10]¢) = a00|10)(10]00) + a01|10)(10]01) + a10|10)(10[10) + a11|10)(10[11)
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Projector examples

Given a single qubit state ) = a|0) + b|1)

1 0
0)(0J) = a(0t07]0) + b(OT0) = 2/0)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10]6) = a00|10) (10667 a01|10) (10/6T7"F a1|10) (104207} a1, [10) (10}

apply the projector |0)(0]
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Projector examples

<

Given a single qubit state ) = a|0) + b|1)

1 0
0)(0J) = a(0t07]0) + b(OT0) = 2/0)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10[¢)) = a00|10) (10607 a1 |10) (10{61T a10|10) (10T a11[10) (10HAT™= 210]10)

If Ps is a projector from an n-dimensional vector space V onto an k-dimensional subspace S
with basis {|ao), ..., |ak—1)} then

apply the projector |0)(0]
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Projector examples
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Given a single qubit state ) = a|0) + b|1)

1 0
0)(0J) = a(0t07]0) + b(OT0) = 2/0)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10[¢)) = a00|10) (10607 a1 |10) (10{61T a10|10) (10T a11[10) (10HAT™= 210]10)

If Ps is a projector from an n-dimensional vector space V onto an k-dimensional subspace S
with basis {|ao), ..., |ak—1)} then
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i=0
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Projector examples

-

Given a single qubit state ) = a|0) + b|1)

1 0
0)(0J) = a(0t07]0) + b(OT0) = 2/0)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10[¢)) = a00|10) (10607 a1 |10) (10{61T a10|10) (10T a11[10) (10HAT™= 210]10)

If Ps is a projector from an n-dimensional vector space V onto an k-dimensional subspace S
with basis {|ao), ..., |ak—1)} then
k—1

Ps = |aj){ail = |ao){ao| + -+~ + |ak-1){ak-1]
i=0

apply the projector |0)(0]
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Projector examples

Given a single qubit state ) = a|0) + b|1)

apply the projector [0)(0) 0)(01) = a(040710) + byofT0) = alo)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10[¢)) = a00|10) (10607 a1 |10) (10{61T a10|10) (10T a11[10) (10HAT™= 210]10)

If Ps is a projector from an n-dimensional vector space V onto an k-dimensional subspace S

with basis {|ao), ..., |ak—1)} then
k-1
Ps = lai)(ail = o) (o + - - + ak—1) (1]
i=0

If |¢) = ap0|00) + ap1|01) + a10/10) + a11]/11) and S is a subspace spanned by |00), |01) then
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Given a single qubit state ) = a|0) + b|1)

apply the projector [0)(0) 0)(01) = a(040710) + byofT0) = alo)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10[¢)) = a00|10) (10607 a1 |10) (10{61T a10|10) (10T a11[10) (10HAT™= 210]10)

If Ps is a projector from an n-dimensional vector space V onto an k-dimensional subspace S

with basis {|ao), ..., |ak—1)} then
k-1
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If |¢) = ap0|00) + ap1|01) + a10/10) + a11]/11) and S is a subspace spanned by |00), |01) then
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Projector examples

Given a single qubit state ) = a|0) + b|1)

apply the projector [0)(0) 0)(01) = a(040710) + byofT0) = alo)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10[¢)) = a00|10) (10607 a1 |10) (10{61T a10|10) (10T a11[10) (10HAT™= 210]10)

If Ps is a projector from an n-dimensional vector space V onto an k-dimensional subspace S

with basis {|ao), ..., |ak—1)} then
k-1
Ps = lai)(ail = o) (o + - - + ak—1) (1]
i=0

If |¢) = ap0|00) + ap1|01) + a10/10) + a11]/11) and S is a subspace spanned by |00), |01) then
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Projector examples

Given a single qubit state ) = a|0) + b|1)

apply the projector [0)(0) 0)(01) = a(040710) + byofT0) = alo)
Given a 2-qubit state |¢) = app|00) + ap1|01) + a10/10) + a11|11), apply the projector |10)(10|

110)(10[¢)) = a00|10) (10607 a1 |10) (10{61T a10|10) (10T a11[10) (10HAT™= 210]10)

If Ps is a projector from an n-dimensional vector space V onto an k-dimensional subspace S

with basis {|ao), ..., |ak—1)} then
k-1
Ps = lai)(ail = o) (o + - - + ak—1) (1]
i=0

If |¢) = ap0|00) + ap1|01) + a10/10) + a11]/11) and S is a subspace spanned by |00), |01) then
Ps = 100)(00] + [01)(01] —>  Ps|t) = apo|00) + ag1|01),  [Ps|e)[* # 1
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Adjoint operators vV

if operator O acts on spaces V and W as
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if operator O acts on spaces V and W as O W =V
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Adjoint operators

if operator O acts on spaces V and W as O-W—V
its adjoint, OT acts as and is defined by ot-v-ow
where V€ V and w € W olv.-w=v-0ow
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Adjoint operators i

if operator O acts on spaces V and W as O-W—V
its adjoint, OT acts as and is defined by ot-v-ow
where V€ V and w € W Olv-w=v-0ow

In terms of matrices, O is the conjugate transpose of O
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Adjoint operators

if operator O acts on spaces V and W as

its adjoint, OT acts as and is defined by

where ve Vand we W

In terms of matrices, O is the conjugate transpose of O

Recall that (x| is the conjugate transpose of |x) so that given an operator A and its adjoint

AT we have ((x|AT) = (A]x))T
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Adjoint operators V

if operator O acts on spaces V and W as O-W—V
its adjoint, OT acts as and is defined by ot-v-ow
where V€ V and w € W Olv-w=v-0ow

In terms of matrices, O is the conjugate transpose of O

Recall that (x| is the conjugate transpose of |x) so that given an operator A and its adjoint
AT we have ((x|AT) = (A]x))T

The inner product of Of|x) and |w) is thus equal to the inner product of |x) and O|w)
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Adjoint operators

if operator O acts on spaces V and W as O-W—V
its adjoint, OT acts as and is defined by ot-v-ow
where V€ V and w € W Olv-w=v-0ow

In terms of matrices, O is the conjugate transpose of O

Recall that (x| is the conjugate transpose of |x) so that given an operator A and its adjoint
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Adjoint operators

if operator O acts on spaces V and W as O-W—V
its adjoint, OT acts as and is defined by ot-v-ow
where V€ V and w € W Olv-w=v-0ow

In terms of matrices, O is the conjugate transpose of O

Recall that (x| is the conjugate transpose of |x) so that given an operator A and its adjoint
AT we have ((x|AT) = (A]x))T

The inner product of Of|x) and |w) is thus equal to the inner product of |x) and O|w)
(O'1x)) = ((x|0) — ((x|0)lw) = (x|O|w) = (x|(O|w))

The projection operator is self-adjoint (or Hermitian) so that P = P and applying it multiple
times is the same as applying it once. Take P = |a){¢|
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if operator O acts on spaces V and W as O-W—V
its adjoint, OT acts as and is defined by ot-v-ow
where V€ V and w € W Olv-w=v-0ow

In terms of matrices, O is the conjugate transpose of O

Recall that (x| is the conjugate transpose of |x) so that given an operator A and its adjoint
AT we have ((x|AT) = (A]x))T

The inner product of Of|x) and |w) is thus equal to the inner product of |x) and O|w)
(O'1x)) = ((x|0) — ((x|0)lw) = (x|O|w) = (x|(O|w))

The projection operator is self-adjoint (or Hermitian) so that P = P and applying it multiple
times is the same as applying it once. Take P = |a){¢|
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Measurement of a single qubit

V is the vector space associated with a single-qubit
system and the direct sum decomposition of V
in the standard basis is V = S & S’ where S is
generated by |0) and S’ is generated by |1)
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Measurement of a single qubit

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V B )

in the standard basis is V = S & S’ where S is F:_ 102401, Pl' V= 5/
generated by |0) and S’ is generated by |1) Pi=nl, PV =S
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Measurement of a single qubit N

V is the vector space associated with a single-qubit
system and the direct sum decomposition of V
P= P:Vv
in the standard basis is V = S & S’ where S is 102401, =3

/ /. ’
generated by |0) and S’ is generated by |1) P =I1){1], P:V=S5S

Measurement of state [¢)) = a|0) + b|1) is done as
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Measurement of a single qubit N

V is the vector space associated with a single-qubit
system and the direct sum decomposition of V
P= P:Vv
in the standard basis is V = S & S’ where S is 102401, =3

generated by |0) and S’ is generated by |1) Pr=(l,  P:v-=9
Measurement of state [¢)) = a|0) + b|1) is done as
PIy) = 0){0](al0) + bl1) = [0} (a(0407"+ (O} = 2[0)
P'ly) = [1)(1(al0) + b[1)) Wer (11))
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Measurement of a single qubit

<

V is the vector space associated with a single-qubit
system and the direct sum decomposition of V
P= P:Vv
in the standard basis is V = S & S’ where S is 102401, =3

/ /. ’
generated by |0) and S’ is generated by |1) P =I1){1], P:V=S5S

Measurement of state [¢)) = a|0) + b|1) is done as
PIy) = 10) (01(210) + b[1)) = 10} (a(0}0T"+ B(OHT) = al0).
P'ly) = [1)(1(al0) + b[1)) = WJF bm = b[1),

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 9/12



Measurement of a single qubit \ 74

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V B )

in the standard basis is V = S & S’ where S is F:_ 102401, Pl' V= S/
generated by |0) and S’ is generated by |1) Pi=nl, PV =S

Measurement of state [¢)) = a|0) + b|1) is done as

PIu) = [0)(0](al0) + b[1)) = [0)(a(0i67+ b(OHTT = al0),  Plo) — §|0>
PJi) = [1)(11(al0) + bI1)) = [1)(a{le]+ bLTTT = bl1),  P'lo) —> ,’;‘m
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Measurement of a single qubit \ 74

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V B )

in the standard basis is V = S & S’ where S is F:_ 102401, Pl' V= S/
generated by |0) and S’ is generated by |1) Pi=nl, PV =S

Measurement of state [¢)) = a|0) + b|1) is done as

PIu) = [0)(0](al0) + b[1)) = [0)(a(0i67+ b(OHTT = al0),  Plo) — §|0>
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with probabilities given by
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Measurement of a single qubit \ 74

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V B )

in the standard basis is V = S & S’ where S is F:_ 102401, Pl' V= S/
generated by |0) and S’ is generated by |1) Pi=nl, PV =S

Measurement of state [¢)) = a|0) + b|1) is done as

PIu) = [0)(0](al0) + b[1)) = [0)(a(0i67+ b(OHTT = al0),  Plo) — §|0>
PJi) = [1)(11(al0) + bI1)) = [1)(a{le]+ bLTTT = bl1),  P'lo) —> ,’;‘m

with probabilities given by

|Ply)* = (|PTP|y)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 9/12



Measurement of a single qubit

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V P — (0)(0)
in the standard basis is V = S & S’ where S is , ’
generated by |0) and S’ is generated by |1) Pr =11l

Measurement of state [¢)) = a|0) + b|1) is done as
PIy) = 0){0](al0) + bl1) = [0} (a(0407"+ (O] = 2l0),  Pl0)
P'ly) = [1)(1(al0) + b[1)) = WJF bm =bl1),  P'|0)

with probabilities given by

IPl)P = (|PTPIy) = (|PP|y) = (¢|Py)
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Measurement of a single qubit

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V P — (0)(0)
in the standard basis is V = S & S’ where S is , ’
generated by |0) and S’ is generated by |1) Pr =11l

Measurement of state [¢)) = a|0) + b|1) is done as
PIu) = [0)(0](al0) + b|1}) = [0)(a(0i0]"+ oI} = alo),  Plo
Plo) = 11){11(al0) + bl1)) = [1)(agtie+ b} = bl1),  PJ0
with probabilities given by

IPI)I = (wIPTPIY) = (w|PPly) = (¢]Ply) = (1[0)(0])
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Measurement of a single qubit \ 74

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V B )

in the standard basis is V = S & S’ where S is F:_ 102401, Pl' V= S/
generated by |0) and S’ is generated by |1) Pi=nl, PV =S

Measurement of state [¢)) = a|0) + b|1) is done as

PIu) = [0)(0](al0) + b[1)) = [0)(a(0i67+ b(OHTT = al0),  Plo) — §|0>
PJi) = [1)(11(al0) + bI1)) = [1)(a{le]+ bLTTT = bl1),  P'lo) —> ,’;‘m

with probabilities given by

IPI)? = (|PTP|y) = (|PPly) = (|Ply) = (1]0)(0)¢p) = 3a = |af?
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Measurement of a single qubit \ 74

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V B )

in the standard basis is V = S & S’ where S is F:_ 102401, Pl' V= S/
generated by |0) and S’ is generated by |1) Pi=nl, PV =S

Measurement of state [¢)) = a|0) + b|1) is done as

PIu) = [0)(0](al0) + b[1)) = [0)(a(0i67+ b(OHTT = al0),  Plo) — §|0>
PJi) = [1)(11(al0) + bI1)) = [1)(a{le]+ bLTTT = bl1),  P'lo) —> ,’;‘m

with probabilities given by
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Measurement of a single qubit \ 74

V is the vector space associated with a single-qubit

system and the direct sum decomposition of V B )

in the standard basis is V = S & S’ where S is F:_ 102401, Pl' V= S/
generated by |0) and S’ is generated by |1) Pi=nl, PV =S

Measurement of state [¢)) = a|0) + b|1) is done as

PIu) = [0)(0](al0) + b[1)) = [0)(a(0i67+ b(OHTT = al0),  Plo) — §|0>
PJi) = [1)(11(al0) + bI1)) = [1)(a{le]+ bLTTT = bl1),  P'lo) —> ,’;‘m

with probabilities given by

IPI)? = (|PTP|y) = (|PPly) = (|Ply) = (1]0)(0)¢p) = 3a = |af?
|P'|) [ = (@|P|y) = (]1)(1]yp) = |b]?
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Measuring a 2-qubit state 7

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are
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Measuring a 2-qubit state 7

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10],
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Measuring a 2-qubit state i

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]
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Measuring a 2-qubit state S

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives
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Measuring a 2-qubit state S

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives

Pilé) = 1ii)(ij] Y _ ama|mn)
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Measuring a 2-qubit state

<

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives

Pild) = 1) (il > amalmn) = aylij),

m,n
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Measuring a 2-qubit state

<

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives

Pile) = i) (il Y amalmn) = aglip),  Pyle) — —Dij)

m,n ’ U|

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 10/12



Measuring a 2-qubit state V

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives

Pile) = i) (il Y amalmn) = aglip),  Pyle) — —Dij)

m,n ’ U|

The state after measurement is in the nor-
malized form
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Measuring a 2-qubit state

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives

Pil6) = i) (i1 Y amalmn) = azli),  Pylé) — L[i)

m,n ’ U|

The state after measurement is in the nor-
malized form which differs from |ij) only by ajj
a global phase En

|7)
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Measuring a 2-qubit state

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives

Pil6) = i) (i1 Y amalmn) = azli),  Pylé) — L[i)

m,n ’ U|

The state after measurement is in the nor-
malized form which differs from |ij) only by ajj
a global phase En

|ij) = e"ij)

Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing January 20, 2022 10/12



Measuring a 2-qubit state \ i

If V is a vector space in a 2-qubit system such that V = Spo @& So1 @ S10 € S11 is its
decomposition for subspaces S;; spanned by |ij) the projection operators are

Poo = |00)(00], Po1 = |01)(01], P10 = [10)(10], P11 = |11)(11]

Measuring a general state [¢) = apo|00) + a01|01) + a10/10) + a11[11) = >~  amn|mn) with a
projection operator gives

i) = 110113 amnlmn) = asli),  Pile) — Li)

m,n y
The state after measurement is in the nor-
malized form which differs from |ij) only by ajj
a global phase and so are equal in the com- |aij]
plex projective space

|ij) = e™lif) ~ |ij)
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Measuring bits for equality V

In a 2-qubit system, V is the vector space with associated decomposition V = 5; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively
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Measuring bits for equality V

In a 2-qubit system, V is the vector space with associated decomposition V = 5; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11) (11|
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Measuring bits for equality V

In a 2-qubit system, V is the vector space with associated decomposition V = 5; & S, where
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The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = S; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?
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the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = S; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values

(300‘00> + 311|11>)

Pilis) — [uy = (20000 £ 2uliL
V/laoo|? + [au1]
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = S; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = S; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values with probabilities
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = S; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values with probabilities

P1’1/1> N ‘u> _ (200‘00> + 311|11>) P2!"¢> N |V> _ (301|01> + 310|10>)

V/laoo|? + |a11]? V/ao01|? + |ao1|?

|P1|1)[? = |ago|? + |a11|?
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = S; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values with probabilities

apo|00) 4+ a11|11 ap1|01) 4+ a10|10
Puld) s 4y = (20l00) + 211 Pult) — 1) = (20100 + 20/10)
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = 5; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values with probabilities

ago|00) 4+ a11/11 ap1|01) 4+ a10|10
Pi) —> |u) = (a00l >2 11 2)) Pal) —s |v) = (a01 >2 10| 2>)
V/laoo|? + [a11] V/|a01]? + |ao1]
|P1|1)[? = |ago|? + |a11|? |P2|y) [ = |ao1|* + |aol®
if this is the result, we know the two qubits
are equal
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = 5; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values with probabilities

apo|00) 4+ a11|11 ap1|01) 4+ a10|10
Puli) — [u)  (0199) + aul11) Pali) — v} (001 + 20110)
V/laoo|? + [a11] V/|a01]? + |ao1]
|P1|1)[? = |ago|? + |a11|? |P2|y) [ = |ao1|* + |aol®
if this is the result, we know the two qubits if this is the result, the qubits must be un-
are equal equal
Carlo Segre (lllinois Tech) PHYS 407 - Introduction to Quantum Computing
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Measuring bits for equality v
In a 2-qubit system, V is the vector space with associated decomposition V = 5; & S, where
the two subspaces are spanned by {|00), |11)} and {|01),|10)} respectively

The projection operators are P; = |00)(00| + |11)(11| and P, = |01)(01| + |10)(10|

What is the result of measuring a general state [1)) = agg|00) + ap1|01) + a10/10) + a11|11)?

After measurement, we get one of two values with probabilities

00 11 01 10
Pulg) — |u) = (2000 £ aull) ol — |v) = (200 20l D)
V/la00|* + |a11] V/1201]? + |a01]
|P1|1)[? = |ago|? + |a11|? |P2|y) [ = |ao1|* + |aol®
if this is the result, we know the two qubits if this is the result, the qubits must be un-
are equal equal

Note that we do not know the values of the qubits, just whether they are equal or not
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Measurement in the Bell decomposition Y
Recall the four Bell states for a 2-qubit system

|©+) = 5(100) + [11)),
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Measurement in the Bell decomposition \id

Recall the four Bell states for a 2-qubit system
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Measurement in the Bell decomposition \id

Recall the four Bell states for a 2-qubit system

75(100) +[11)), [©7) = 5(/00) — [11))
75(/01) +[10)),
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W) =
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Measurement in the Bell decomposition

Recall the four Bell states for a 2-qubit system

75(100) +[11)), ®7)
75(/01) +[10)), v)

|07) =
W) =

(l00) —[11))
(01) —10))

%\ %\
N
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If the vector space V has a decomposition
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Measurement in the Bell decomposition i

Recall the four Bell states for a 2-qubit system

|0F) = J5(/00) + [11)), |©7) = J5(100) - [11))
(W*) = 25(101) + [10)), W7) = J5(/01) — [10))
If the vector space V' has a decomposition V = Sp+ @ Sp- @ Sy+ ® Sy
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Measurement in the Bell decomposition i

Recall the four Bell states for a 2-qubit system

|0F) = J5(/00) + [11)), |©7) = J5(100) - [11))
(W*) = 25(101) + [10)), W7) = J5(/01) — [10))
If the vector space V' has a decomposition V = Sp+ @ Sp- @ Sy+ ® Sy

when we measure a qubit in state |v) = |00) with this decomposition, what results do we get?
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Measurement in the Bell decomposition i

Recall the four Bell states for a 2-qubit system
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If the vector space V' has a decomposition V = Sp+ @ Sp- @ Sy+ ® Sy

when we measure a qubit in state |v) = |00) with this decomposition, what results do we get?

First realize that we can write |00) = f(|¢+> + 7)) so that
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If the vector space V' has a decomposition V = Sp+ @ Sp- @ Sy+ ® Sy

when we measure a qubit in state |v) = |00) with this decomposition, what results do we get?

First realize that we can write |00) = f(|¢+> + 7)) so that

Pe+|00) — |u) = |&T)
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If the vector space V' has a decomposition V = Sp+ @ Sp- @ Sy+ ® Sy

when we measure a qubit in state |v) = |00) with this decomposition, what results do we get?

First realize that we can write |00) = f(|¢+> + 7)) so that
Pe+[00) — |u) = [&F)
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If the vector space V' has a decomposition V = Sp+ @ Sp- @ Sy+ ® Sy

when we measure a qubit in state |v) = |00) with this decomposition, what results do we get?

First realize that we can write |00) = f(|¢+> + 7)) so that
Pe+[00) — |u) = [&F) Pe—|00) — |u) = |&7)

| Py |00)]* = =
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Measurement in the Bell decomposition

<

Recall the four Bell states for a 2-qubit system

|07) =
W) =

If the vector space V' has a decomposition

when we measure a qubit in state |v) =

First realize that we can write |00) =
Pe+|00) — |u) =

| Py |00)]* = =
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75(00) +[11)), [©7) = 5(/00) — [11))
75(101) +10)), [W™) = J5(101) — [10))

V =S¢+ @ S¢- @ Sy+ @ Sy-

|00) with this decomposition, what results do we get?

f(’¢+> + |[®7)) so that

&) Po-100) — |u) = [®7)
[Po-100)* = 3
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