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Probability of stimulated emission

The probability of stimulated emission (and absorption) of radiation from a two state system
depends on the perturbative Hamiltonian H ′ = −PE0 cos(ωt), where the polarization is
~P = q〈ψb|~r |ψa〉

for an electromagnetic wave perturbation
with frequency ω0 the probability of stim-
ulated emission is

while the transition rate of stimulated emis-
sion from incoherent, unpolarized light with
distribution ρ(ω0) is

Pb→a(t) =
E 2

0

~2
|P|2 sin2 [(ω0 − ω)t/2]

(ω0 − ω)2

Rb→a(t) =
π

3ε0~2
|P|2ρ(ω0)

While Einstein did not have the benefit of quantum electrodynamics, he was able to calculate
the coefficient of spontaneous emission, which cannot be calculated using semi-classical
perturbation methods but must be related to stimulated emission. Einstein used what was
known about quantum mechanics and experimental evidence to perform this calculation.
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Einstein A & B coefficients

The goal is to develop a connection between the various coefficients for absorption and
emission.

start with a total of N atoms prepared with Na in the lower state and Nb in the upper state

now construct an expression for the rate of change of the number of atoms in state ψb using
the reduction due to the spontaneous emission rate, A, the reduction due to stimulated
emission, Rb→a = Bbaρ(ω0), and the increase due to absorption, Babρ(ω0)

dNb

dt
= − NbA− NbBbaρ(ω0) + NaBabρ(ω0) = 0

if the system is in thermal equilbrium, the
total number of atoms in state ψb is con-
stant so

NbA = ρ(ω0) (NaBab − NbBba)

ρ(ω0) =
A

(Na/Nb)Bab − Bba
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Spontaneous emission coefficient

The relative number of atoms in the two
states, is given by the Boltzmann distribu-
tion

the photon field density thus becomes

comparing to Planck’s expression for black
body radiation

this leads to the result that forced Einstein
to postulate stimulated emission, Bab = Bba

and the spontaneous emission coefficient

ρ(ω0) =
A

(Na/Nb)Bab − Bba

Na

Nb
=

e−Ea/kBT

e−Eb/kBT
= e(Eb−Ea)/kBT = e~ω0/kBT

ρ(ω0) =
A

e~ω0/kBTBab − Bba

ρ(ω) =
~

π2c3

ω3

e~ω/kBT − 1

Bba =
π|P|2

3ε0~2
A =

ω3
0~

π2c3
Bba =

ω3
0|P|2

3πε0~c3
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Lifetimes & selection rules

• Lifetime of an excited state

• Allowed transitions

• Fermi’s Golden Rule

• Forbidden transitions
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Excited state lifetime

Suppose that it is possible to pump a large
number of atoms into the excited state ψb

because of spontaneous emission this num-
ber will decrease with time according to

this can be solved

with τ = 1/A being the lifetime of state ψb

if the atom has many decay modes, such
that ψb can decay to many different states,
ψ1, ψ2 . . . ψn, then the total lifetime is a
composite quantity

dNb = −ANb dt → dNb

Nb
= −Adt

ln(Nb) = −At + C

Nb = e−At+C = eCe−At

Nb = Nb(0)e−At = Nb(0)e−t/τ

τtotal =
1

A1 + A2 + · · ·+ An

But which transitions are allowed?
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Allowed hydrogen state decays

Determining the allowed transitions usually boils down to computing matrix elements such as
〈ψb|~r |ψa〉, which often are simply zero!

for the hydrogen atom, these matrix elements can be expressed in terms of the good quantum
numbers of the system 〈n′l ′m′|~r |nlm〉, which we calculated previously using symmetry
considerations to be

∆l = ±1

∆m = 0,±1

Note that the |2 0 0〉 level is stuck, but it will
decay eventually through other channels.

The spin of the affected electron will not change
so transitions to partially filled levels may be
inhibited

l=0 l=1 l=2

n=4

n=3

n=2

n=1

l=3
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Fermi’s Golden Rule

Suppose that the transition of an electron is from a discrete state to
a continuum of states which satisfy the selection rules

must calculate the transition probability of an initial state of energy
Ei making a transition to a state with an energy in a finite range, ∆E
about Ef using an integral over the density of possible final states

P =

∫ Ef +∆E/2

Ef−∆E/2

|Vin|2

~2

{
sin2[(ω0 − ω)t/2]

(ω0 − ω)2

}
ρ(En) dEn

Ef

Ei

∆E

where ω0 = (En − Ei )/~, ρ(En) dEn is the number of states between E and E + dE , and ρ(En)
is the density of states

as with the simple two level model, at long times t, the integrand is sharply peaked about
Ef = Ei + ~ω
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Fermi’s Golden Rule

The probability of transition thus simplifies to

P =
|Vif |2

~2
ρ(Ef )

∫ ∞
−∞

sin2[(ω0 − ω)t/2]

(ω0 − ω)2
dEn

=
2π

~

∣∣∣∣Vif

2

∣∣∣∣2 ρ(Ef )t

and the transition rate is constant

R =
2π

~

∣∣∣∣Vif

2

∣∣∣∣2 ρ(Ef )

Fermi’s Golden Rule states that the transition rate
is proportional to the matrix element squared times
the density of states -20 -10 0 10 20 30 40

E-E
0
 (eV)

0

0.5

1

1.5

2

2.5

ln
(I

0
/I

t)

W

Pt

Au

this is manifested in the LIII edge (2p → 5d) transition where the “white line” peak just at the
edge is due to the empty d states at the Fermi level
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Forbidden transitions

The electric dipole transition rules have been obtained with the approximation that the
electromagnetic radiation has a wavelength that is much longer than the size of an atom

this amounts to taking the expression for a travel-
ing electromagnetic plane wave and approximating
it with the first term in its expansion

the other terms lead to the so-called forbidden
transitions, the first of which is the quadrupole
transition

the selection rules for the quadrupole transition are

E = E0ẑe
i(~k·~r−ωt)

= E0ẑe
−iωt

(
1 + i~k ·~r + · · ·

)
∆l = 0,±2

∆m = 0,±1,±2

∆ms = 0

the transition probability is ∼ α2 smaller than the dipole transition probability
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Forbidden transitions in XANES
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The main rise in the edge is due to a dipole
transtion from the 1s core state to a p-like state

As the oxidation state of the metal atom in-
creases, the nuclear screening decreases and the
ionization energy increases

The peaks before the main rise are from
quadrupole transitions of the 1s core electron
to localized, empty 3d states at the Fermi level

The size of the pre-edge peaks often correlates
with the number of empty d-states as well as
the local geometry (crystalline electric fields)
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