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Variational theorem \ i

Suppose that we wish to calculate the ground state energy, Eg, of a system with Hamiltonian
H which cannot be solved exactly (a very common occurrencel).
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Suppose that we wish to calculate the ground state energy, Eg, of a system with Hamiltonian
H which cannot be solved exactly (a very common occurrencel).
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Variational theorem N

Suppose that we wish to calculate the ground state energy, Eg, of a system with Hamiltonian
H which cannot be solved exactly (a very common occurrencel).

Using the variational principle it is possible to obtain an upper bound on Eg;.

If 4 is an arbitrary normalized wave function, we can
write Y= Z Cntn
where 1, are the (unknown) eigenfunctions of H, Hpp = Entbp

which form a complete set

the normalization condition for i requires
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Variational theorem N

Suppose that we wish to calculate the ground state energy, Eg, of a system with Hamiltonian
H which cannot be solved exactly (a very common occurrencel).

Using the variational principle it is possible to obtain an upper bound on Eg;.

If 4 is an arbitrary normalized wave function, we can
write Y= Z Cntn
where 1, are the (unknown) eigenfunctions of H, Hipy = Eniby

which form a complete set

the normalization condition for i requires

1= ¢|¢ Z Cm'QZJm Z ann = Z Z C;Cn<¢m|¢n>

m
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Variational theorem N

Suppose that we wish to calculate the ground state energy, Eg, of a system with Hamiltonian
H which cannot be solved exactly (a very common occurrencel).

Using the variational principle it is possible to obtain an upper bound on Eg;.

If 4 is an arbitrary normalized wave function, we can
write Y= Z Cntn
where 1, are the (unknown) eigenfunctions of H, Hipy = Eniby

which form a complete set

the normalization condition for i requires

1= () = Zcm¢m chwn = chrtvcn<¢m|¢n> = Z |Cn|2

m
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Proof of variational theorem A

If we take the expectation value of the Hamiltonian with this arbitrary wave function, v we
have
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If we take the expectation value of the Hamiltonian with this arbitrary wave function, v we
have

(H) = <Zcm¢m Hzcnwn>
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Proof of variational theorem \ i

If we take the expectation value of the Hamiltonian with this arbitrary wave function, v we
have

(H) = <Zcm¢m Hzcnwn> =" chEnca(tomltn)
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Proof of variational theorem \ i

If we take the expectation value of the Hamiltonian with this arbitrary wave function, v we
have

LR OO D SRR ) ELEUMED oL
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Proof of variational theorem \ i

If we take the expectation value of the Hamiltonian with this arbitrary wave function, v we
have

LR OO D SRR ) ELEUMED oL

since the ground state energy must be the smallest
eigenvalue of the Hamiltonian, then Egz < E, and
we can write
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If we take the expectation value of the Hamiltonian with this arbitrary wave function, v we
have
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since the ground state energy must be the smallest 2
. . . H) > E, ¢l = E
eigenvalue of the Hamiltonian, then E, < E, and (H) = gszn] nl &
we can write

This is the so-called variational principle which allows us to compute an upper bound on the
ground state energy and, if we make a judicious choice of arbitrary wave function, ¢ (ie. not
arbitrary at all!) we can get very close to the actual ground state energy.

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The variational theorem



Proof of variational theorem \ i

If we take the expectation value of the Hamiltonian with this arbitrary wave function, v we
have

LR OO D SRR ) ELEUMED oL

since the ground state energy must be the smallest 2

. . . H) > E, ¢l = E
eigenvalue of the Hamiltonian, then E, < E, and (H) = gszn] nl &
we can write

This is the so-called variational principle which allows us to compute an upper bound on the
ground state energy and, if we make a judicious choice of arbitrary wave function, ¢ (ie. not
arbitrary at all!) we can get very close to the actual ground state energy.

In practice this means we minimize the value of the Hamiltonian expectation value to achieve
this upper bound.
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Example 8.1 - harmonic oscillator V'

Find the ground state energy for the 1-D harmonic oscillator using the variational theorem
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Example 8.1 - harmonic oscillator \ i

Find the ground state energy for the 1-D harmonic oscillator using the variational theorem

= + —mw°Xx
2mdx?2 2
. — A —bx?
Assume a solution of the form P(x) = Ae
where b is the variational parameter
and A is the normalization parameter
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Example 8.1 - harmonic oscillator \ i

Find the ground state energy for the 1-D harmonic oscillator using the variational theorem

= + —mw*x
2mdx?2 2
__py2
Assume a solution of the form Y(x) = Ae™ >
. . . [ee] 5 T
where b is the varlzf\tlo?al parameter 1= \A|2/ e 24 gy — A2 | T
and A is the normalization parameter —00 2b

1/4
A= (2b>
™
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Example 8.1 - harmonic oscillator V

Find the ground state energy for the 1-D harmonic oscillator using the variational theorem

= + —mw°Xx
2mdx?2 2

__py2
Assume a solution of the form P(x) = Ae b
where b is the variational parameter 1= ‘A|2/OO e 24 gy — A2 |
and A is the normalization parameter oo 2b

1/4

Now compute the expectation value A— 2b\"
of the Hamiltonian, which must be an 0

upper bound on the ground state en-
ergy
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Example 8.1 - harmonic oscillator V

Find the ground state energy for the 1-D harmonic oscillator using the variational theorem

T 2madx? + QM
Assume a solution of the form P(x) = Ae~ b
where b is the variational parameter 1= \A|2/ e 24 gy — A2 |
and A is the normalization parameter —oo 2b
1/4
Now compute the expectation value A— <2b> /
of the Hamiltonian, which must be an 0
upper bound on the ground state en-
e (H) = (T)+ (V)
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Example 8.1 (cont.) V

The kinetic and potential energies are instances of the Gaussian integral
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Example 8.1 (cont.)

The kinetic and potential energies are instances of the Gaussian integral

h2 2 > —bx? d2 —bx?2
(T>_—2m|Ay/ e @(e )dx

—00
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Example 8.1 (cont.) i

The kinetic and potential energies are instances of the Gaussian integral

K2 ° _ad? [ K2 [(2b\V/? o o2
(T>:—|A|2/ e—b @(eb )dx:_2m<> /(4b2x2_2b)e 26x2 g

2m —00 ™ —0o0
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Example 8.1 (cont.) i

The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

2 /9 1/2
Sy T o I
" 2m 32b3 2b
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Example 8.1 (cont.) i

The kinetic and potential energies are instances of the Gaussian integral

K2 ° _ad? [ K2 [(2b\V/? o o2
(T>:—|A|2/_ e—b @(eb )dx:_2m<> /(4b2x2_2b)e 26x2 g

2m T —o

2 /9 1/2 2
= _i 2b a2 " _op /| = r°b
2m \ w 32b3 2b 2m
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Example 8.1 (cont.) i

The kinetic and potential energies are instances of the Gaussian integral

K2 ° _ad? [ K2 [(2b\V/? o o2
(T>:—|A|2/ e—b @(eb )dx:_2m<> /(4b2x2_2b)e 26x2 g

2m —00 ™ —0o0

:_22 % v 4p? L—2b T — @
2m \ 7 32h3 2b 2m
(V) = ;mw2|A|2/ x2e~20 gy

—00
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The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

2 /9 1/2
Sy T o I
" 2m 32b3 2b

1 2 2 2 —2bx
(V) = Smu?|A /_Oo dx = 8b
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Example 8.1 (cont.) i

The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

B h2 2b 2 op. [T
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1 2 2 2 —2bx
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Example 8.1 (cont.) i

The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

B h2 2b 2 op. [T
T 2m 32b3_ T)
1 2 2 2 —2bx
(V) = 5mu?|A /_OO dx = 8b

i me?
 2m 8b

the upper bound on energy obtained by minimizing wrt b
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Example 8.1 (cont.) i

The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

2 /9 1/2
Sy T o I
" 2m 32b3 2b

1 2 2 2 —2bx
(V) = Smu?|A /_Oo dx = 8b

b mw?
<H>—<T>+<V>—ﬂ+@
the upper bound on energy obtained by minimizing wrt b
d
=—(H
0= (H)
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Example 8.1 (cont.)

The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

2 ) 1/2
Sy T o I
" 2m 32b3 2b

1 2 2 2 —2bx
(V) = Smu?|A /_Oo dx = 8b

b mw?
HY=(T Vy= — + —
(H) = (T)+(V) = 22+ 2
the upper bound on energy obtained by minimizing wrt b
d 2 mw?

TR T T
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Example 8.1 (cont.)

The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

2 ) 1/2
Sy T o I
" 2m 32b3 2b

1 2 2 2 —2bx
(V) = Smu?|A /_Oo dx = 8b

b mw?

HY=(T Vy= — + —

(H) = (T)+(V) = 22+ 2
the upper bound on energy obtained by minimizing wrt b
d 2 mw? mw
= —_— = — = — b [ —
=B =om w7 2h
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Example 8.1 (cont.)

The kinetic and potential energies are instances of the Gaussian integral

R o [F e d R (2b\P
T _

2 ) 1/2
Sy T o I
" 2m 32b3 2b

1 2 2 2 —2bx
(V) = Smu?|A /_Oo dx = 8b

b mw?
HY=(T Vy= — + —
(H) = (T)+(V) = 22+ 2
the upper bound on energy obtained by minimizing wrt b
d 2 mw? mw 1
=B =om w7 o Himin =3
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Example 8.2 - delta function vV

Find the ground state energy of a delta func- H=
tion potential
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Example 8.2 - delta function

n? d?
Find the ground state energy of a delta func- H

=———— -«
: . 2
tion potential 2m dx

Start with the same Gaussian trial function
as for the harmonic oscillator
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Example 8.2 - delta function

2 2

Find the ground state energy of a delta func- H= _h 4

tion . 2m dx?
potential

Start with the same Gaussian trial function s
. . w(x) = Ae—bX
as for the harmonic oscillator
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Example 8.2 - delta function NG

2 2
Find the ground state energy of a delta func- H= _iiz — ad(x)
tion potential 2m dx
Start with the same Gaussian trial function b
as for the harmonic oscillator P(x) = Ae
We know that
h%b
T) =
(N =5

we need to compute (V)
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Example 8.2 - delta function NG

2 2
Find the ground state energy of a delta func- H= _iiz — ad(x)
tion potential 2m dx
Start with the same Gaussian trial function b
as for the harmonic oscillator b(x) = Ae
o
We know that (V) — —a|A|2/ 5(X)e_2bx2 dx
h%b —o0

we need to compute (V)
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Example 8.2 - delta function V

2 2

Find the ground state energy of a delta func- H= _iiz — ad(x)

tion potential 2m dx

Start with the same Gaussian trial function b

as for the harmonic oscillator h(x) = Ae

We know that (V) = —a|AP /Oo 5(X)e—2bx2 dx — —a 2b
Kb o T

we need to compute (V)
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Example 8.2 - delta function NG

2 2
Find the ground state energy of a delta func- H= _iiz — ad(x)
tion potential 2m dx
Start with the same Gaussian trial function b
as for the harmonic oscillator b(x) = Ae
We know that (V) = —a|AP /Oo 5(X)e—2bx2 dx — —a 2b
(T) = h2b oo T
- 2m (H) b 2b
= — -«
we need to compute (V) 2m T
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Example 8.2 - delta function

<

2 2
Find the ground state energy of a delta func- = _iiz — ad(x)
tion potential 2m dx
Start with the same Gaussian trial function b
as for the harmonic oscillator h(x) = Ae
o
We know that (V) = —a|A|2/ 5(x)e 2’ dx = —qa 2b
(T) = h2b oo T
~ 2m h2b 2b
(H) =5 oy
we need to compute (V) 2m ™
the upper bound for the energy is thus given
by minimizing wrt b
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Example 8.2 - delta function
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2 2
Find the ground state energy of a delta func- = _iiz — ad(x)
tion potential 2m dx
Start with the same Gaussian trial function b
as for the harmonic oscillator h(x) = Ae
o
We know that (V) = —a|A|2/ 5(x)e 2’ dx = —qa 2b
(T) = h2b oo T
~ 2m h2b 2b
(H) =5 oy
we need to compute (V) 2m ™
the upper bound for the energy is thus given
by minimizing wrt b
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Example 8.2 - delta function

<

Find the ground state energy of a delta func- H=——— —aé(x)
tion . 2m dx?2
potential
Start with the same Gaussian trial function b
as for the harmonic oscillator h(x) = Ae
o
We know that (V) = —a|A|2/ 5(x)e 2’ dx = —qa 2b
(T) = h2b oo T
© 2m (H) h2b 2b
= — — _—
we need to compute (V) 2m ™
the upper bound for the energy is thus given 0= d (H)
by minimizing wrt b db
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Example 8.2 - delta function
Find the ground state energy of a delta func-
tion potential

Start with the same Gaussian trial function
as for the harmonic oscillator

We know that

h2b
T)=—-—-
(T) = -~

we need to compute (V)

the upper bound for the energy is thus given
by minimizing wrt b

Carlo Segre (lllinois Tech)
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W2 2
= “amae )
P(x) = Ae ¥
© 2
(V) = —a|A|2/ 5(x)e 2’ dx = —qa 2b
PSS us
12b 2b
Hy = — —ay/ =
(H) 2m « T
d K2 «
= — H = ——— —
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Example 8.2 - delta function
Find the ground state energy of a delta func-
tion potential

Start with the same Gaussian trial function
as for the harmonic oscillator

We know that

h2b
T)=—-—-
(T) = -~

we need to compute (V)

the upper bound for the energy is thus given
by minimizing wrt b
2 2 2
p_ 2ma
wh?
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Example 8.2 - delta function
Find the ground state energy of a delta func-
tion potential

Start with the same Gaussian trial function
as for the harmonic oscillator

We know that

h2b
T)=—-—-
(T) = -~

we need to compute (V)

the upper bound for the energy is thus given
by minimizing wrt b
2 2 2
p_ 2ma
wh?
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P(x) = Ae ¥

(V) = —a|A|2/ 5(x)e 2’ dx = —qa 2b
PSS us

12b 2b
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(H) 2m « T
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Example 8.2 - delta function
Find the ground state energy of a delta func-
tion potential

Start with the same Gaussian trial function
as for the harmonic oscillator

We know that

h2b
T)=—-—-
(T) = -~

we need to compute (V)

the upper bound for the energy is thus given
by minimizing wrt b
2 2 2
p_ 2ma
wh?
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(V) = —a|A|2/ 5(x)e 2’ dx = —qa 2b
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The helium atom V

® Helium atom coordinates
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The helium atom V

® Helium atom coordinates

® Choosing the trial function

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The helium atom



The helium atom vV

® Helium atom coordinates
® Choosing the trial function

e Setting up the integrals
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The helium atom

® Helium atom coordinates
® Choosing the trial function
e Setting up the integrals

® The r; and rp integrals
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Helium atom V'

The helium atom is an ideal application of the variational principle. The full Hamiltonian
includes an electron-electron interaction which we ignored when we first discussed it

|ry-ra| €

|12

+2e
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Helium atom

The helium atom is an ideal application of the variational principle. The full Hamiltonian
includes an electron-electron interaction which we ignored when we first discussed it

K2 e (2 2 1
H=——(V?4+V3)—-— [+ = - ——
2m( 1+ 2) 47T60 <r1+r2 ﬁla)

-€

|12

+2e
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Helium atom V'

The helium atom is an ideal application of the variational principle. The full Hamiltonian
includes an electron-electron interaction which we ignored when we first discussed it

K2 e (2 2 1
H—=_ 2 2y s c
2m(v1 + V2) 47[‘60 <r1 + ro )

We wish to compute the ground state energy,
which is the total energy required to remove both |ry-1y] €
electrons. This has been measured to be

|12

+2e
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Helium atom V'

The helium atom is an ideal application of the variational principle. The full Hamiltonian
includes an electron-electron interaction which we ignored when we first discussed it

K2 e (2 2 1
H=——(V?4+V3)—-— [+ = - ——
2m( 1+ 2) 47[‘60 <r1+r2 |I€6)

We wish to compute the ground state energy,
which is the total energy required to remove both |ry-1y] €
electrons. This has been measured to be

Egs = —78.975eV
|12
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Helium atom V'

The helium atom is an ideal application of the variational principle. The full Hamiltonian
includes an electron-electron interaction which we ignored when we first discussed it

K2 e (2 2 1
H—=_ 2 2y s c
2m(v1 + V2) 47[‘60 <r1 + ro )

We wish to compute the ground state energy,
which is the total energy required to remove both |ry-1y] €
electrons. This has been measured to be

Egs = —78.975eV
the problem is the electron-electron interaction 1A

+2e
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Helium atom V'

The helium atom is an ideal application of the variational principle. The full Hamiltonian
includes an electron-electron interaction which we ignored when we first discussed it

K2 e (2 2 1
H—=_ 2 2y s c
2m(v1 + V2) 47[‘60 <r1 + ro )

We wish to compute the ground state energy,
which is the total energy required to remove both |ry-1y] €
electrons. This has been measured to be
Egs = —78.975eV
the problem is the electron-electron interaction 1A
B e? 1
" 4ney A — 13

+2e
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Helium atom V'

The helium atom is an ideal application of the variational principle. The full Hamiltonian
includes an electron-electron interaction which we ignored when we first discussed it

K2 e (2 2 1
H=——(V?4+V3)—-— [+ = - ——
2m( 1+ 2) 47[‘60 <r1+r2 |I€6)

We wish to compute the ground state energy,
which is the total energy required to remove both |ry-1y]
electrons. This has been measured to be

-€

Egs = —78.975eV
the problem is the electron-electron interaction 1A
e? 1
" 4neo|ri - 1|

i +2e
which is not exactly soluble
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

Yo(ri, 12)
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

Yo(ri, r3) = 100(r1)1100(r2)
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Trial function for helium

A\

If the electron-electron term is ignored, the exact solution of the helium atom is a combination

of the two hydrogenic atom wave functions

= = = 8 _ r. —2r;
wo(rl, r2) = 1/}100(r1)’(/}100(r2) — ﬁe 2 1/3e 2 2/a
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

= = = 8 _ r. —2r;
wo(rl, r2) = 1/}100(r1)1/}100(r2) — ﬁe 2 1/3e 2 2/a

the energy of this solution is 8£; = —109 eV,
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

= = = 8 _ r. —2r;
wo(rl, r2) = 1/}100(r1)1/}100(r2) — ﬁe 2 1/3e 2 2/a

the energy of this solution is 8£; = —109 eV, so can get a better approximation by applying
the variational principle with this trial function?
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

= = = 8 _ r. —2r;
wo(rl, r2) = 1/}100(r1)1/}100(r2) — ﬁe 2 1/3e 2 2/a

the energy of this solution is 8£; = —109 eV, so can get a better approximation by applying
the variational principle with this trial function?

Hwo = (8E1 + Vee)¢0
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

= = = 8 _ r. —2r;
wo(rl, r2) = 1/}100(r1)1/}100(r2) — ﬁe 2 1/3e 2 2/a

the energy of this solution is 8£; = —109 eV, so can get a better approximation by applying
the variational principle with this trial function?

Hwo = (8E1 + Vee)¢0

<H> = (8E1 + <Vee>)a
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

= = = 8 _ r. —2r;
wo(rl, r2) = 1/}100(r1)1/}100(r2) — ﬁe 2 1/3e 2 2/a

the energy of this solution is 8£; = —109 eV, so can get a better approximation by applying
the variational principle with this trial function?

Hpo = (8E1 + Vee)tho
_ €% /4meg

<H> = (8E1 + <Vee>)a Vee = TS =
A — 13
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Trial function for helium V

If the electron-electron term is ignored, the exact solution of the helium atom is a combination
of the two hydrogenic atom wave functions

= = = 8 _ r. —2r;
wo(rl, r2) = 1/}100(r1)1/}100(r2) — ﬁe 2 1/3e 2 2/a

the energy of this solution is 8£; = —109 eV, so can get a better approximation by applying
the variational principle with this trial function?

Hpo = (8E1 + Vee)tho
_ €% /4meg

<H> = (8E1 + <Vee>)a Vee = TS =
A — 13

e2 8 2 e—4r1/a e—4r2/a
Vee) = A d%
Vel = (50) () [ S e
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Setting up the integrals i

The correction to the helium atom energy using the variational theorem is

e2 8 2 e—4r1/a e—4r2/a
Vee) = — ) | —=——=—d%d%
Vo = (i) () [ sy e
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Setting up the integrals i

The correction to the helium atom energy using the variational theorem is
2 2 —4ri/a ,—4nr/a
e 8 e /e S 3o
<Vee> = 3 = = d3r1 d3r2
47T60 ma \rl — r2‘

the integral mixes the coordinates but can be sim-
plified by careful selection of the two coordinate
> systems

NV
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Setting up the integrals i

The correction to the helium atom energy using the variational theorem is
2 2 —4ri/a ,—4nr/a
e 8 e /e S 3o
<Vee> = 3 = = d3r1 d3r2
47T60 ma \rl — r2‘

the integral mixes the coordinates but can be sim-
plified by careful selection of the two coordinate
systems

taking ri along the z-axis of the r; coordinate sys-
tem, gives

Xo

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The helium atom



Setting up the integrals i

The correction to the helium atom energy using the variational theorem is
2 2 —4ri/a ,—4nr/a
e 8 e /e S 3o
<Vee> = 3 = = d3r1 d3r2
47T60 ma \rl — r2‘

the integral mixes the coordinates but can be sim-
plified by careful selection of the two coordinate
systems

taking ri along the z-axis of the r; coordinate sys-
tem, gives

A — 7l
X2
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Setting up the integrals i

The correction to the helium atom energy using the variational theorem is
2 2 —4ri/a ,—4nr/a
e 8 e /e S 3o
<Vee> = 3 = = d3r1 d3r2
47T60 ma \rl — r2‘

the integral mixes the coordinates but can be sim-
plified by careful selection of the two coordinate
systems

taking ri along the z-axis of the r; coordinate sys-
tem, gives

A — R = rl2 + r22 — 2r1rp cos b
X2
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The ry integral \4

5 2 —4ri/a ,—4n/a
8 1
<Vee> — <e> <3>/ e e d3r_1' d3’5
4eg ma \/r12 + r22 — 2r1ry cos b
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The ry integral j

2 2 —4r/a ,—4nr/a
8 1
<Vee> = <e > <3>/ € ° d3r_’1 d3r—2'
4meo ma \/r12 +r2 — 2r1ry cos 6

the r3 integral then can be evaluated
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The ry integral \4

2 2 —4r/a ,—4nr/a
8 1
<Vee> = <e > <3>/ € ° d3r_’1 d3r—2'
4meo ma \/r12 + r2 — 2r1ry cos 0

the r3 integral then can be evaluated

)
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The ry integral

2 2 —4r/a ,—4nr/a
8 1
<Vee> = <e > <3>/ € ° d3r_’1 d3r—2'
4meo ma \/r12 + r2 — 2r1ry cos 0

the r3 integral then can be evaluated

—4n/a 2
I = / ° SN2 doy deb
\/r12 + r22 — 2r1r> cos b
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The ry integral j

2 2 —4r/a ,—4nr/a
8 1
<Vee> = <e > <3>/ € ° d3r_’1 d3r—2'
4meo ma \/r12 + r2 — 2r1ry cos 0

the r3 integral then can be evaluated

—4n/a 2
I = / ° SN2 doy deb
\/r12 + r22 — 2r1r> cos b

the ¢, integral gives 2 and the 6, integrand is a perfect derivative
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The r, integral V

2 2 —4n/a ,—4n/a
(Vo) = (e > <83>/ © © &3 d%;
47eg Ta \/r2
1

+ r22 — 2r1rp cos B

the r3 integral then can be evaluated

rl2 + r22 — 2r1r> cos b

—4r2/a 2 ¢in
/25/\/ ° 29N%2  gry d6y debo

the ¢, integral gives 2 and the 6, integrand is a perfect derivative

sin 65

/9:/ d6,
0 \/r12+

r22 — 2r1r2 COs (92
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The r, integral V

62 8 2 e—4r1/a e—4r2/a
V)= | — ) [ — d’r d°7
(Vee) <47r€0> <7Ta3>/\/ A dr

rl2 + r22 — 2r1rp cos B

the r3 integral then can be evaluated

—4r2/a 2 ¢in
/25/\/ ° 29N%2  gry d6y debo

rl2 + r22 — 2r1r> cos b

the ¢, integral gives 2 and the 6, integrand is a perfect derivative

™

. 2 2 _
sin 6, \/r1 +r5 —2rirpcosth

I:/ dbr, =
"o \/r12+ ? rr

r22 — 2r1 rp» COS (92
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The r, integral V

2 2 —4n/a ,—4n/a
(Vo) = (e > <83>/ © © &3 d%;
47eg Ta \/r2
1

+ r22 — 2r1rp cos B

the r3 integral then can be evaluated

—4r2/a 2 ¢in
/25/\/ ° 29N%2  gry d6y debo

rl2 + r22 — 2r1r> cos b

the ¢, integral gives 2 and the 6, integrand is a perfect derivative

™

. 2 2 _
sin 6, \/r1 +r5 —2rirpcosth

19:/ dfr =
0 \/r12+

r22 — 2r1 rp» COS (92 nr

1
= [\/r12+r22+2r1r2—\/r12+r22—2r1r2]
nr
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The r, integral V

2 2 —4n/a ,—4n/a
(Vo) = (e > <83>/ © © &3 d%;
47eg Ta \/r2
1

+ r22 — 2r1rp cos B

the r3 integral then can be evaluated

—4r/a 2 0
/25/\/ ° RINT2  dry d6y dos

rl2 + r22 — 2r1r> cos b

the ¢, integral gives 2 and the 6, integrand is a perfect derivative

™
2 2
7 inb \/r1 +r5 —2rirpcosth
I9 :/ 72 d92 =
0 \/r12+r22—2r1r2c0502 nr 0
1 2 2 2 2 1
= — \/r1+r2 +2r1r2—\/r1+r2—2r1r2 :—{(r1+r2)—\r1—r2|
rr rir
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The r, integral v

2 2 —4n/a ,—4n/a
(Vo) = (e > <83>/ © © &3 d%;
47eg Ta \/r2
1

+ r22 — 2r1rp cos B

the r3 integral then can be evaluated

—4r/a 2 0
/25/\/ ° RINT2  dry d6y dos

rl2 + r22 — 2r1r> cos b

the ¢, integral gives 2 and the 6, integrand is a perfect derivative

™
2, ,2
7 inb \/r1 +r5 —2rirpcosth
I9 :/ 72 d92 =
0 \/r12+r22—2r1r2c0502 nr 0
1 2,2 2, ,2 1
= —— \/r1+r2+2r1r2—\/r1+r2—2r1r2 :—[(rl—l—rz)—\rl—rzq =
rir2 rir2
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The r, integral v

2 2 —4n/a ,—4n/a
(Vo) = (e > <83>/ © © &3 d%;
47eg Ta \/r2
1

+ r22 — 2r1rp cos B

the r3 integral then can be evaluated

—4r/a 2 0
/25/\/ ° RINT2  dry d6y dos

rl2 + r22 — 2r1r> cos b

the ¢, integral gives 2 and the 6, integrand is a perfect derivative

i
2 2
7 inb \/r1 +r5 —2rirpcosth
I9 :/ 72 d92 =
0 \/r12+r22—2r1r2c0502 nr 0
1 1 2/n, n<r
:[\/r12+r22+2r1r2—\/r12+r22—2r1r2]:[(rl—i-rz)—\rl—rzq:{/l 2 !
rnr2 rnr2
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The ry integral

2 2 —4n/a ,—4n/a
(Vee) = (e > <83>/ ¢ °c &% d%
47eg Ta \/r2
1

+ r22 — 2r1rp cos B

the r3 integral then can be evaluated

—4r2/a 2 ¢in
/25/\/ ° RINT2  dry d6y dos

rl2 + r22 — 2r1r> cos b

the ¢, integral gives 2 and the 6, integrand is a perfect derivative

™

. 2 2 _
sin 6, \/r1 +r5 —2rirpcosth

19:/ dfr =
0 \/r12+

r22 — 2r1 rp» COS (92 nr

0

rir2

1 1
= 7[’ s [\/r12+r22+2r1r2 — \/r12+r22 —2r1r2] = 7[(!’1 +r2)— ‘l‘l — r2|} = {
12

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il

2/r1, n<n
2/r2, n>n

The helium atom



The ry integral \4

The ry integral is thus split into two parts
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The ry integral \4

The ry integral is thus split into two parts

b= + )
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The ry integral \4

The ry integral is thus split into two parts

1/
| = 4rn (/ r22 e*4’2/3 dro + >
rnJjo
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The ry integral \4

The ry integral is thus split into two parts

1 r 0o
b = 4r (/ r22 e /3 dr, + / e /3 dr2>
nJjo n

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The helium atom



The ry integral j

The ry integral is thus split into two parts

1 r 0o
b =4xn (/ r22 e /3 dr, + / e /3 dr2>
nJjo n

these can be solved using integration by parts with dv = e~*2/2 dr,
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The ry integral !/5’

The ry integral is thus split into two parts

1 r 0o
b = 4r (/ r22 e 4/ dr, + / e /3 dr2>
rnJo n

these can be solved using integration by parts with dv = e~*2/2 dr,

/red =
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The ry integral j

The ry integral is thus split into two parts

1 r 0o
b = 4r (/ r22 e 4/ dr, + / e /3 dr2>
rnJo n

these can be solved using integration by parts with dv = e~*2/2 dr,

n

a —
lrea = — (Z) r22e 4r/a

0
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The ry integral j

The ry integral is thus split into two parts

1 r 0o
b =4xn (/ r22 e 4/ dr, + / e /3 dr2>
rnJo n

these can be solved using integration by parts with dv = e~*2/2 dr,

s n
' —i—2<a>/r2e4’2/a dr
0 47 Jo
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The ry integral j

The ry integral is thus split into two parts

1 r 0o
b =4xn (/ r22 e 4/ dr, + / e /3 dr2>
rnJo n

these can be solved using integration by parts with dv = e~*2/2 dr,

s n
leg = — (i) r22e74r2/a 01 +2 (Z) / re*7/2 dry
0
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The ry integral j

The ry integral is thus split into two parts

1 r 0o
b =4xn </ r22 e 4/ dr, + / e /3 dr2>
rnJo n

these can be solved using integration by parts with dv = e~*2/2 dr,

s n
leg = — (i) r22e74r2/a 01 +2 (Z) / re*7/2 dry
0

a a\2 n
- (7) r126—4r1/a _9 (Z) r2e—4r2/a

0
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The r; integral i

The ry integral is thus split into two parts

1 n 00
b = 4r </ r22 e 4/2 dry + / ry e 4/ dr2>
rnJjo n

these can be solved using integration by parts with dv = e~*2/2 dr,

s n
leg = — (i) r22e74r2/a 01 +2 (Z) / e 412/ dr,
0

4

n 2 n

_ (2 2e-tn/a o (3)2 —4r,/a 2(3) —4n/a
<4) ne 1) "¢ ) + ) e dr
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The r; integral i

The ry integral is thus split into two parts

1 n 00
b = 4r </ r22 e 4/2 dry + / ry e 4/ dr2>
rnJjo n

these can be solved using integration by parts with dv = e~*2/2 dr,

s n
leg = — (i) r22e74r2/a 01 +2 (Z) / e 412/ dr,
0

4
n 5 rn
— _ f 2 —4r/a 9 (E)Z —4r/a 2 (f) —4r/a
(4) re 2) e . + 1) |, e dry
[ (f) r12€—4r1/a ) (5)2 rle—4r1/a
4 4
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The r, integral 3

The ry integral is thus split into two parts

1 n o)

b =4xn </ r22 e 4/ dr, + / e /3 dr2>
rnJjo n
these can be solved using integration by parts with dv = e~*2/2 dr,
A\ 2 _4n/a n a n —4nr/a
led = — <7) rye " +2 (7> e /9 dr
0 47 Jo
n 2 rn
— _ f 2 —4r/a 9 (E)Z —4r/a 2 (f) —4r/a
(4) rie 2) e + 1) |, e dr

0

- _ (f) r12€—4r1/8 _9 (5)2 rle—4r1/'3 ) (i)?’ e—4n/a 42 (5)3
4 4 4 4
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The r, integral 3

The ry integral is thus split into two parts

1 n o)

b =4xn </ r22 e 4/ dr, + / e 4n/a dr2>
rnJjo n
these can be solved using integration by parts with dv = e~*2/2 dr,
A\ 2 _4n/a n a n —4nr/a
led = — <7) rye " +2 <7> e /9 dr
0 47 Jo
n 2 rn
_ (3 2p4n/a o (3)2 —4n/a 5 (g) —4n/a
(4) rie 2) e . + 1) |, e dr

- _ (f) r12€—4r1/3 _9 (3)2 rle—4r1/a ) (i)3 e—4n/a 42 (5)3
4 4 4 4

/blue =
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The ry integral

The ry integral is thus split into two parts

1 n o)
b =4xn </ r22 e 4/ dr, + / e 4n/a dr2>
rnJjo n
these can be solved using integration by parts with dv = e~*2/2 dr,
leg = — (i) r2e=4n/a 5 +2 (E> /r1r2e4’2/a dry
e 4) 2 0 4) J
n 2 rn
— _ f 2 —4r/a 9 (E)Z —4r/a 2 (f) —4r/a
(4) rie 2) e . + 1) |, e dr
- _ (f) r12€—4r1/8 _9 (5)2 rle—4r1/'3 ) (i)?’ e—4n/a 42 (5)3
4 4 4 4

S
lbiue = — (2) r2e74r2/a

n
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The ry integral

The ry integral is thus split into two parts

1 n o)
b =4xn </ r22 e 4/ dr, + / e 4n/a dr2>
rnJjo n
these can be solved using integration by parts with dv = e~*2/2 dr,
lred = — (i) 2ein/a|" +2 (E> /r1r2e4’2/a dry
re 4 2 0 4 0
a\ 2 _—an/ 4ry/ "4 /
— _ (= —rla —r2a 2() —4nr/a
(3) et 2 (3 mertols| w2 () [t
_ (f) 2g-4n/a _ ( ) _4r1/a (5)3 o—4n/a +2(5)3
4) ¢ 4 4

(o]
Iblue = — (2) e /3l 4 <Z) / e4/2 dr,
rn n
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The ry integral

The ry integral is thus split into two parts

1 n o)
b =4xn </ r22 e 4/ dr, + / e 4n/a dr2>
rnJjo n
these can be solved using integration by parts with dv = e~*2/2 dr,
lred = — (i) 2ein/a|" +2 (E> /r1r2e4’2/a dry
re 4 2 0 4 0
a\ 2 _—an/ 4ry/ "4 /
— _ (= —rla —r2a 2() —4nr/a
(3) et 2 (3 mertols| w2 () [t
_ (f) 2g-4n/a _ ( ) _4r1/a (5)3 o—4n/a +2(5)3
4) ¢ 4 4

0
Iblue = — (2) r2e*4f2/3 4 <Z) / e —4n/a dry = + (2) rlef4r1/a
n n
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The ry integral

The ry integral is thus split into two parts

1 n o)
b =4xn </ r22 e 4/ dr, + / e 4n/a dr2>
rnJjo n
these can be solved using integration by parts with dv = e~*2/2 dr,
lred = — (i) 2ein/a|" +2 (E> /r1r2e4’2/a dry
re 4 2 0 4 0
a\ 2 _—an/ 4ry/ "4 /
— _ (= —rla —r2a 2() —4nr/a
(3) et 2 (3 mertols| w2 () [t
_ (f) 2g-4n/a _ ( ) _4r1/a (5)3 o—4n/a +2(5)3
4) ¢ 4 4

e 2
= = @) ) [ G ner e (e
r n
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The ry integral V'
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A\

The ry integral

rn
— 47 [rll (— (Z) Re—in/a o (2)2 ne 4n/a 2 (2)3 e=4n/a 4 2 (i)3>
Qs (e
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A\

The ry integral

1/
b = 47 {—/ r3 g 4n/a dr2+/ e /2 drg]
rnJo n
—an | L (= (2) et 2(3) rle*‘”l/a—z(a)3e*4’1/3+2<5)3
r 4
a
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The ry integral \4
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The r, integral

—an[L (- (Do 2 (3 nens 2 (3P e 2 (2))
(Bt (2 o]

amn [ (G 2 (@) e 2 ()]

2a3 n (4 4
4= |22 —4r/a _ ,—4n/a 1
mom |- (3) e - iy

A\
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The r, integral vV

—an[L (- (Do 2 (3 nens 2 (3P e 2 (2))
(Bt (2 o]

amn [ (G 2 (@) e 2 ()]

2a° rn (4 4 na’ 2n _
— Q=2 |22 —4r/a _ ,—4n/a 1] =29 |1 (122 4ry/a
7T64r1 [ 2 (a) ¢ ¢ + 8r - a )¢
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The r; integral V'

The expression for (Vee) becomes
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The r; integral \4

The expression for (Vee) becomes

2
(Vee) = (;q})(;)/i [1— <1+2;1>e4”/a}e_4“/ar12 sin 01 dridfyd oy
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The r; integral !/5’

The expression for (Vee) becomes

2
= (LB 212w

the angular integrals simply give 47 and dropping the subscript on the radial coordinate
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The r integral 3

The expression for (Vee) becomes

2
= (LB 212w

the angular integrals simply give 47 and dropping the subscript on the radial coordinate

2 e8] 2
(Vee) = < 8e 3>/ [re‘”/a — (r—l— 2r) e8f/3] dr
TeEpa 0 a

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The helium atom



The r; integral i

The expression for (Vee) becomes

2
= () ) s

the angular integrals simply give 47 and dropping the subscript on the radial coordinate

(Vee) = <7r8€§; )/Ooo [re“r/a _ (r + 2;2) esr/a] dr
- (ZENEF- @ 2]
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The r; integral i

The expression for (Vee) becomes

2
= () ) s

the angular integrals simply give 47 and dropping the subscript on the radial coordinate

2 ) 2
(Vee) = < 8e 3>/ [re‘”/a — <r+ 2r) egf/a] dr
TeEpa 0 a
_ (8¢ (3)2_@)2_&(3)3 _ (8 [ _ 2 &
-\ mepad 4 8 a\8/| \mead3/|16 64 128
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The r integral i

The expression for (Vee) becomes

2
= () ) s

the angular integrals simply give 47 and dropping the subscript on the radial coordinate

2 ) 2
(Vee) = < 8e 3>/ [re‘”/" — <r+ 2r) 68’/"] dr
TeEpa 0 a
_ (8¢ (3)2_@)2_&(3)3 _ (8 [ _ 2 &
-\ mepad 4 8 a\8/| \mead3/|16 64 128
8e? \ ,[8—-2-1
= a
megad 128
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The r; integral

The expression for (Vee) becomes

2
= () ) s

the angular integrals simply give 47 and dropping the subscript on the radial coordinate

2 ) 2 2
(Vee) = ( Be 3>/ [re‘”/" — <r+ r) 68’/"] dr
TeEpa 0 a
_ (.8 (3)2_@)2_&(3)3 _ (8 [ _ 2 &
-\ mepad 4 8 a\8/| \mead3/|16 64 128
8e? \ ,[8—-2-1 5/ €
= a — —
megad 128 2 \ 8mepa
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The r integral i

The expression for (Vee) becomes

2
<Vee> = € i /1 1— 1—&-& 15’74“/a e_4r1/ar12 sin 91 dr1d91dq§1
4dreg )\ wad n a
the angular integrals simply give 47 and dropping the subscript on the radial coordinate
2 o) 2 2
(Vee) = < Be 3>/ [re‘”/" — <r+ r) 68’/"] dr
TeEpa 0 a
_ (8 (3)2_@)2_&(3)3 (B8 N\[2_2 2
~ \megad )| \4 8 a\8/| \rmead/|16 64 128

8e? \ ,[8—-2-1 5/ € 5
<7reoa3>a [ 128 } 2 (87reoa> g1 = Hoe
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The r; integral

The expression for (Vee) becomes

2
<Vee> = € i /1 1— 1—&-& 674“/3 e_4r1/ar12 sin 91 dr1d91dq§1
4dreg )\ wad n a
the angular integrals simply give 47 and dropping the subscript on the radial coordinate
2 o] 2 2
(Vee) = ( 8e 3>/ [re‘”/a — <r+ r) e8f/3] dr
TeEpa 0 a
_ (& (F - (2 -4 (2] - 8 N[ _&_ &
- \mead )| \4 8 a\8/] \mea/|16 64 128
8e? \ ,[8—-2-1 5/ € 5
— == = ——EF = +34eV
<7reoa3>a [ 128 } 2 (87reoa> g1 = Hoe

the variational principle, with no adjustable parameters, gives an upper bound for the ground
state energy
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The r; integral

The expression for (Vee) becomes

2 8 1 2
<Vee> = € — = / 1— 1+£ 674“/3 e_4r1/ar12 sin 91 dr1d91dq§1
4dreg )\ wad n a
the angular integrals simply give 47 and dropping the subscript on the radial coordinate
2 o] 2 2
(Vee) = ( 8e 3>/ [re‘”/a — <r+ r) e8f/3] dr
TeEpa 0 a
_ (8 (F - (2 -4 (2] - 8’ \[&2 _ & _ &
- \mead )| \4 8 a\8/] \mea/|16 64 128
8e? \ ,[8—-2-1 5/ € 5
— == = ——EF = +34eV
<7reoa3>a [ 128 } 2 (87reoa> g1 = Hoe

the variational principle, with no adjustable parameters, gives an upper bound for the ground
state energy of Eg = —109 4 34 = —75 eV
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An improved helium atom energy N
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An improved helium atom energy N

® Helium atom review
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An improved helium atom energy N

® Helium atom review

® Improved trial wavefunction
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An improved helium atom energy \4

® Helium atom review
® Improved trial wavefunction

® A much better energy!
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h? e2 (2 2 1
H=_" (2 2y ‘s 4
2m(vl +V2) 47eq < + )

n'n |qA-nl
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h2 e (2 2 1
e R )

dreg \n N B |A — 13

the simplest model is to ignore the electron-
electron interaction with both electrons in the hy-
drogenic ground state
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h2 e (2 2 1
Wy (2 )

dreg \n N B |A — 13

the simplest model is to ignore the electron- bo(7i 73)
electron interaction with both electrons in the hy- 0L 12
drogenic ground state
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h2 e (2 2 1
e R )

dreg \n N B |A — 13

the simplest model is to ignore the electron- . " L
. . : . f,R)= r r
electron interaction with both electrons in the hy- Yo(r1, 2) = ¥100(11)¥100(72)

drogenic ground state
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h? e (2 2 1
He -l wiavy- o (202 L

2m 47T€0 rn p) |r1 — rz‘

the simplest model is to ignore the electron- . " L
. . . . n,rn)= r r
electron interaction with both electrons in the hy- Wo(r, 12) 7/’;00( 1)¥100(12)
drogenic ground state — 73672r1/ae—2r2/a
Ta
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h? e (2 2 1
He-lwipvp- o (22 L
2m 47T€0 rn p) |r1 — rz‘
the simplest model is to ignore the electron- . " L
. . . . n,n)= r r
electron interaction with both electrons in the hy- Wo(r, 12) 7/’61;00( 1)¥100(12)
drogenic ground state with energy Eg = —109 eV = 736*2’1/36—2@/3
Ta
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The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h? e (2 2 1
H=——(Vi4V) - — [+ - -
2m( 1+ 2) 47T€0 rn * p) |r1—r2\
the simplest model is to ignore the electron- Yol 3) = broo(A)100(7)
electron interaction with both electrons in the hy- 0A, T2/ = ;00 177100872
drogenic ground state with energy Eg = —109 eV = 736*2’1/36—2@/3
ma

the variational principle with this same trial wave
function (no adjustable parameters) gives an upper
bound for the ground state energy
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The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h? e (2 2 1
H=——(Vi4V) - — [+ - -
2m( 1+ 2) 47T€0 rn * p) |r1—r2\
the simplest model is to ignore the electron- Yol 3) = broo(A)100(7)
electron interaction with both electrons in the hy- 0A, T2/ = ;00 177100872
drogenic ground state with energy Eg = —109 eV = 736*2’1/36—2@/3
ma

the variational principle with this same trial wave
function (no adjustable parameters) gives an upper
bound for the ground state energy
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h? e (2 2 1
H=——(Vi4V) - — [+ - -
2m( 1+ 2) 47T€0 rn * p) |r1—r2\
the simplest model is to ignore the electron- Yol 3) = broo(A)100(7)
electron interaction with both electrons in the hy- 0A, T2/ = ;00 177100872
drogenic ground state with energy Eg = —109 eV = 736*2’1/36—2@/3
ma

the variational principle with this same trial wave

. . ) 2
4re
function (no adjustable parameters) gives an upper (Vi) = eﬂ/ 7Ti0 — 134eV
bound for the ground state energy A — 13
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The helium atom so far... \d

The helium atom is an excellent “real world” example of the use of the variational method to
compute the ground state energy of an analytically insoluble quantum system

h? e (2 2 1
H=———(V34V3) - — [+ = — ——

2m( 1+ 2) 47T€0 rn * p) |r1—r2\
the simplest model is to ignore the electron- Yol 3) = broo(A)100(7)
electron interaction with both electrons in the hy- 0A, T2/ = ;00 177100872
drogenic ground state with energy Eg = —109 eV = 736*2’1/36—2@/3

ma
the variational principle with this same trial wave
function (no adjustable parameters) gives an upper _ /€% /Ame\
<Vee> =( ——— ) =+4+34eV

bound for the ground state energy of Eg = —109+ A — 13
34 = —-75 eV
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A better trial function vV

So, (H) = —109¢eV + 34eV
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A better trial function vV

So, (H) = —109eV + 34eV = —75¢eV,
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A better trial function \ 4

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy
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A better trial function \ 4

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

- 8 _ -
Y(A,n)=—73e 2n/ag=2r/a
ma
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A better trial function \ 4

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

3
Z eerl/ae—Zrz/a
3

Lo 8 _ _ -
¢(I’1, r2) = 736 Q’I/ae 2r2/a wl(rl, r2) = E

Ta
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A better trial function \ 4

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

3
_ Zieerl/ae—ng/a
- 33

Ta
with the variational parameter being the effective charge Z which takes into account screening
of the nucleus by the “other” electron

Lo 8 _ _ Lo
¢(r1,r2):ge 2n/ag=2n/a P1(r, 1)
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A better trial function \ 4

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

3
— Z erl/a —Zrz/a
=—5e€ e

Ta
with the variational parameter being the effective charge Z which takes into account screening
of the nucleus by the “other” electron

Lo 8 _ _ Lo
¢(f1>r2):ge 2n/ag=2n/a P1(r, 1)

Starting with the full Hamiltonian

h? e (2 2 e? 1
H=——"—(V?+V3) - — 4 — -
2m( 1+ V2) 47eq <r1 +r2) +47rq;]r]—?2|

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The helium atom



A better trial function \ 4

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

3
— Z erl/a —Zrz/a
=—5e€ e

Ta
with the variational parameter being the effective charge Z which takes into account screening
of the nucleus by the “other” electron

Lo 8 _ _ Lo
¢(f1>r2):ge 2n/ag=2n/a P1(r, 1)

Starting with the full Hamiltonian then adding and subtracting terms with Z replacing 2 in the
Coulomb terms

h? e (2 2 e? 1
H=— —(V2+V3)-— (2 += S -
2m( 1+ V2) 47eq <r1 + r2) + Ameq |F — 1
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A better trial function \ 4

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

3
— Z erl/a —Zrz/a
=—5e€ e

Ta
with the variational parameter being the effective charge Z which takes into account screening
of the nucleus by the “other” electron

Lo 8 _ _ Lo
¢(f1>r2):ge 2n/ag=2n/a P1(r, 1)

Starting with the full Hamiltonian then adding and subtracting terms with Z replacing 2 in the
Coulomb terms

B2 e? 2 2 e? 1 e? Z Z Z Z
H=——(V?+V3) — —+— non ' mn n
2m( 1+V2) 47eg <r1 - rz) * 4reo | — 1o - 4meg (fl n " r2 r2>
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A better trial function V'

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

8
(R, ) = —e 21/2e2n/2 17, B)

3
Z erl/a —Zrz/a
3 36 e
Ta

"~ 7a
with the variational parameter being the effective charge Z which takes into account screening
of the nucleus by the “other” electron

Starting with the full Hamiltonian then adding and subtracting terms with Z replacing 2 in the
Coulomb terms

K2 e2 (2 2 e 1 e (7 7 7 Z
H:—M(V%+V§)—<+ )+ + (—+—>

rn r

47eq Areg |H — 1| 4dmeo\n n  n mn
h? e (7 Z
=— —(Vi+V3) - —+=
2m( 1+ V2) 47eq <r1+r2)

this can be rearranged to be the sum of a non-interaction Hamiltonian matching the new trial

function
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A better trial function V'

So, (H) = —109eV + 34eV = —75¢eV, but it is possible to do better still with a more suitable
trial function which has a variational parameter which will minimize the energy

3
Z eerl/ae—ng/a
3

Lo 8 _ _ -
1#([’1, r2) = —e Q“/ae 2r2/a ¢1(I‘1, r2) = E

a3
with the variational parameter being the effective charge Z which takes into account screening
of the nucleus by the “other” electron

Starting with the full Hamiltonian then adding and subtracting terms with Z replacing 2 in the
Coulomb terms

2 e (2 2 e? 1 e (Z 7z 7 Z
H=—-—(Vi+V3)—-— (= += n on n n
2m( 1+V2) 47eg <r1 - rz) * 4reo | — 1o - 4meg (fl n " r2 r2>

K2 2 (7 7 2 (7-2 Z7-2 1
- S (VI4V3) - — <+>+ c < + + >

2m 4-7T€0 rn r 4-7T€0 r r |I’Y — 72|

this can be rearranged to be the sum of a non-interaction Hamiltonian matching the new trial

function and an effective “interaction” term
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Evaluating the Hamiltonian \d

Taking the expectation value of the Hamiltonian, we have:
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Evaluating the Hamiltonian Y
Taking the expectation value of the Hamiltonian, we have:

(H) =27°F;
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Evaluating the Hamiltonian \d

Taking the expectation value of the Hamiltonian, we have:

(H) =272, +2(Z — 2) (4;260) <i>
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Evaluating the Hamiltonian \d

Taking the expectation value of the Hamiltonian, we have:

(H) _2Z2E1+2(Z—2)< e )<1> + (Vee)

dreg r
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Evaluating the Hamiltonian

Taking the expectation value of the Hamiltonian, we have:

(H) _222E1+2(Z—2)( e )<1> + (Vee)

dreg r

With the effective nuclear charge Z, the expecta-
tion value of % becomes
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Evaluating the Hamiltonian N

Taking the expectation value of the Hamiltonian, we have:

(H) _222E1+2(Z—2)( e )<1> + (Vee)

dreg r

1
With the effective nuclear charge Z, the expecta- <> =
tion value of % becomes
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Evaluating the Hamiltonian

Taking the expectation value of the Hamiltonian, we have:

(H) _2Z2E1+2(Z—2)( e )<1> + (Vee)

dreg r

1 Z
With the effective nuclear charge Z, the expecta- <> =3
tion value of % becomes

and the expectation value of Ve is the same as
was just computed but with Z instead of 2

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The helium atom



Evaluating the Hamiltonian

Taking the expectation value of the Hamiltonian, we have:

(H) _222E1+2(Z—2)< e )<1> + (Vee)

dreg r
1 Z
With the effective nuclear charge Z, the expecta- T3
tion value of % becomes
and the expectation value of Ve is the same as 57 2
was just computed but with Z instead of 2 (Vee) = 2 <8 a)
Tey

Carlo Segre (lllinois Tech) PHYS 406 - Fundamentals of Quantum Theory Il The helium atom



Evaluating the Hamiltonian i

Taking the expectation value of the Hamiltonian, we have:

(H) _222E1+2(Z—2)< e )<1> + (Vee)

dreg r
1 Z
With the effective nuclear charge Z, the expecta- T3
tion value of % becomes
and the expectation value of Ve is the same as 57 2 57
was just computed but with Z instead of 2 (Vee) = 2 <8 a) = _TEI
Tey
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Evaluating the Hamiltonian 7

Taking the expectation value of the Hamiltonian, we have:

(H) _222E1+2(Z—2)< e )<1> + (Vee)

dreg r
1 Z
With the effective nuclear charge Z, the expecta- ;)= 3
tion value of % becomes
and the expectation value of Ve is the same as 57 2 57
was just computed but with Z instead of 2 (Vee) = e <8 a) = _TEI
Tey

the final result is thus
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Evaluating the Hamiltonian i

Taking the expectation value of the Hamiltonian, we have:

(H) _222E1+2(Z—2)< e )<1> + (Vee)

dreg r
1 Z
With the effective nuclear charge Z, the expecta- ;)= 3
tion value of % becomes
and the expectation value of Ve is the same as 57 2 57
was just computed but with Z instead of 2 (Vee) = e <8 a) = _TEI
Tey

the final result is thus

(Hy=[22> —42(Z-2) - 2Z] F
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Evaluating the Hamiltonian i

Taking the expectation value of the Hamiltonian, we have:

(H) _222E1+2(Z—2)< e )<1> + (Vee)

dreg r
1 Z
With the effective nuclear charge Z, the expecta- T3
tion value of % becomes
and the expectation value of Ve is the same as 57 2 57
was just computed but with Z instead of 2 (Vee) = 2 <8 a) = _TEI
Tey

the final result is thus

(Hy=[22> —42(Z-2) - 27|, = [-22° + 2 Z] K
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Improved helium energy A

This energy can be minimized with respect to the effective charge, Z
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Improved helium energy A

This energy can be minimized with respect to the effective charge, Z

d d , 27
0= (H) = [—22 + 42] E
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Improved helium energy Y
This energy can be minimized with respect to the effective charge, Z

d d

0=z =3z

27 27
[—222 + 42] Ei = [—42 + 4] E
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Improved helium energy A
This energy can be minimized with respect to the effective charge, Z

d d

27
=z =gz 16

27 27
27’4+ 7| E = |-4Z+"|E — Z=
0 [ T ] 1 [ +4] ! 16
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Improved helium energy i

This energy can be minimized with respect to the effective charge, Z
d d

= — H = —
dZ< ) dZ

The improved energy estimate becomes

_a_

27 27
27’4+ = 7| E = |-4Z+= | E Z="=1.
0 [ + 7 :| 1 [ =+ 4:| 1T — 16 69
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Improved helium energy i

This energy can be minimized with respect to the effective charge, Z
d d

= — H = —
dZ< ) dZ

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 ) \ 16 416

_a_

27 27
27’4+ = 7| E = |-4Z+= | E Z="=1.
0 [ + 7 :| 1 [ =+ 4:| 1T — 16 69

(H) =
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Improved helium energy i

This energy can be minimized with respect to the effective charge, Z

d d
=z =gz

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 \ 16 416
27\2 2727
[ <16> * 416] !

_a_

27 27
27’4+ = 7| E = |-4Z+= | E Z="=1.
0 [ + 7 :| 1 [ =+ 4:| 1T — 16 69

(H) =
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Improved helium energy i

This energy can be minimized with respect to the effective charge, Z

d d
=z =gz

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 \ 16 416
27\2 2727 27\ 2
[ <16> * 416] ! <16> !

_a_

27 27
27’4+ = 7| E = |-4Z+= | E 7=>"=1.69
0 [ T ] 1 [ +4] 1 16

(H) =
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Improved helium energy

This energy can be minimized with respect to the effective charge, Z

d d , 27 27 27
o_dZ<H>_dZ[—2z —|—4Z]E1_[—4Z—|—4]E1 — Z=1,=169

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 \ 16 416
27\2 2727 27\ 2 1/3\°
[ <16> +416] ! <16> ! 2(2) !

(H) =
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Improved helium energy

This energy can be minimized with respect to the effective charge, Z

d d , 27 27 27
o_dZ<H>_dZ[—2z —|—4Z]E1_[—4Z—|—4]E1 — Z=1,=169

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 E,
16 16 ) \ 16 416

27\2 2727 27\ 2 1/3\°
- [—2 (%) +416] fi=2(3) E=3(3) B=Treev

(H) =
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Improved helium energy

This energy can be minimized with respect to the effective charge, Z

d d 27 27 27
=—(H)=—=|-22°4+=Z7Z|E = |-4Z+=—|E Z=="—=1
0=—=(H) dZ[ +4]1 [ +4]1—> T

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 ) \ 16 416

27\? 2727 27\ ? 1/3\°
[ 2<16> T 16] b (16) 1=3 (2) 1=—T75e

comparing the different solutions with the experimental value

(H) =
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Improved helium energy

This energy can be minimized with respect to the effective charge, Z

d d 27 27 27
=—(H)=—=|-22°4+=Z7Z|E = |-4Z+=—|E Z=="—=1
0=—=(H) dZ[ +4]1 [ +4]1—> T

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 ) \ 16 416

27\? 2727 27\ ? 1/3\°
[ 2<16> T 16] b (16) 1=3 (2) 1=—T75e

comparing the different solutions with the experimental value

(H) =

experimental helium energy — —78.975 eV
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Improved helium energy

This energy can be minimized with respect to the effective charge, Z

d d
=z =gz

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 \ 16 416
27\2 2727 27\ 2 1/3\°
—|—2(2 SR =2(2Z) BE==(2) EL=—-775eV
[2<16> Jr416]E1 <16> ! 2(2) 1= T

comparing the different solutions with the experimental value

_a_

27 27
27’4+ = 7| E = |-4Z+= | E 7=>"=1.69
0 [ T ] 1 [ +4] 1 16

(H) =

experimental helium energy — —78.975 eV
ignoring e-e interaction —  —109 eV ~38% error
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Improved helium energy

This energy can be minimized with respect to the effective charge, Z

d d
=z =gz

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 \ 16 416
27\2 2727 27\ 2 1/3\°
—|—2(2 SR =2(2Z) BE==(2) EL=—-775eV
[2<16> Jr416]E1 <16> ! 2(2) 1= T

comparing the different solutions with the experimental value

_a_

27 27
27’4+ = 7| E = |-4Z+= | E 7=>"=1.69
0 [ T ] 1 [ +4] 1 16

(H) =

experimental helium energy — —78.975 eV
ignoring e-e interaction —  —109 eV ~38% error
simple variational function — —75.0 eV ~5% error
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Improved helium energy

This energy can be minimized with respect to the effective charge, Z

=3z\" =3z 16

The improved energy estimate becomes

27\ 2 2 2 2
o (20N g (20 (2 o) 02 £,
16 16 \ 16 416
27\2 2727 27\ 2 1/3\°
—|—2(2 SR =2(2Z) BE==(2) EL=—-775eV
[2<16> Jr416]E1 (16) ! 2(2) 1= T

comparing the different solutions with the experimental value

27 27
0 d H d [_2z2+2472]51:[_4z+4]51 — Z=—"—=1.69

(H) =

experimental helium energy — —78.975 eV

ignoring e-e interaction —  —109 eV ~38% error
simple variational function — —75.0 eV ~5% error
variational Z parameter — —T775eV ~2% error
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