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Problems from Chapter 7
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Chapter 7:8,12,13,17,33,36
due Tuesday, February 11, 2020
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Spin orbit interaction review

Remember that the electron and its magnetic dipole interacts with the
magnetic field generated by the proton
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Spin orbit interaction review

Remember that the electron and its magnetic dipole interacts with the
magnetic field generated by the proton

, LB e? 1 = -
Heo = —ile- Bo~ g ) ez b

The spin-orbit interaction does not commute with L or S and so the spin
and orbital angular momentum are no longer separately conserved (m; and
ms are not “good” quantum numbers).

But H., still commutes with L2 and S? as well as the total angular
momentum J = L + S so these quantities are conserved (and /, s, j, m;
are all “good” quantum numbers!

This can be used to recast the spin-orbit Hamiltonian
P=(L+S)-(L+S)=12+5%>+2[-5
[-S=13(2-12-5?
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Spin-orbit eigenvalues

Looking at the spin-orbit Hamiltonian again
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Spin-orbit eigenvalues
Looking at the spin-orbit Hamiltonian again
2
e 1 = -
H, o~|— ) —55%S-L
= (87760) m2c2r3

The eigenvalues of LS are

2

<Z-§>Z%U(j+l)—l(/+1)—s(s+l)]
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Spin-orbit eigenvalues
Looking at the spin-orbit Hamiltonian again
2
e 1 = -
H, o~|— ) —55%S-L
= (87Teo> m2c2r3
The eigenvalues of LS are

Lo 2
<L-5>Z%[j(j+1)—/(/+1)—s(s+1)]

and the expectation value of 1/r3
(the other term in the spin-orbit
Hamiltonian) is
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The eigenvalues of LS are
- o K2
(L-3) = SUG+1) = 10+1) = s(s +1)]

1

(the other term in the spin-orbit r3> = 00+ 1)

Hamiltonian) is

and the expectation value of 1/r3 < 1

O () - 1 m i+ - I(1+1)-3

871'60 m2c2 2 I+ D+ 1)
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Fine structure energy
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Fine structure energy

1
In terms of E,, we can express Es(o) as

f)_ E {nuu+1>—/(/+1)—i]}

" me? 1+ 3)(1+1)

recalling the relativistic correction
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Fine structure energy

In terms of E,, we can express ES((}) as
n[i(j+1)—/(/+1)—3]}

£
{ 1+ 5 +1)

1) _
ESO - mC2

4n

E
I+ 3

EN = -
2mc?

recalling the relativistic correction
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Fine structure energy
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In terms of E,, we can express Es(o) as

£ _ E2 [n[ii+1)—I(I+1)—3]
* mce? 1+ 5 +1)

E;
2mc2

recalling the relativistic correction £ _
=

4
An g
I+1

we get the total fine structure correction (Problem 7.20, assigned) of

E(l) _ E,? 3_ 4n
fs 2mc2 Jj+ %

the full energy of the hydrogen atom, including fine structure is thus

_13.6eV +a72 n _§
P \j+i 4

n2
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Fine structure of hydrogen

=72
n=4 —~ ‘4 =512

n=3 — . =52

n=2

n=1

\ ....... j=1/2

=0 1=1 =2 =3
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Sample calculations

Suppose we have n=1, /=0, j = %
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Forn=2,1=0,j=3
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Sample calculations
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Sample calculations

Suppose we have n=1, [ =0,

J
13.6 a? 3 a?
E1§_P2Fn+12<é%_é——4>] —136[1%—(1]

Forn=2,1=0,j=3%and forj=3
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Sample calculations

13.6eV a2 n 3
Enj__ n2 1 ? 71—1
J+3
Suppose we have n=1, /=0, j = %
13.6 a? 1 3 a?
Elé_—12[14-12(%_'_%—4)]——13.6[14—4]
FOrn:2,/:0,j:%andforj:%
13.6 a? 2 3 13.6 3a?
S [+22 <é+é 4)] 4 [+ 16}
13.6 a? 2 3 13.6 a?
v [*22 <3+é 4)] v ]
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Zeeman effect

When an atom is in a uniform mag-
netic field Bext, the energy levels
are shifted by the Zeeman effect
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Zeeman effect

When an atom is in a uniform mag-
netic field Bext, the energy levels

. H/Z = _(ljl + ﬁs) : éext
are shifted by the Zeeman effect
. ez e -
fis=——S pgr=—5-L
m 2m
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Zeeman effect

When an atom is in a uniform mag-
netic field Bext, the energy levels
are shifted by the Zeeman effect

- e -

S Hr=-5=L

. e
Hs = m 2m

C. Segre (IIT)

PHYS 406 -

Spring 2020

Hy =

_(ljl + ﬁs) : éext

2m

= ([+23)-B

ext
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Zeeman effect

When an atom is in a uniform mag-
netic field Bext, the energy levels
are shifted by the Zeeman effect

H/Z = _(ﬁl + ﬁs) : éext

e - - —
,Z == E(L—i—QS‘) . Bext

The nature of the Zeeman effect is dependent on the relative strengths of
the external and internal (spin-orbit) magnetic fields
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Zeeman effect

When an atom is in a uniform mag-
netic field Bext, the energy levels
are shifted by the Zeeman effect

e -
s=——8 ji=—5-L
m 2m

H/Z = _(ﬁl + ﬁs) : éext

, e - -

= —(L+25) Bext

27 2m

The nature of the Zeeman effect is dependent on the relative strengths of
the external and internal (spin-orbit) magnetic fields

Bext < Bjnt  weak-field
Bext = Bjp+  intermediate-field
Bext > Bjn:  strong-field

depending on the regime, we can use different kinds of perturbation theory
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Problem 7.23

Consider the following relationship between angular momentum and
magnetic field:
. 1 e -
B=_——53
dmeg mc4r
use it to estimate the internal field in hydrogen, and characterize
quantitatively a “strong” and “weak” Zeeman field.
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magnetic field:

g__ L e

4eg mc?r3

use it to estimate the internal field in hydrogen, and characterize
quantitatively a “strong” and “weak” Zeeman field.

The internal field that gives rise to
the spin-orbit interactions is given

by
if we assume reasonable values for
for L and r
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Problem 7.23

Consider the following relationship between angular momentum and

magnetic field:
- 1 e -
B=_——53
dmeg mc4r
use it to estimate the internal field in hydrogen, and characterize
quantitatively a “strong” and “weak” Zeeman field.

The internal field that gives rise to

the spin-orbit interactions is given . 1 e -
by Bint = Feoim@r?’
if we assume reasonable values for L=h

for L and r the crossover point for res g

the Zeeman effect can be estimated
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Problem 7.23 (cont.)

B 1 e
e _
" Amreg mc2a3
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Problem 7.23 (cont.)

1 e
Bint % ————— =
M Areq mc2a3
(1.60 x 10719C)(1.05 x 10734J - 5)

47(8.9 x 10-12C2/N - m2)(9.1 x 10—31kg)(3 x 108m/s2)2(0.53 x 10—10m)3
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Problem 7.23 (cont.)

1 e

L C o7
4eg mc2a3
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(1.60 x 10719C)(1.05 x 10734J - 5)
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a “strong” Zeeman field is Bey > 10T
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Problem 7.23 (cont.)

1 e

L C o7
4eg mc2a3

Bint ~

(1.60 x 10719C)(1.05 x 10734J - 5)
47(8.9 x 10~12C2/N - m2)(9.1 x 10-3lkg)(3 x 108m/s2)2(0.53 x 10~10m)3

a “strong” Zeeman field is Bey > 10T
a “weak” Zeeman field is Beyr < 10T
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;

apply first order perturbation the-
ory to get
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;

. ) (1) _ . :
apply first order perturbation the- E;’ = <”/ij ‘le‘ ”/ij>
ory to get
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;

. ) (1)
apply first order perturbation the- <”/ij ‘Hz‘ ”/ij>

ory to get = 7Bext-<L+25>
2m

C. Segre (IIT) PHYS 406 - Spring 2020 February 04, 2020 10/25



Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;

. . (1)
apply first order perturbation the- <”/ij ‘HZ‘ ”/JmJ>
ory to get = %Bext-<L+2§>
we can rewrite this using J=1L[+S
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;

1
apply first order perturbation the- ( ) — <”/ij ‘Hz‘ ”/ij>
ory to get :TBext'<L+2§>
we can rewrite this using j=1I[+5 = %Bext <J + 5>
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;

1
apply first order perturbation the- E( )= <”/ij ‘HZ‘ ”/JmJ>
ory to get = 27Bext-<L+25>
we can rewrite this using j=1I[+5 = ;Bext <J + 5>

m

this can be evaluated by realiz- S
ing that J is constant and that \
the time average of S is C
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum

numbers are n, [, s, j, m;

. . E(l)
apply first order perturbation the-

ory to get

-

we can rewrite this using J=1L[+S

this can be evaluated by realiz-
ing that J is constant and that Sove =
the time average of S is

i
S

g‘.
[S)
!

C. Segre (IIT) PHYS 406 - Spring 2020

<”/Jm1 ‘HZ‘ ”/Jm1>

= TBext : <LwL 25>

e

— = Beu - <J + 5>

2m

-

February 04, 2020
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;

1
apply first order perturbation the- E( ) — <”/ij ‘Hz‘ ”/ij>
ory to get = 27Bext-<L+25>
we can rewrite this using j=1I[+5 = %Bext <J + 5>
this can be evaluated by realiz- . S
) = S S.J-
ing that J is constant and that Sove = ——J N
the time average of S is s C
[=J-5§ I A
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Weak-field Zeeman effect

When By < Bijp: fine structure dominates and the good quantum
numbers are n, I, s, j, m;
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes

<Z+2§>:<7+§> - <<1+§sz> ]>
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes

<Z+2§>:<j+§> — <<1+§J2j> ]>
JU+1) = I(I+1)+s(s+1)
2j(j +1)

— [+ |0 =a0

where g is the so-called Landé g-factor
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes

<Z+2§> = <]+§> = <<1+§J2j> ]>
_ [1 N JjG+1) _2{1('2]11;; s(s+ 1)] 3 = g, (0)

where g is the so-called Landé g-factor and the full energy correction
becomes
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes
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2i( +1) ] U =)

where g is the so-called Landé g-factor and the full energy correction
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes

<Z+2§> = <]+§> = <<1+§J2j> ]>
_ [1 N JjG+1) _2{1('2]11;; s(s+ 1)} 3 = g, (0)

where g is the so-called Landé g-factor and the full energy correction
becomes

e eh

Eél) = 7Bextgjhmj = MBgJBeXtmj U= — = 5.788 x 10_5€V/T

2m 2m

the total energy includes both the spin-orbit and Zeeman corrections and

the 2j 4 1 states then have unique energies
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Strong-field Zeeman effect

When Byt > Bijpe, the spin-orbit coupling must be treated as the

perturbation and the solutions must be eigenfunctions of the unperturbed
wave functions with good quantum numbers: n, I/, my, s, ms.
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Strong-field Zeeman effect

When Byt > Bijpe, the spin-orbit coupling must be treated as the
perturbation and the solutions must be eigenfunctions of the unperturbed
wave functions with good quantum numbers: n, I/, my, s, ms.

If Bext is in the Z direction,

the Zeeman Hamiltonian is H., = 2iBext(Lz +25,)
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and the energies (without
fine structure), are
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Strong-field Zeeman effect

When Byt > Bijpe, the spin-orbit coupling must be treated as the
perturbation and the solutions must be eigenfunctions of the unperturbed
wave functions with good quantum numbers: n, I/, my, s, ms.

If Bext is in the Z direction,

the Zeeman Hamiltonian is H. — iB e(Ly + 25,)
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and the energies (without 13.6eV
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(8- L) = (5x) (Lx) +(5y) (Ly) + (Sz) (Lz)
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Strong-field Zeeman effect

When Byt > Bijpe, the spin-orbit coupling must be treated as the
perturbation and the solutions must be eigenfunctions of the unperturbed
wave functions with good quantum numbers: n, I/, my, s, ms.

If Bext is in the Z direction,

o e
the Zeeman Hamiltonian is Hy = %Bext(Lz +25,)

and the energies (without 13.6eV

fine structure), are Enmim, = — 2 + peBext(m; + 2ms)
Applying perturbation theory

t(? the fine structure Hamilto- E} = {nlmyms ‘(H; + H;o)‘ nimms)
nian

(S - I) = (SHET + (SHt5T + (S2) (L) = Wrmym,

13.6eV 3 I(1+1) —mm
EL = 20 = s /
=3 ¢ {4n [/(/+1/2)(/+1)]}’ >0
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Intermediate-field Zeeman effect

When H’, ~ H, we must apply degenerate perturbation theory with
H' = H, + Hf..
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Intermediate-field Zeeman effect

When H’, ~ H, we must apply degenerate perturbation theory with
H' = H, + Hf,. Consider the n = 2 case with / =0, 1

start with the L-S coupled basis set with quantum numbers /, s, j, and m;
(instead of /, my, s, and ms)
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for | = 0 there is only one value, j = % possible with two possible values
of m; directly related to the value of m;
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Intermediate-field Zeeman effect

When H’, ~ H, we must apply degenerate perturbation theory with
H' = H, + Hf,. Consider the n = 2 case with / =0, 1

start with the L-S coupled basis set with quantum numbers /, s, j, and m;
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Intermediate-field Zeeman effect

When H’, ~ H, we must apply degenerate perturbation theory with
H' = H, + Hf,. Consider the n = 2 case with / =0, 1

start with the L-S coupled basis set with quantum numbers /, s, j, and m;
(instead of /, my, s, and ms)

for | = 0 there is only one value, j = % possible with two possible values
of m; directly related to the value of m;

|11 11
I_od¥1=123)  =100)]33)
Y2=|3-3) =100)|3-3)
for | = 1, there are many more mixing possibilities since m; = -1,0,1
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Intermediate-field Zeeman effect

When H’, ~ H, we must apply degenerate perturbation theory with
H' = H, + Hf,. Consider the n = 2 case with / =0, 1

start with the L-S coupled basis set with quantum numbers /, s, j, and m;
(instead of /, my, s, and ms)

for | = 0 there is only one value, j = % possible with two possible values
of m; directly related to the value of m;

|11 11
I_od¥1=123)  =100)]33)
2=13-3) =100)3-3)
for | = 1, there are many more mixing possibilities since m; = -1,0,1

it is convenient to use the 1 x % Clebsch-Gordan table to generate all the
possible states of |j m;)
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Enumerating the / = 1 degenerate states

1x1/2 | 32
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Pick out all the possible combina-
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erate states
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Enumerating the / = 1 degenerate states
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Enumerating the / = 1 degenerate states

3/2
1x1/2 +3/2| 372 172
|+1 +1/72] 11724172
Pick out all the possible combina- +1-1/2| 1/3 2/3| 3/2| 1/2
tions to build the remaining degen- 0+1/2] 23 Z1/3|71/2-1/2
g deg ol-172| 273 1/3] 372
erate states _1k1/2| 1/3-2/3}-372
12172 1
_ 133 _ 11
vs=133) =11)[33)
—_ 133 _ 11
va=33) =11)|53)
_ |31 2 11 1 11
L Us=[33)  =4/5110)[53) +/3111)[53)
= _ |11 _ 1 11 2 11
ve=|33) =—\/3110033) +/5111)[53)
_ 13 1
v =5-3)
\
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Enumerating the / = 1 degenerate states

372
1x1/2 +3/2]3/2 172
|+1 +1/72]  1p172+172
Pick out all the possible combina- +1-1/2| 1/3 2/3| 3/2| 1/2
tions to build the remaining degen- O+/2] &8 181 1/e1/2
g deg of-172| 273 1/3[ 372
erate states -1}172| 1/3-2/3|-3/2
-1-1/2] 1
— |33 _ 11
Ys=33)  =N1)33)
— 133 1.1
va=|3-3) 1-1)[3-3)
— |31 — /2 11 1 1
L vs=33)  =4/310)[33)+ f’ll 5-3)
= — |11 _ 1 11
ve = [32) ——\@ 10) |33) +\[|11 )33
— (3.1 _ 11
Yr=13-3) —\[ 132) +\[|10 Y33
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Enumerating the / = 1 degenerate states

3/2
1x1/2 +3/2| 372 172
|+1 +1/72] 11724172
Pick out all the possible combina- +1-1/2| 1/3 2/3| 3/2| 1/2
tions to build the remaining degen- 0+1/2] &3 71/3)-V/2p /2
g deg ol-1/2| 273 1/3[ 372
erate states _1k1/2| 1/3-2/3}-372
—-1-172] 1
_ 133 _ 11
vs=133)  =11)[33)
—_ 133 _ 11
va=33) =11)|53)
_ |31 _ /2 11 1 1
L vs = |33) —\£|10>\§§> f’ll 5-3)
= _ |11 1
be=[31)  =—y/3n0)[3)+ /311 ]5
_ 13 1 1 11
vr=5-3) :\@\1 1) [533) +\[|10 Mz-2
_ |11
(Ve =153)
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Enumerating the / = 1 degenerate states

372
1x1/2 | o777
|+1 +1/72]  1p172+172
Pick out all the possible combina- +1-1/2| 1/3 2/3| 3/2| 1/2
tions to build the remaining degen- O+e] &8 S1BI1/2p 12
g deg of72| 273 173[ 372
erate states _|172| 1/3-2/3)-372
—1-1/2] 1
_ |33 _ 11
s=133)  =11)33)
_ 133 _ 11
va=[33) =N1-1)33)
_ (31 _ /2 11 1 11
L vs = |33) _\£|10>‘§§ +\/;!11>\§‘§>
Th ee=B =—yBno i + 3 |3
_ 3.1 _ 1 11 2 1
vr=5-3) —\£\1‘1>\§§>+\£ Y5-3)
_ (11 2 11 11
(¥s=|3-3) ——\/;|1—1>’§§> \/g|10>\§*§>
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Complete n =2, | = 0,1 degenerate set

The complete set of 8 n =2, | = 0,1 degenerate states using quantum
numbers /, s, j, and m; can now be listed
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Complete n =2, | = 0, 1 degenerate set

The complete set of 8 n =2, | = 0,1 degenerate states using quantum

numbers /, s, j, and m; can now be listed

&

v1=133)
v2=15-3)
vs=33)
Ya=1[3-3)
vs=32)
Y6 =|33)
vr=13-3)
ve=1[3-3)

C. Segre (lIT)

| NI

Nl= ~~
~—

I
= =
—
| ~—

—
|
Ry
~ ——
Nl NI= N[

NI N[
N~ NI
~—

[ |
| |

Wl WIN
WIN | T Wik | T
r—y —y (=}
LS
Ry _ ~
T ONIR O NI

PHYS 406 - Spring 2020

February 04, 2020

15 /25



Complete n =2, | = 0,1 degenerate set

The complete set of 8 n =2, | = 0,1 degenerate states using quantum

numbers /, s, j, and m; can now be listed

,_0{¢1=}%5> = [00) |33)
o= 41) = o0y| L)
b= 23) =i
ba=33) =pfi-
bs= 33 =20 30+ /Ean [-)
TRzl = IR + 2|
br=133) = IR0 + /3105
o= 51y =210 |1 + /3 110) [1-1)

now build the W matrix for the H" = H’, + HY, perturbation
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext

5v-0
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
5y—p
5v+p5
=26
v+26
W=~ 738
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v=(a/8)°13.6eV, B =ppBext
5v—p
5v+p
v—28
v+26
W=- v—38
57—%
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
5v—p
5v+p
v—28
v+26
v—38
5y — %
v+36
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v =(a/8)*13.6eV, B = 1gBext
5y—=p
5v+8
=26
v+26
W=~ =358
57—%
v+36
5’y+%5
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
5y—p
5v+p5
=26
v+26
W=- 1-28 45
$8 5v-3p
v+36
5’y+%
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you

do problem 7.29. Defining the fine structure and Zeeman terms with

v=(a/8)°13.6eV, B =ppBext
5v—p
5v+p3
v—2p
v+26
W=- =28 48
2B 5738
v+36
C. Segre (lIT) PHYS 406 - Spring 2020 February 04, 2020

16 /25




The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

5v-0

0
0
0
0
0
0
0

C. Segre (lIT)

v = (a/8)?13.6eV,

0

5v+p3
0

o O O O O

0

/8 = ,UJBBext
0 0 0
0 0 0
0 0 0
v+28 0 0
2 V2
0 ’)’\—[g 56
0 P8 5y-3f
0 0 0
0 0 0
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = 11 Bext
5y—B 0 0 0 0 0 0 0
0 5y+3 0 0 0 0 0 0
0 0 ~-28 0 0 0 0 0
0 0 0 423 0 0 0 0
W==1 0o o 0o 0 ~-23 %23 o0 0
0 0 0 0 25 By-1g 0 0
0 0 0 0 0 0 y+328 %28
0 0 0 0 0 0 L8 5y+ip

W1, Vo, 13, and 14 are clearly already eigenfunctions of the full
perturbation.
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

v = (a/8)?13.6eV, B = (1 Bext
5v—8 0 0 0 0 0 0 0
0 5v4+8 0 0 0 0 0 0
0 0 ~-28 0 0 0 0 0
0 0 0 ~+28 0 0 0 0
W=— 0 0 0 0 7—%‘8 g{f 0 0
0 0 0 0 %5 51 0 0
0 0 0 0 0 0 y+38  ¥8
0 0 0 0 0 0 23 5y41p

W1, Vo, 13, and 14 are clearly already eigenfunctions of the full
perturbation. The other 4 eigenfunctions can be solved by solving two
2 x 2 blocks and then negating the solutions

C. Segre (IIT) PHYS 406 - Spring 2020 February 04, 2020 16 /25




Block 1 solution

The first block is solved by

diagonalizing the 2 x 2 sub-
matrix
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The first block is solved by
diagonalizing the 2 x 2 sub-
matrix
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Block 1 solution

The first block is solved by
diagonalizing the 2 x 2 sub-
matrix

0=det| '

—28 )

2
3

V2
3

0=(v-28-N)(5y-36 ) — o7

C. Segre (IIT)
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Block 1 solution
The first block is solved by

diagonalizing the 2 x 2 sub- 0= der| 738X 23

matrix ?5 57_%5 —A
2 1 2

0=(y-38-N(Br—38-X) - 5B

2 11 2
:A2+5~y2+§52— <87 =67+ BA - §ﬁ2
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Block 1 solution

The first block is solved by
diagonalizing the 2 x 2 sub- 0 = det
matrix

y-38-1 %8
2B 5y—36-A

0=(v-28-N)(5y-36 ) — o7

2 11 2
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Block 1 solution

The first block is solved by
diagonalizing the 2 x 2 sub- 0 = det
matrix

y-38-1 %8
2B 5y—36-A

0=(v-28-N)(5y-36 ) — o7

2 11 2

=\ = A6y - B) + (572 - 13167>
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Block 1 solution

The first block is solved by
diagonalizing the 2 x 2 sub- 0 = det
matrix

y-38-1 %8
2B 5y—36-A

0=(v-28-N)(5y-36 ) — o7

2 4 11 2
_A2+572+/9ﬁ{—357—6w+m—/9%
=M= A6y —-8)+ |57 —?57

using the quadratic equation and recalling that the solution must be
negated
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Block 1 solution

The first block is solved by
diagonalizing the 2 x 2 sub- 0 = det
matrix

y-38-1 %8
2B 5y—36-A

2 1 2
0= (7—55—)\)(57—55—)\)— 552
_/\2+572+/g/6{— 13157—67A+5A—%
=\ = A6y - B) + (572 - 13167>

using the quadratic equation and recalling that the solution must be
negated

1 44
— Az =37—§i 2\/3672— 126y + (32 —2072+?87
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Block 1 solution

The first block is solved by
diagonalizing the 2 x 2 sub- 0 = det
matrix

y-38-1 %8
2B 5y—36-A

2 1 2
0= (7—55—)\)(57—55—)\)— 552
_/\2+572+/g/6{— 13157—67A+5A—%
=\ = A6y - B) + (572 - 13167>

using the quadratic equation and recalling that the solution must be
negated

1 44
— Az =37—§i 2\/3672— 126y + (32 —2072+?87
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Block 1 solution

The first block is solved by
diagonalizing the 2 x 2 sub- 0 = det
matrix

v=38-x ¥

2 1 2
0= (7—55—)\)(57—55—)\)— 552
_/\2+572+/g/6{— 13157—67A+5A—%
=\ = A6y - B) + (572 - 13167>

using the quadratic equation and recalling that the solution must be
negated

1 44
— Az =37—§i 2\/3672— 126y + (32 —2072+§57

3
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Block 2 solution

The second block is solved in
the same way
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Block 2 solution

The second block is solved in ’Y+25 ) QB
the same way 0 = det \35 31
58 5v+38—A
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Block 2 solution

The second block is solved in ’Y+25 ) ﬁﬁ
the same way 0 = det \35 31
58 5v+38—A

0= (7+§5 - )\)(574'%5 ) - 552

C. Segre (lIT) PHYS 406 - Spring 2020 February 04, 2020 18 /25



Block 2 solution

The second block is solved in +%5 Y ?5

Y
the same way 0 = det
28 By+iB-)

0= (1455 - NEr+36 - )~ o7

2 11 2
:/\2+572+662+?5’y—67/\—5/\—§ﬁ2
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Block 2 solution

The second block is solved in

2 V2
23\ V2
the same way 0 = det 7—’_35 3 g

28 By+iB-)

0= (1455 - NEr+36 - )~ o7

2 11 2
:)\2—1—572—1—/9/6&/—1—367—67/\—6)\—%
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Block 2 solution

The second block is solved in

2 V2
23\ V2
the same way 0 = det 7—’_35 3 g

28 By+iB-)

0= (1455 - NEr+36 - )~ o7

2 11 2
:)\2—1—572—1—/9/6&/—1—367—67/\—6)\—%

:v_xm+m+6$+§w)
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Block 2 solution

The second block is solved in

2 V2
- A
the same way 0 = det v+3f h

3 3
28 By+iB-)

0= (1455 - NEr+36 - )~ o7

2 11 2
11
=X = \67+8) + (5’}/2—1—375)

using the quadratic equation and negating the solution
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Block 2 solution

The second block is solved in

2 V2
- A
the same way 0 = det v+3f h

3 3
28 By+iB-)

0= (1455 - NEr+36 - )~ o7

2 11 2
11
=X = \67+8) + (5’}/2—1—375)

using the quadratic equation and negating the solution

1 44
— A+ =37+§i2\/3672+126’Y+52—2072— 38
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Block 2 solution

The second block is solved in

2 V2
- A
the same way 0 = det v+3f h

3 3
28 By+iB-)

0= (1455 - NEr+36 - )~ o7

2 11 2
11
=X = \67+8) + (5’}/2—1—375)

using the quadratic equation and negating the solution

1 44
— A+ =37+§i2\/3672+126’Y+52—2072— 38
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Block 2 solution

The second block is solved in

2 V2
- A
the same way 0 = det v+3f h

3 3
28 By+iB-)

0= (1455 - NEr+36 - )~ o7

2 11 2
11
=X = \67+8) + (5’}/2—1—375)

using the quadratic equation and negating the solution

1 44
— A+ =37+§i2\/3672+126’Y+52—2072— 38

2 1
Ap= 37— g + \/472 — 38+ 5
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Zeeman effect eigenvalues

These are completely general so-
lutions which hold for all values
of the magnetic field strength
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Zeeman effect eigenvalues

These are completely general so-
lutions which hold for all values
of the magnetic field strength

The four solutions which were
already eigenfunctions start at
two energies and vary linearly
with 3

Energy
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Zeeman effect eigenvalues

These are completely general so-
lutions which hold for all values
of the magnetic field strength

The four solutions which were
already eigenfunctions start at
two energies and vary linearly
with 3

The two solutions from the first
block appear linear at small val-
ues of B but show curvature as
(3 increases

Energy
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Zeeman effect eigenvalues

Energy

C. Segre (lIT) PHYS 406 - Spring 2020

These are completely general so-
lutions which hold for all values
of the magnetic field strength

The four solutions which were
already eigenfunctions start at
two energies and vary linearly
with 3

The two solutions from the first
block appear linear at small val-
ues of B but show curvature as
(3 increases

The two solutions of the second
block mirror those of the first

February 04, 2020 19/25



Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole
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Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole
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Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole

_»:gpe“ - _ geeg
P om,™ fe 2Me
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Hyperfine splitting

Like the electron, the proton has an

associated magnetic dipole . gp€ z . ge€ g
p = — P> Me = —
2mp

where g, = 5.59 2me
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Hyperfine splitting

Like the electron, the proton has an

associated magnetic dipole . gp€ z . ge€ =

p = T py He = Se
mp

where g, = 5.59 2me

as a classical dipole, this creates a magnetic field seen by the electron

C. Segre (IIT) PHYS 406 - Spring 2020 February 04, 2020 20/25



Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole L gpeg . ge€

p_2mp pr e >

where g, = 5.59 2me

as a classical dipole, this creates a magnetic field seen by the electron

3 2M0ﬂ 3
By, = 47Tr3[3(ﬂp r)r—up]—l— 3 p0 ()
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Hyperfine splitting

Like the electron, the proton has an

associated magnetic dipole . 8pe g 2 o _8e¢c

Hp = 2mp py He = e

where g, = 5.59 2me

as a classical dipole, this creates a magnetic field seen by the electron

2/1«0_. 3
0
0 ,5%(7)

the Hamiltonian of the electron in the proton’s magnetic field is called the
hyperfine interaction and is given by —/ic - Bp.

By, = 47”3 [3(Mp PP — Mp] + =
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Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole

ez e =
. 8 . _ 8Lz

om. 2P He = e
p

where g, = 5.59 2me

as a classical dipole, this creates a magnetic field seen by the electron

=2 . 2uo
By = 5 [3(hp - F)P — fip] + — 3 M fip0*(F)

the Hamiltonian of the electron in the proton’s magnetic field is called the
hyperfine interaction and is given by —/ic - Bp.

L 1080 [3(Sp P)(Se )~ Sp-Sel | pogp€® & ¢
hf 8mmpme
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Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole

ez e =
. 8 . _ 8Lz

py  Me = — e
where g, = 5.59 2mp 2me

as a classical dipole, this creates a magnetic field seen by the electron
210 - 3
fipd
L01p6°(7)

the Hamiltonian of the electron in the proton’s magnetic field is called the
hyperfine interaction and is given by —/ie - B,. Using first-order
perturbation theory this gives an expectation value

H. — Mngez [3(§p ' ?)(ge F) = §p : §E] X uogpez
hf 8mmpme r3 3mpme

(Sp - 5e)8°(7)
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Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole

ez e =
. 8 . _ 8Lz

py  Me = — e
where g, = 5.59 2mp 2me

as a classical dipole, this creates a magnetic field seen by the electron

210 - 3
fipd
20 3,03 (7)
the Hamiltonian of the electron in the proton’s magnetic field is called the
hyperfine interaction and is given by —/ie - B,. Using first-order
perturbation theory this gives an expectation value

=

H . — Mngez [3(§p P)(Se - 7) — §p : §E] //Jogpe2
hf = +

(Sp - 5e)8°(7)

8mmpme r3 3m,me
E(l) — ,uogpe2 3(_‘P ) /r\)(_‘e ’ /r\) — S:p : §e
hf 8mmpme r3
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Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole . gp€ z . ge€ =

Hp = py Me = ———3S.

where g, = 5.59 2mp 2me

as a classical dipole, this creates a magnetic field seen by the electron
20 . 3
fipd
L01p6°(7)

the Hamiltonian of the electron in the proton’s magnetic field is called the
hyperfine interaction and is given by —/ie - B,. Using first-order
perturbation theory this gives an expectation value

By, = 47”3[3( p P)F — fip] + ——

-

H . — Mngez [3(§p P)(Se - 7) — §p : §E] //Jogpe2
hf = +

(Sp - 5e)8°(7)

8mmpme r3 3mpme
2 /3(Sp 1)(Se 1) =S, S Hogpe® 2z z
ED _ Ho8p€ p e p e p ) 2
W = e 3 (S, Slu(0)
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Problem 7.31

Let 5 and b be two constant vectors. Show that

/( #)(B - #)sin 0 dO dp — 3(5 B)

Use this result to demonstrate that

<3(§p-?)(§e-?)§p.§e>
r3 =0

for states with / =0
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Problem 7.31

Let 5 and b be two constant vectors. Show that

/( #)(B - #)sin 0 dO dp — 3(5 B)

Use this result to demonstrate that

<3(§p-?)(§e-¢)§p.§e>
3 =0
r

for states with / =0

The integral above can be expanded by taking the scalar products with the
unit vector *
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Problem 7.31

Let 5 and b be two constant vectors. Show that
. 4 .
/(5- (b - #)sin0 df dp = %(3- b)
Use this result to demonstrate that

<3(§p'?)(§e-?)§p~§e>

3
for states with / =0

The integral above can be expanded by taking the scalar products with the
unit vector *

| = /(axsin9cos¢>+aysinesind)—kazcosH)‘

(bxsinfcos ¢ + by sinfsin¢ + b, cosB)sinf db do
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Problem 7.31 (cont.)

| = /(axsinﬁcosqS—i—aysinesimb—i—azcosé?)-
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
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Problem 7.31 (cont.)

| = /(axsinﬁcosqS—i—aysinGsin(b—i—azcosé?)-
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢

2w
0:/0 sing do
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Problem 7.31 (cont.)

| = /(axsinﬁcosqS—i—aysinGsin(b—i—azcosé?)-
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢

2w 2w
0:/0 singdo = ; cosp do
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Problem 7.31 (cont.)

| = /(axsinﬁcosqS—i—aysinGsin(b—i—azcosé?)-
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢

2w 2w 2w
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0
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Problem 7.31 (cont.)

| = /(axsin9c05¢>—|—aysin05in<b+azc059)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
2w 2w 2w
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0

| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢
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Problem 7.31 (cont.)

| = /(axsin9c05¢>—|—aysin05in<b+azc059)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢

2w 2w 2w
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0

| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

27
/ sin®pdp=m
0
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Problem 7.31 (cont.)

| = /(axsin9c05¢>—|—aysin05in<b+azc059)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢

2w 2w 2w
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0

| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

27 27
/ sin2¢d¢>:7r=/ cos® ¢ dop,
0 0
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Problem 7.31 (cont.)

| = /(axsinﬁcosqb—I—aysinGsin(b—i—azc050)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
2w 2w 2w
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0

| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

/0 27Tsin2 pdp=m = /O 2ﬂcos2 ddo, /0 2ﬂd¢ =2r
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Problem 7.31 (cont.)

| = /(axsinﬁcosqb—I—aysinGsin(b—i—azc050)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
27 27 27
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0
| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

/0 27Tsin2 pdp=m = /O 2ﬂcos2 ddo, /0 2ﬂd¢ =2r

| = / [m(axbx + ayby) sin® 6 + 2ra, b, cos? 0] sin6 dé
0
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Problem 7.31 (cont.)

| = /(axsinﬁcosqb—I—aysinGsin(b—i—azc050)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
27 27 27
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0
| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

/0 27Tsin2 pdp=m = /O 2ﬂcos2 ddo, /O 2ﬂd¢ =2r

| = / [m(axbx + ayby) sin® 6 + 2ra, b, cos? 0] sin6 dé
0

i 4
03

0do =

‘lg sin 3’
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Problem 7.31 (cont.)

| = /(axsinﬁcosqb—I—aysinGsin(b—i—azc050)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
27 27 27
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0
| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

/0 27Tsin2 pdp=m = /O 2ﬂcos2 ddo, /O 2ﬂd¢ =2r

| = / [m(axbx + ayby) sin® 6 + 2ra, b, cos? 0] sin6 dé
0

/sin39d9:4, /coszésinQdQ:2
0 3 0 3
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Problem 7.31 (cont.)
| = /(axsinﬁcosqb—I—aysinGsin(b—i—azc050)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
27 27 27
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0

| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

/0 27Tsin2 pdp=m = /O 2ﬂcos2 ddo, /O 2ﬂd¢ =2r

| = / [m(axbx + ayby) sin® 6 + 2ra, b, cos? 0] sin6 dé
0
/sin39d9:4, /coszésinQdQ:2
0 3 0 3

4 2
| = gﬂ(axbx +ayby) + §27razbz
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Problem 7.31 (cont.)

| = /(axsinﬁcosqb—I—aysinGsin(b—i—azc050)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢

2w 2w 2w
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0

| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

/0 27Tsin2 pdp=m = /O 2ﬂcos2 ddo, /O 2ﬂd¢ =2r

| = / [m(axbx + ayby) sin® 6 + 2ra, b, cos? 0] sin6 dé
0

/sin39d9:4, /coszésinQdQ:2
0 3 0

3
4 2 47
| = §7r(axbX +ayby) + §27razbz = ?(axbx +ayb, + a,b;)
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Problem 7.31 (cont.)
| = /(axsinﬁcosqb—I—aysinGsin(b—f—azc050)~
(bx sinf cos ¢ + by, sin@sin ¢ + b, cos #)sin 6 d d¢
27 27 27
0:/ singdo = cospdp = sin ¢ cos ¢ d¢
0 0 0
| = /(axbx sin 6 cos? ¢ + ayb, sin? @sin? ¢ + a, b, cos? 0)sin6 do d¢

/0 27Tsin2 pdp=m = /O 2ﬂcos2 ddo, /O 2ﬂd¢ =2r

| = / [m(axbx + ayby) sin® 6 + 2ra, b, cos? 0] sin6 dé
0

/sin39d9:4, /coszésinQdQ:2
0 3 0

3
4 2 47 4
= gﬂ-(axbx + ayb)/) + §27Tazbz = ?(axbx + ayby + azbz) = ?a :
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. YO =1/+/47) so we can separate the radial and angular integral
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral

3(S, - #)(Se - 7) = S, - Se 1
<(P )( r3) P >:/O ﬁ|w(r)’2r2dr

X {/[3(5,,~?)(§e~?)]sin9d0d¢—/§p-§esin9d9d¢}
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral

3(S, - F)(Se - ) — S, - Se |
< Ge 7N 3r) ? >:/ ﬁ|¢(f)!2r2dr

x{/[3(§p.r)( ?)]sin6 df dop — /5 Ssm9d9d¢}

the angular integrals A and B can be done first, ignoring the specifics of
the radial function
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral

3(S, - F)(Se - ) — S, - Se |
< Ge 7N 3r) ? >:/ ﬁ|¢(r)’2r2dr

x{/[3(§p.r)( ?)]sin6 df dop — /5 Ssm9d9d¢}

the angular integrals A and B can be done first, ignoring the specifics of
the radial function

T 2T N .
A:/ 3(S, - 7)(S. - 7)] sin 6 d6 do
0 JO
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral

3(S, - F)(Se - ) — S, - Se |
< Ge 7N 3r) ? >:/ ﬁ|¢(r)’2r2dr

x{/[3(§p.r)( ?)]sin6 df dop — /5 Ssm9d9d¢}

the angular integrals A and B can be done first, ignoring the specifics of
the radial function

27
A= / 3(S, - #)(S, - #)] sin 6.d6 dp — 4xS,, - S,
0 JO
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral

3(S, - F)(Se - ) — S, - Se |
< Ge 7N 3r) ? >:/ ﬁ|¢(r)’2r2dr

x{/[3(§p.r)( ?)]sin6 df dop — /5 Ssm9d9d¢}

the angular integrals A and B can be done first, ignoring the specifics of
the radial function

27
A= / 3(S, - #)(S, - #)] sin 6.d6 dp — 4xS,, - S,
0 JO

T 21
B=-5,-5¢ / sinf df d¢
0 Jo
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Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral

3(S, - F)(Se - ) — S, - Se |
< Ge 7N 3r) ? >:/ ﬁ|¢(r)’2r2dr

x{/[3(§p.r)( ?)]sin6 df dop — /5 Ssm9d9d¢}

the angular integrals A and B can be done first, ignoring the specifics of
the radial function

27
A= / 3(S, - #)(S, - #)] sin 6.d6 dp — 4xS,, - S,
0 JO

T 2w
B=-5,-5¢ / sin@dfdp = =S, - Sl
0 Jo

C. Segre (lIT) PHYS 406 - Spring 2020 February 04, 2020 23 /25



Problem 7.31 (cont.)

For states with / = 0, the angular wave function is independent of 6 and ¢
(e.g. Y@ = 1/+/47) so we can separate the radial and angular integral

3(Sp - 7)(Se - ?) — Sp - Se 1
o=<(p 2 3r) . >=/ Sle(n)r dr

x{/[3(§p.r)( ?)]sin6 df dop — /5 Ssm9d9d¢}

the angular integrals A and B can be done first, ignoring the specifics of
the radial function

21 . o _
A:/ 3(S, - #)(S, - #)] sin 6.d6 dp — 4xS,, - S,

// sm9d9dgb——5 Sed

A and B cancel exactly, giving the desired result
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Spin-spin coupling

F) _ 1o8pe” <3(§p-?)(1-?)—§p~§e>+Atogpe2 2 .2

8mmpme
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Spin-spin coupling

- 5 o 5
p " e HoBp€™ 2

+ (Sp - Se)|w(0) 2

3mpme

for states with / = 0 the first term vanishes and we are left with an energy

correction which depends on a coupling between the spin of the proton
and the spin of the electron
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Spin-spin coupling

2 S . +\¢(<3 .» 3 < 2
1 Ho8p€ 3 - 7)(Se - Ho&pe” =z =
E( ) p (Sp - 7)( 5 pie\ p (S, - 5e>‘¢(0)‘2

3mpme

for states with / = 0 the first term vanishes and we are left with an energy

correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state,

1
2 _
19100(0)|" = 3
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Spin-spin coupling

2 S . +\¢(<3 .» 3 < 2
1 Ho8p€ 3 - 7)(Se - Ho&pe” =z =
E( ) p (Sp - 7)( 5 pie\ p (S, - 5e>‘¢(0)‘2

3mpme

for states with / = 0 the first term vanishes and we are left with an energy

correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state,

2
1 (1) _  Ho8p€ 2
Y100(0)> = 3 Ene =

3rmpmead (S5 Se)
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Spin-spin coupling

2 S . +\¢(<3 .» 3 < 2
1 Ho8p€ 3 - 7)(Se - Ho&pe” =z =
E( ) p ( p )( 5 pie\ p (S, - 5e>‘¢(0)‘2

3mpme

for states with / = 0 the first term vanishes and we are left with an energy
correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state,

2

1 (1) MHo8p€ g e
2 E)/ =-—"—>=2""_(S5,-5

19100(0)|* = 3 ht 37rmpmea3< b Se)

the total spin is now a good opera-
tor of the perturbed Hamiltonian
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Spin-spin coupling

2 S . +\¢(<3 .» 3 < 2
1 Ho8p€ 3 - 7)(Se - Ho&pe” =z =
E( ) p ( p )( 5 pie\ p (S, - 5e>‘¢(0)‘2

3mpme

for states with / = 0 the first term vanishes and we are left with an energy
correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state,

2

1 (1) MHo8p€ g e
2 E)/ =-—"—>=2""_(S5,-5

19100(0)|* = 3 ht 37rmpmea3< b Se)

the total spin is now a good opera-
tor of the perturbed Hamiltonian S

—

Se+S,
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Spin-spin coupling

2 /3(5..7)(S. -} G —< 2
gD _ Ho8p€ (Sp - 7)( p e +H0gpe <5p‘Se>‘w(0)‘2

™m r3 3mpme

for states with / = 0 the first term vanishes and we are left with an energy
correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state, ,
1 1) _ Mg &
[d100(0)* = wad Enr 3mmpmea’ S " Se)

the total spin is now a good opera-
tor of the perturbed Hamiltonian S

—

Se+S,

using the usual trick we have

C. Segre (lIT) PHYS 406 - Spring 2020 February 04, 2020 24 /25



Spin-spin coupling

2 /3(5..7)(S. -} G —< 2
gD _ Ho8p€ (Sp - 7)( p e +H0gpe <5p‘Se>‘w(0)‘2

™m r3 3mpme

for states with / = 0 the first term vanishes and we are left with an energy
correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state,

2
1 (1) _ _Hogpe” 2 ¢
2 _ E =-—"—"=CF" (S, -5
1100(0)|° = 3 " 3rmpmea® ™" e
the total spin is now a good opera-
tor of the perturbed Hamiltonian S=8S.+ §p
using the usual trick we have SeSp= %(52 - 53)
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Spin-spin coupling

- -

E(l) _ /j’ogpe2 3(513 ) ?)(5 P p * e i Mogpe2
™m r3 3mpme

(Sp - Se)|1(0)|?

for states with / = 0 the first term vanishes and we are left with an energy
correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state,

2
1 (1) MHo8p€ I
2 E/ =-—""—=(5"S
1100(0)|° = 3 " 3rmpmea® ™" e
the total spin is now a good opera-
tor of the perturbed Hamiltonian S=8S.+ §p
using the usual trick we have SeSp= %(52 - 53)

- K2
(Sp - Se) = ?[5(5 +1) = se(se +1) — sp(sp + 1)]
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The 21 cm hydrogen line

2
E(1) _ _ Mogp€ g . ¢
hf 3rmpmea’d p Se)
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The 21 cm hydrogen line

2
D) — _Ho&C g g
W = s (5o 5o

_ Hogye® I
3rmymead 2

s(s+1) — se(se + 1) — sp(sp + 1)]
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The 21 cm hydrogen line

2
W — _H08E 3 g
hf 37Tmpmea3 <SP 5>

_ Hogye® I
3rmymead 2

s(s+1) — se(se + 1) — sp(sp + 1)]

both the proton and the electron
have spin 1/2
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The 21 cm hydrogen line

2
W — _H08E 3 g
hf 37Tmpmea3 <SP 5>

_ Hogye® I
3rmymead 2

s(s+1) — se(se + 1) — sp(sp + 1)]

both the proton and the electron 5
have spin 1/2 Se(se +1) =sp(sp+1) = Z
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The 21 cm hydrogen line

2
W — _H08E 3 g
hf 37Tmpmea3 <SP 5>

_ Hogye® I
3rmymead 2

2

both the proton and the electron
have spin 1/2

but the total spin can be in either
a singlet

s(s+1) —

Se(Se +1) — sp(sp +1)]

Se(se +1) =sp(sp +1) = %

s=0 — s(s+1)=0
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The 21 cm hydrogen line

2
W — _H08E 3 g
hf 37Tmpmea3 <SP 5>

_ Hogye® I
3rmymead 2

s(s+1) — se(se + 1) — sp(sp + 1)]

both the proton and the electron 5
have spin 1/2 Se(se +1) =sp(sp+1) = Z

but the total spin can be in either

: _ s=0 — s(s+1)=0
a singlet or a triplet state

s=1 — s(s+1)=2
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The 21 cm hydrogen line

2
W — _H08E 3 g
hf 37Tmpmea3 <SP 5>

_ Hogye® I
3rmymead 2

s(s+1) — se(se + 1) — sp(sp + 1)]

both the proton and the electron 5
have spin 1/2 Se(se +1) =sp(sp+1) = Z

but the total spin can be in either

_ _ s=0 — s(s+1)=0
a singlet or a triplet state

s=1 — s(s+1)=2
£ _ 4gpﬁ4 {—i—i, triplet
hf

3mpmec?at | =3, singlet
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The 21 cm hydrogen line

2
W — _H08E 3 g
hf 37Tmpmea3 <SP 5>

_ Hogye® I
3rmymead 2

s(s+1) — se(se + 1) — sp(sp + 1)]

both the proton and the electron 5
have spin 1/2 Se(se +1) =sp(sp+1) = Z

but the total spin can be in either

_ _ s=0 — s(s+1)=0
a singlet or a triplet state

s=1 — s(s+1)=2

1 4gpﬁ4 —i—%, triplet
Ehf 3 2.4 3 . ~ - s=1
mpmec=a® | —3,  singlet ¢ ”
» AE

R -y
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The 21 cm hydrogen line

2
W — _H08E 3 g
hf 37Tmpmea3 <SP 5>

_ Hogye® I
3rmymead 2

s(s+1) — se(se + 1) — sp(sp + 1)]

both the proton and the electron 5
have spin 1/2 Se(se +1) =sp(sp+1) = Z

but the total spin can be in either

_ _ s=0 — s(s+1)=0
a singlet or a triplet state

s=1 — s(s+1)=2

£ _ 4gpﬁ4 —i—%, triplet
hf = 3m mec2a4 _3 Sing/et P » S=1
P 4 _<
AE =5.88 x 10 5eV ‘. AE
R SN
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The 21 cm hydrogen line

2
E(1) _ _ Mogp€ g . ¢

hf 37Tmpmea3< P e>
2

2
Hogpe” R
= W? 5(5 + ].) — Se(Se -+ ]_) — Sp(sp + 1)]

both the proton and the electron 5
have spin 1/2 Se(se +1) =sp(sp+1) = Z

but the total spin can be in either
a singlet or a triplet state

£ _ 4gpﬁ4 —i—%, triplet
M 3mpmec2at | 3 singlet -~ - s=1
4 —_—
AE = 5.88 x 106V . AE
\
AE
v === = 1420MHz S—= 35=0
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The 21 cm hydrogen line

2
E(1) _ _ Mogp€ g . ¢

hf 37Tmpmea3< P e>
2

2
Hogpe” R
= W? 5(5 + ].) — Se(Se -+ ]_) — Sp(sp + 1)]

both the proton and the electron 5
have spin 1/2 Se(se +1) =sp(sp+1) = Z

but the total spin can be in either
a singlet or a triplet state

£ _ 4gpﬁ4 —i—%, triplet
ht— 3'7”'pff7eC234 -3 singlet -7 - s=1
4> —_—
AE = 5.88 x 106V . AE
\
AE
v="="=1420MHz = A = 2lcm S —t5=0
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