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Spin orbit interaction review

Remember that the electron and its magnetic dipole interacts with the
magnetic field generated by the proton

H ′so = −~µe · ~Bp ≈
(

e2

8πε0

)
1

m2c2r3
~S · ~L

The spin-orbit interaction does not commute with ~L or ~S and so the spin
and orbital angular momentum are no longer separately conserved (ml and
ms are not “good” quantum numbers).

But H ′so still commutes with L2 and S2 as well as the total angular
momentum ~J = ~L + ~S so these quantities are conserved (and l , s, j , mj

are all “good” quantum numbers!

This can be used to recast the spin-orbit Hamiltonian

J2 = (~L + ~S) · (~L + ~S) = L2 + S2 + 2~L · ~S
~L · ~S = 1

2(J2 − L2 − S2)
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Spin-orbit eigenvalues

Looking at the spin-orbit Hamiltonian again

H ′so ≈
(

e2

8πε0

)
1

m2c2r3
~S · ~L

The eigenvalues of ~L · ~S are〈
~L · ~S

〉
=

~2

2
[j(j + 1)− l(l + 1)− s(s + 1)]

and the expectation value of 1/r3

(the other term in the spin-orbit
Hamiltonian) is

〈
1

r3

〉
=

1

l(l + 1
2)(l + 1)n3a3

E
(1)
so =

〈
H ′so
〉

=
e2

8πε0
· 1

m2c2
· ~

2

2
·
j(j + 1)− l(l + 1)− 3

4

l(l + 1
2)(l + 1)n3a3
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Fine structure energy

In terms of En we can express E
(1)
so as

E
(1)
so =

E 2
n

mc2

{
n[j(j + 1)− l(l + 1)− 3

4 ]

l(l + 1
2)(l + 1)

}

recalling the relativistic correction
E
(1)
r = − E 2

n

2mc2

[
4n

l + 1
2

− 3

]
we get the total fine structure correction (Problem 7.20, assigned) of

E
(1)
fs =

E 2
n

2mc2

(
3− 4n

j + 1
2

)
the full energy of the hydrogen atom, including fine structure is thus

Enj = −13.6eV

n2

[
1 +

α2

n2

(
n

j + 1
2

− 3

4

)]
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Fine structure of hydrogen

j=1/2

j=7/2

j=5/2

j=3/2

j=1/2

j=1/2

j=1/2

j=3/2

j=3/2

j=5/2

l=0 l=1 l=2 l=3

n=1

n=2

n=3

n=4
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Sample calculations

Enj = −13.6eV

n2

[
1 +

α2

n2

(
n

j + 1
2

− 3

4

)]

Suppose we have n = 1, l = 0, j = 1
2

E1 1
2

= −13.6

12

[
1 +

α2

12

(
1

1
2 + 1

2

− 3

4

)]
= −13.6

[
1 +

α2

4

]
For n = 2, l = 0, j = 1

2 and for j = 3
2

E2 1
2

= −13.6

22

[
1 +

α2

22

(
2

1
2 + 1

2

− 3

4

)]
= −13.6

4

[
1 +

3α2

16

]

E2 3
2

= −13.6

22

[
1 +

α2

22

(
2

3
2 + 1

2

− 3

4

)]
= −13.6

4

[
1 +

α2

16

]
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Zeeman effect

When an atom is in a uniform mag-
netic field ~Bext , the energy levels
are shifted by the Zeeman effect

~µs = − e

m
~S ~µl = − e

2m
~L

H ′Z = −(~µl + ~µs) · ~Bext

H ′Z =
e

2m
(~L + 2~S) · ~Bext

The nature of the Zeeman effect is dependent on the relative strengths of
the external and internal (spin-orbit) magnetic fields

Bext � Bint weak-field
Bext ≈ Bint intermediate-field
Bext � Bint strong-field

depending on the regime, we can use different kinds of perturbation theory
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Problem 7.23

Consider the following relationship between angular momentum and
magnetic field:

~B =
1

4πε0

e

mc2r3
~L

use it to estimate the internal field in hydrogen, and characterize
quantitatively a “strong” and “weak” Zeeman field.

The internal field that gives rise to
the spin-orbit interactions is given
by

if we assume reasonable values for
for L and r the crossover point for
the Zeeman effect can be estimated

~Bint =
1

4πε0

e

mc2r3
~L

L ≈ ~
r ≈ a
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Problem 7.23 (cont.)

Bint ≈
1

4πε0

e

mc2a3
=

12T

(1.60× 10−19C)(1.05× 10−34J · s)

4π(8.9× 10−12C2/N ·m2)(9.1× 10−31kg)(3× 108m/s2)2(0.53× 10−10m)3

a “strong” Zeeman field is Bext � 10T

a “weak” Zeeman field is Bext � 10T
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Weak-field Zeeman effect

When Bext � Bint fine structure dominates and the good quantum
numbers are n, l , s, j , mj

apply first order perturbation the-
ory to get

we can rewrite this using ~J = ~L+~S

E
(1)
Z =

〈
nljmj

∣∣H ′Z ∣∣ nljmj

〉
=

e

2m
~Bext ·

〈
~L + 2~S

〉
=

e

2m
~Bext ·

〈
~J + ~S

〉
this can be evaluated by realiz-
ing that ~J is constant and that
the time average of ~S is

~Save =
~S · ~J
J2

~J

~L = ~J − ~S → L2 = J2 + S2 − 2~J · ~S
~S · ~J = 1

2(J2 + S2 − L2)

=
~2

2
[j(j + 1) + s(s + 1)− l(l + 1)]

J

S

L
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Landé g-factor

Thus the expectation value in the Zeeman energy correction becomes

〈
~L + 2~S

〉
=
〈
~J + ~S

〉
=

〈(
1 +

~S · ~J
J2

)
~J

〉

=

[
1 +

j(j + 1)− l(l + 1) + s(s + 1)

2j(j + 1)

]
〈~J〉 ≡ gJ〈~J〉

where gJ is the so-called Landé g-factor and the full energy correction
becomes

E
(1)
Z =

e

2m
BextgJ~mj

= µBgJBextmj

µB ≡
e~
2m

= 5.788× 10−5eV/T

the total energy includes both the spin-orbit and Zeeman corrections and
the 2j + 1 states then have unique energies
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Strong-field Zeeman effect

When Bext � Bint , the spin-orbit coupling must be treated as the
perturbation and the solutions must be eigenfunctions of the unperturbed
wave functions with good quantum numbers: n, l , ml , s, ms .

If Bext is in the ẑ direction,
the Zeeman Hamiltonian is

and the energies (without
fine structure), are

Applying perturbation theory
to the fine structure Hamilto-
nian

H ′Z =
e

2m
Bext(Lz + 2Sz)

Enmlms = −13.6eV

n2
+ µBBext(ml + 2ms)

E 1
fs =

〈
nlmlms

∣∣(H ′r + H ′so)
∣∣ nlmlms

〉
〈~S · ~L〉 =

��
���〈Sx〉 〈Lx〉+���

��〈Sy 〉 〈Ly 〉+ 〈Sz〉 〈Lz〉 = ~2mlms

E 1
fs =

13.6eV

n3
α2

{
3

4n
−
[
l(l + 1)−mlms

l(l + 1/2)(l + 1)

]}
, l > 0
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Intermediate-field Zeeman effect

When H ′Z ≈ H ′fs , we must apply degenerate perturbation theory with
H ′ = H ′Z + H ′fs .

Consider the n = 2 case with l = 0, 1

start with the L-S coupled basis set with quantum numbers l , s, j , and mj

(instead of l , ml , s, and ms)

for l = 0 there is only one value, j = 1
2 , possible with two possible values

of mj directly related to the value of ms

l = 0

{

ψ1 ≡
∣∣1
2
1
2

〉
= |00〉

∣∣1
2
1
2

〉
ψ2 ≡

∣∣1
2 −

1
2

〉
= |00〉

∣∣1
2 −

1
2

〉

for l = 1, there are many more mixing possibilities since ml = −1, 0, 1

it is convenient to use the 1× 1
2 Clebsch-Gordan table to generate all the

possible states of |j mj〉
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Enumerating the l = 1 degenerate states

Pick out all the possible combina-
tions to build the remaining degen-
erate states

l = 1



ψ3 ≡
∣∣3
2
3
2

〉
= |11〉

∣∣1
2
1
2

〉
ψ4 ≡

∣∣3
2 −

3
2

〉
= |1−1〉

∣∣1
2 −

1
2

〉
ψ5 ≡

∣∣3
2
1
2

〉
=
√

2
3 |10〉

∣∣1
2
1
2

〉
+
√

1
3 |11〉

∣∣1
2 −

1
2

〉
ψ6 ≡

∣∣1
2
1
2

〉
= −

√
1
3 |10〉

∣∣1
2
1
2

〉
+
√

2
3 |11〉

∣∣1
2 −

1
2

〉
ψ7 ≡

∣∣3
2 −

1
2

〉
=
√

1
3 |1−1〉

∣∣1
2
1
2

〉
+
√

2
3 |10〉

∣∣1
2 −

1
2

〉
ψ8 ≡

∣∣1
2 −

1
2

〉
= −

√
2
3 |1−1〉

∣∣1
2
1
2

〉
+
√

1
3 |10〉

∣∣1
2 −

1
2

〉
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Complete n = 2, l = 0, 1 degenerate set

The complete set of 8 n = 2, l = 0, 1 degenerate states using quantum
numbers l , s, j , and mj can now be listed
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now build the W matrix for the H ′ = H ′Z + H ′fs perturbation
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The W-matrix

All the matrix elements in this basis set will be calculated by you when you
do problem 7.29. Defining the fine structure and Zeeman terms with

γ ≡ (α/8)2 13.6 eV, β ≡ µBBext

W =−



5γ−β 0 0 0 0 0 0 0
0 5γ+β 0 0 0 0 0 0
0 0 γ−2β 0 0 0 0 0
0 0 0 γ+2β 0 0 0 0

0 0 0 0 γ− 2
3β

√
2
3 β 0 0

0 0 0 0
√
2
3 β 5γ− 1

3β 0 0

0 0 0 0 0 0 γ+ 2
3β

√
2
3 β

0 0 0 0 0 0
√
2
3 β 5γ+ 1

3β


ψ1, ψ2, ψ3, and ψ4 are clearly already eigenfunctions of the full
perturbation. The other 4 eigenfunctions can be solved by solving two
2× 2 blocks and then negating the solutions
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Block 1 solution

The first block is solved by
diagonalizing the 2 × 2 sub-
matrix

0 = det

∣∣∣∣∣ γ− 2
3β − λ

√
2
3 β√

2
3 β 5γ− 1

3β − λ

∣∣∣∣∣
0 = (γ− 2

3
β − λ)(5γ− 1

3
β − λ)− 2

9
β2

= λ2 + 5γ2 +
�
��

2

9
β2 − 11

3
βγ − 6γλ+ βλ−

�
��

2

9
β2

= λ2 − λ(6γ − β) +

(
5γ2 − 11

3
βγ

)
using the quadratic equation and recalling that the solution must be
negated

− λ± = 3γ − β

2
± 1

2

√
36γ2 − 12βγ + β2 − 20γ2 +

44

3
βγ

λ±= −3γ +
β

2
±
√

4γ2 +
2

3
γβ +

1

4
β2
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Zeeman effect eigenvalues

E
n

e
rg

y

β

These are completely general so-
lutions which hold for all values
of the magnetic field strength

The four solutions which were
already eigenfunctions start at
two energies and vary linearly
with β

The two solutions from the first
block appear linear at small val-
ues of β but show curvature as
β increases

The two solutions of the second
block mirror those of the first
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Hyperfine splitting

Like the electron, the proton has an
associated magnetic dipole

where gp = 5.59
~µp =

gpe

2mp

~Sp, ~µe = − gee

2me

~Se

as a classical dipole, this creates a magnetic field seen by the electron

~Bp =
µ0

4πr3
[3(~µp · r̂)r̂ − ~µp] +

2µ0
3
~µpδ

3(~r)

the Hamiltonian of the electron in the proton’s magnetic field is called the
hyperfine interaction and is given by −~µe · ~Bp. Using first-order
perturbation theory this gives an expectation value

H ′hf =
µ0gpe

2

8πmpme

[3(~Sp · r̂)(~Se · r̂)− ~Sp · ~Se ]

r3
+
µ0gpe

2

3mpme
(~Sp · ~Se)δ3(~r)

E
(1)
hf =

µ0gpe
2

8πmpme

〈
3(~Sp · r̂)(~Se · r̂)− ~Sp · ~Se

r3

〉
+
µ0gpe

2

3mpme
〈~Sp · ~Se〉|ψ(0)|2
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Problem 7.31

Let ~a and ~b be two constant vectors. Show that∫
(~a · r̂)(~b · r̂) sin θ dθ dφ =

4π

3
(~a · ~b)

Use this result to demonstrate that〈
3(~Sp · r̂)(~Se · r̂)− ~Sp · ~Se

r3

〉
= 0

for states with l = 0

The integral above can be expanded by taking the scalar products with the
unit vector r̂

I ≡
∫

(ax sin θ cosφ+ ay sin θ sinφ+ az cos θ)·

(bx sin θ cosφ+ by sin θ sinφ+ bz cos θ) sin θ dθ dφ
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Problem 7.31 (cont.)
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0
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∫ 2π

0
sinφ cosφ dφ

I =

∫
(axbx sin2 θ cos2 φ+ ayby sin2 θ sin2 φ+ azbz cos2 θ) sin θ dθ dφ∫ 2π

0
sin2 φ dφ = π =

∫ 2π

0
cos2 φ dφ,

∫ 2π

0
dφ = 2π

I =

∫ π

0
[π(axbx + ayby ) sin2 θ + 2πazbz cos2 θ] sin θ dθ∫ π

0
sin3 θ dθ =

4

3
,

∫ π

0
cos2 θ sin θ dθ =

2

3

I =
4

3
π(axbx + ayby ) +

2

3
2πazbz =

4π

3
(axbx + ayby + azbz) =

4π

3
~a · ~b
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∫ 2π

0
sinφ dφ =

∫ 2π

0
cosφ dφ =

∫ 2π

0
sinφ cosφ dφ

I =

∫
(axbx sin2 θ cos2 φ+ ayby sin2 θ sin2 φ+ azbz cos2 θ) sin θ dθ dφ∫ 2π

0
sin2 φ dφ = π =

∫ 2π

0
cos2 φ dφ,

∫ 2π

0
dφ = 2π

I =

∫ π

0
[π(axbx + ayby ) sin2 θ + 2πazbz cos2 θ] sin θ dθ∫ π

0
sin3 θ dθ =

4

3
,

∫ π

0
cos2 θ sin θ dθ =

2

3

I =
4

3
π(axbx + ayby ) +

2

3
2πazbz =

4π

3
(axbx + ayby + azbz) =

4π

3
~a · ~b
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Problem 7.31 (cont.)

For states with l = 0, the angular wave function is independent of θ and φ
(e.g. Y 0

0 = 1/
√

4π) so we can separate the radial and angular integral

0 =

〈
3(~Sp · r̂)(~Se · r̂)− ~Sp · ~Se

r3

〉
=

∫ ∞
0

1

r3
|ψ(r)|2r2 dr

×
{∫

[3( ~Sp · r̂)( ~Se · r̂)] sin θ dθ dφ−
∫
~Sp · ~Se sin θ dθ dφ

}
the angular integrals A and B can be done first, ignoring the specifics of
the radial function

A =

∫ π

0

∫ 2π

0
[3( ~Sp · r̂)( ~Se · r̂)] sin θ dθ dφ = 4π ~Sp · ~Se

B = −~Sp · ~Se
∫ π

0

∫ 2π

0
sin θ dθ dφ = −~Sp · ~Se4π

A and B cancel exactly, giving the desired result
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Spin-spin coupling

E
(1)
hf =

µ0gpe
2

8πmpme

〈
3(~Sp · r̂)(~Se · r̂)− ~Sp · ~Se

r3

〉
+
µ0gpe

2

3mpme
〈~Sp · ~Se〉|ψ(0)|2

for states with l = 0 the first term vanishes and we are left with an energy
correction which depends on a coupling between the spin of the proton
and the spin of the electron

for the ground state,

|ψ100(0)|2 =
1

πa3

the total spin is now a good opera-
tor of the perturbed Hamiltonian

using the usual trick we have

E
(1)
hf =

µ0gpe
2

3πmpmea3
〈~Sp · ~Se〉

~S ≡ ~Se + ~Sp

~Se · ~Sp = 1
2(S2 − S2

e − S2
p )

〈~Sp · ~Se〉 =
~2

2
[s(s + 1)− se(se + 1)− sp(sp + 1)]
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The 21 cm hydrogen line

E
(1)
hf =

µ0gpe
2

3πmpmea3
〈~Sp · ~Se〉

=
µ0gpe

2

3πmpmea3
~2

2
[s(s + 1)− se(se + 1)− sp(sp + 1)]

both the proton and the electron
have spin 1/2

but the total spin can be in either
a singlet or a triplet state

E
(1)
hf =

4gp~4

3mpmec2a4

{
+1

4 , triplet

−3
4 , singlet

∆E = 5.88× 10−6eV

ν =
∆E

h
= 1420 MHz→ λ = 21cm

se(se + 1) = sp(sp + 1) = 3
4

s = 0 → s(s + 1) = 0

s = 1 → s(s + 1) = 2

∆E

s=1

s=0
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