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Dirac comb problem

Solve the Dirac comb potential us-
ing Bloch’s theorem and periodic
boundary conditions by solving over
a single unit

the potential can be written as a
sum of delta functions , where α
is the “strength” of the potentials
and N is the number of repeating
periods

in the region 0 < x < a we have
defining k =

√
2mE/~, gives

xa

ψ(x) = ψ(x + Na)

= e iNKaψ(x)

K =
2πn

Na
, (n = 0,±1,±2, . . . )

V (x) = α
N−1∑
j=0

δ(x − ja)

Eψ = − ~2

2m

d2ψ

dx2

d2ψ

dx2
= −k2ψ
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Dirac comb solution

The general solution is one we have seen already

and in the cell
immediately preceeding the origin, we can write the solution using Bloch’s
theorem

ψ(x)= A sin(kx) + B cos(kx), (0 < x < a)

ψ(x)= e−iKa [A sin k(x + a) + B cos k(x + a)], (−a < x < 0)

continuity at x = 0 gives

while there is a discontinu-
ity in the derivative

rearranging the continuity
equation, substituting for A,
and cancelling B

B

= e−iKa [A sin(ka) + B cos(ka)]

kA

− e−iKak [A cos(ka)− B sin(ka)] = B
2mα

~2

A sin(ka) = B
[
e iKa − cos(ka)

]
k

[e iKa − cos(ka)]

sin(ka)

− e−iKak
[e iKa − cos(ka)]

sin(ka)
cos(ka) + e−iKak sin(ka) =

2mα

~2
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Dirac comb solution

cos(Ka) = cos(z) + β
sin(z)

z

-1

0

+1

0 π 2π 3π 4π

f(
z
)

z

Since | cos(Ka)|≤1, the shaded re-
gions contain the only valid solu-
tions and are called “bands”

the “gaps” are forbidden energies,
whose values of k are not allowed

since K = 2πn/Na is quantized
(n = 0,±1,±2, . . . ), so are k and
E in the allowed intervals

there are N allowed states in each
band but the the energies are nearly
continuous since N is very large

the bands and gaps are able to ex-
plain the properties of metals, semi-
conductors and insulators in a sim-
ple way
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band but the the energies are nearly
continuous since N is very large

the bands and gaps are able to ex-
plain the properties of metals, semi-
conductors and insulators in a sim-
ple way
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Quantum statistics

How does quantum mechanics affect our development of statistical
mechanics?

• Energy states are discrete instead of continuous which makes them a
bit easier to enumerate

• Must treat distinguishable particles, fermions and bosons differently
which makes for more complication

Example: 3 particles in a 1-D infinite square well

the total energy of the three
particle system is

if the total energy is mea-
sured to be

Etot = 363
π2~2

2ma2
then

E = EA + EB + EC

=
π2~2

2ma2
(n2A + n2B + n2C )

363 = (n2A + n2B + n2C )
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Simple example

The possible states for the
system are

(11, 11, 11)

(13, 13, 5) (13, 5, 13) (5, 13, 13)

(1, 1, 19) (1, 19, 1) (19, 1, 1)

(5, 7, 17) (5, 17, 7) (7, 5, 17) (7, 17, 5) (17, 5, 7) (17, 7, 5)

we are interested in the
configuration of the sys-
tem, that is the num-
ber of particles in each
state, assuming the par-
ticles are distinguishable

if all are in the ψ11 state then this is

(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 3, 0, 0, 0, 0, 0, 0, 0, . . . )

if 2 are in ψ13 and 1 in ψ5

(0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 2, 0, 0, 0, 0, 0, . . . )

if each is in a different state

(0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, . . . )
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