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Meaning of the wave function

The wave function, Ψ(x , t), a complex quantity
whose phase is meaningless, describes everything
about a particle (system)

the modulus squared of Ψ(x , t) is the probability
density used to calculate the system’s properties

the probability of finding the particle in the interval
from a to b is the spatial integral of the probability
density over that interval

the Copenhagen interpretation states that when
the system is measured to have a particular value
of position, then the wavefunction collapses

the Copenhagen interpretation has proven to be
correct in that it accurately describes experimental
measurements

ρ(x , t) = |Ψ(x , t)|2

Pab(t) =

∫ b

a
|Ψ(x , t)|2 dx

|Ψ|
2

xa b

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I The Statistical Interpretation



Meaning of the wave function

The wave function, Ψ(x , t), a complex quantity
whose phase is meaningless, describes everything
about a particle (system)

the modulus squared of Ψ(x , t) is the probability
density used to calculate the system’s properties

the probability of finding the particle in the interval
from a to b is the spatial integral of the probability
density over that interval

the Copenhagen interpretation states that when
the system is measured to have a particular value
of position, then the wavefunction collapses

the Copenhagen interpretation has proven to be
correct in that it accurately describes experimental
measurements

ρ(x , t) = |Ψ(x , t)|2

Pab(t) =

∫ b

a
|Ψ(x , t)|2 dx

|Ψ|
2

xa b

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I The Statistical Interpretation



Meaning of the wave function

The wave function, Ψ(x , t), a complex quantity
whose phase is meaningless, describes everything
about a particle (system)

the modulus squared of Ψ(x , t) is the probability
density used to calculate the system’s properties

the probability of finding the particle in the interval
from a to b is the spatial integral of the probability
density over that interval

the Copenhagen interpretation states that when
the system is measured to have a particular value
of position, then the wavefunction collapses

the Copenhagen interpretation has proven to be
correct in that it accurately describes experimental
measurements

ρ(x , t) = |Ψ(x , t)|2

Pab(t) =

∫ b

a
|Ψ(x , t)|2 dx

|Ψ|
2

xa b

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I The Statistical Interpretation



Meaning of the wave function

The wave function, Ψ(x , t), a complex quantity
whose phase is meaningless, describes everything
about a particle (system)

the modulus squared of Ψ(x , t) is the probability
density used to calculate the system’s properties

the probability of finding the particle in the interval
from a to b is the spatial integral of the probability
density over that interval

the Copenhagen interpretation states that when
the system is measured to have a particular value
of position, then the wavefunction collapses

the Copenhagen interpretation has proven to be
correct in that it accurately describes experimental
measurements

ρ(x , t) = |Ψ(x , t)|2

Pab(t) =

∫ b

a
|Ψ(x , t)|2 dx

|Ψ|
2

xa b

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I The Statistical Interpretation



Meaning of the wave function

The wave function, Ψ(x , t), a complex quantity
whose phase is meaningless, describes everything
about a particle (system)

the modulus squared of Ψ(x , t) is the probability
density used to calculate the system’s properties

the probability of finding the particle in the interval
from a to b is the spatial integral of the probability
density over that interval

the Copenhagen interpretation states that when
the system is measured to have a particular value
of position, then the wavefunction collapses

the Copenhagen interpretation has proven to be
correct in that it accurately describes experimental
measurements

ρ(x , t) = |Ψ(x , t)|2

Pab(t) =

∫ b

a
|Ψ(x , t)|2 dx

|Ψ|
2

xa b

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I The Statistical Interpretation



Meaning of the wave function

The wave function, Ψ(x , t), a complex quantity
whose phase is meaningless, describes everything
about a particle (system)

the modulus squared of Ψ(x , t) is the probability
density used to calculate the system’s properties

the probability of finding the particle in the interval
from a to b is the spatial integral of the probability
density over that interval

the Copenhagen interpretation states that when
the system is measured to have a particular value
of position, then the wavefunction collapses

the Copenhagen interpretation has proven to be
correct in that it accurately describes experimental
measurements

ρ(x , t) = |Ψ(x , t)|2

Pab(t) =

∫ b

a
|Ψ(x , t)|2 dx

|Ψ|
2

xa b

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I The Statistical Interpretation



Probability review

N =
∞∑
j=0

N(j)

P(j) =
N(j)

N

1 =
∞∑
j=0

P(j)

⟨j⟩ =
∑

jN(j)

N
=

∞∑
j=0

jP(j)

Suppose we have a distribution of discrete quantities such
as ages of people in a sports stadium, where N(j) is the
number of individuals with the age j .

The total number
of people, N, is

The probability of an individual chosen at random from
the crowd having the age j is

The sum of all the probabilities must be 1

The average value of the age (not the most probable) is
given by
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Expectation values and variance

In general, the average value of any quantity, f (j) which
depends on this distribution may be calculated as,

and given
the name expectation value, denoted by the ⟨ ⟩ brackets

One particular quantity, the variance, describes the “width”
of the distribution and is given by

Where σ is called the standard deviation of the distribution

⟨f (j)⟩ =
∞∑
j=0

f (j)P(j)

σ2 ≡
〈
(∆j)2

〉
σ =

√
⟨j2⟩ − ⟨j⟩2

σ2 =
〈
(∆j)2

〉
=
∑

(∆j)2 P(j) =
∑

(j − ⟨j⟩)2 P(j)

=
∑(

j2 − 2j ⟨j⟩+ ⟨j⟩2
)
P(j)

=
∑

j2P(j)−
∑

2j ⟨j⟩P(j) +
∑

⟨j⟩2 P(j)

= ⟨j2⟩ − 2 ⟨j⟩ ⟨j⟩+ ⟨j⟩2 = ⟨j2⟩ − ⟨j⟩2

∆j = (j − ⟨j⟩)

expanding the square

dividing into three sums

Since σ2 ≥ 0, ⟨j2⟩ ≥ ⟨j⟩2
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Wavefunction normalization

• Normalizing the wavefunction

• Time invariance of normalization
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Continuous variables

We can extend all of the statistical quantities to a system of continuous variables

with the
introduction of the probability density, ρ(x) = |Ψ|2

P(j) =
N(j)

N
ρ(x)

1 =
∞∑
j=0

P(j) 1 =

∫ +∞

−∞
ρ(x)dx

⟨f (j)⟩ =
∞∑
j=0

f (j)P(j) ⟨f (x)⟩ =
∫ +∞

−∞
f (x)ρ(x)dx

σ2 ≡
〈
(∆j)2

〉
=
〈
j2
〉
− ⟨j⟩2 σ2 ≡

〈
(∆x)2

〉
=
〈
x2
〉
− ⟨x⟩2
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Normalizing the wave function

Beyond satisfying the Schrödinger equation, the wave
function must also have physical significance.

If we
are to believe the statistical interpretation, the wave-
function must be normalized, that is the integral of
the probability density over all space must be unity.

But if we normalize at t = 0 what guarantees that the
wave function will remain normalized over all times?

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

1 =

∫ +∞

−∞
|Ψ(x , t)|2 dx

This can be studied by starting
with the time derivative of the nor-
malization integral.

d

dt

∫ +∞

−∞
|Ψ(x , t)|2 dx =

∫ +∞

−∞

∂

∂t
|Ψ(x , t)|2 dx

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Normalizing the wave function

Beyond satisfying the Schrödinger equation, the wave
function must also have physical significance. If we
are to believe the statistical interpretation, the wave-
function must be normalized, that is the integral of
the probability density over all space must be unity.

But if we normalize at t = 0 what guarantees that the
wave function will remain normalized over all times?

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

1 =

∫ +∞

−∞
|Ψ(x , t)|2 dx

This can be studied by starting
with the time derivative of the nor-
malization integral.

d

dt

∫ +∞

−∞
|Ψ(x , t)|2 dx =

∫ +∞

−∞

∂

∂t
|Ψ(x , t)|2 dx

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Normalizing the wave function

Beyond satisfying the Schrödinger equation, the wave
function must also have physical significance. If we
are to believe the statistical interpretation, the wave-
function must be normalized, that is the integral of
the probability density over all space must be unity.

But if we normalize at t = 0 what guarantees that the
wave function will remain normalized over all times?

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

1 =

∫ +∞

−∞
|Ψ(x , t)|2 dx

This can be studied by starting
with the time derivative of the nor-
malization integral.

d

dt

∫ +∞

−∞
|Ψ(x , t)|2 dx =

∫ +∞

−∞

∂

∂t
|Ψ(x , t)|2 dx

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Normalizing the wave function

Beyond satisfying the Schrödinger equation, the wave
function must also have physical significance. If we
are to believe the statistical interpretation, the wave-
function must be normalized, that is the integral of
the probability density over all space must be unity.

But if we normalize at t = 0 what guarantees that the
wave function will remain normalized over all times?

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

1 =

∫ +∞

−∞
|Ψ(x , t)|2 dx

This can be studied by starting
with the time derivative of the nor-
malization integral.

d

dt

∫ +∞

−∞
|Ψ(x , t)|2 dx =

∫ +∞

−∞

∂

∂t
|Ψ(x , t)|2 dx

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Normalizing the wave function

Beyond satisfying the Schrödinger equation, the wave
function must also have physical significance. If we
are to believe the statistical interpretation, the wave-
function must be normalized, that is the integral of
the probability density over all space must be unity.

But if we normalize at t = 0 what guarantees that the
wave function will remain normalized over all times?

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

1 =

∫ +∞

−∞
|Ψ(x , t)|2 dx

This can be studied by starting
with the time derivative of the nor-
malization integral.

d

dt

∫ +∞

−∞
|Ψ(x , t)|2 dx =

∫ +∞

−∞

∂

∂t
|Ψ(x , t)|2 dx

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Normalizing the wave function

Beyond satisfying the Schrödinger equation, the wave
function must also have physical significance. If we
are to believe the statistical interpretation, the wave-
function must be normalized, that is the integral of
the probability density over all space must be unity.

But if we normalize at t = 0 what guarantees that the
wave function will remain normalized over all times?

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

1 =

∫ +∞

−∞
|Ψ(x , t)|2 dx

This can be studied by starting
with the time derivative of the nor-
malization integral.

d

dt

∫ +∞

−∞
|Ψ(x , t)|2 dx

=

∫ +∞

−∞

∂

∂t
|Ψ(x , t)|2 dx

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Normalizing the wave function

Beyond satisfying the Schrödinger equation, the wave
function must also have physical significance. If we
are to believe the statistical interpretation, the wave-
function must be normalized, that is the integral of
the probability density over all space must be unity.

But if we normalize at t = 0 what guarantees that the
wave function will remain normalized over all times?

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

1 =

∫ +∞

−∞
|Ψ(x , t)|2 dx

This can be studied by starting
with the time derivative of the nor-
malization integral.

d

dt

∫ +∞

−∞
|Ψ(x , t)|2 dx =

∫ +∞

−∞

∂

∂t
|Ψ(x , t)|2 dx

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)

=
∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Look more closely at the integrand and apply
the product rule.

∂

∂t
|Ψ|2 = ∂

∂t
(Ψ∗Ψ)

= Ψ∗∂Ψ

∂t
+

∂Ψ∗

∂t
Ψ

= Ψ∗ iℏ
2m

∂2Ψ

∂x2
− iℏ

2m

∂2Ψ∗

∂x2
Ψ

=
iℏ
2m

(
Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ

)

using the Schrödinger equation

∂Ψ

∂t
=

iℏ
2m

∂2Ψ

∂x2
− i

ℏ
VΨ

and its complex conjugate

∂Ψ∗

∂t
= − iℏ

2m

∂2Ψ∗

∂x2
+

i

ℏ
VΨ∗

adding and subtracting ∂Ψ
∂x

∂Ψ∗

∂x permits fac-
toring

∂

∂t
|Ψ|2 = iℏ

2m

(
∂Ψ

∂x

∂Ψ∗

∂x
+Ψ∗∂

2Ψ

∂x2
− ∂2Ψ∗

∂x2
Ψ− ∂Ψ

∂x

∂Ψ∗

∂x

)
=

∂

∂x

[
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)]

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Wavefunction Normalization



Time independence of normalization

Putting the integrand back into the original expression reveals that we have an exact
differential which can be immediately integrated

d

dt

∫ +∞

−∞
|Ψ|2 dx =

∫ +∞

−∞

∂

∂t
|Ψ|2 dx

=

∫ +∞

−∞

∂

∂x

iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)
dx

=
iℏ
2m

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)∣∣∣∣+∞

−∞
= 0

This must vanish if the wave function is well-behaved and approaches 0 at ±∞

Thus the wave function remains normalized at all times t ≥ 0.
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Operators

• The position operator

• The momentum operator

• The uncertainty principle
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Operators

• The position operator

• The momentum operator

• The uncertainty principle
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Expectation value of position

Suppose we have many systems all prepared
in the same way and all in a state described
by the wave function Ψ(x , t).

If we measure the position of the particle in
each of these identical systems, we should
obtain a result consistent with the expecta-
tion value of the position x , which is com-
puted as

We can expand this and write it in a slightly
different way, with the x just to left of Ψ.

⟨x⟩ =
∫

x |Ψ(x , t)|2 dx

=

∫
Ψ∗xΨdx

In this arrangement, x is said to be an “op-
erator” which acts on the wave function to
its right

This will eventually lead directly to what
is called the “bra-ket” notation commonly
used in quantum mechanics.
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Computing the “velocity”

As time passes, the expectation value of the
position ⟨x⟩ will change. This is a sort of
velocity and may be calculated as

where we can use our previous result to yield

Choosing u and dv and integrating by parts

Now integrate the second term by parts
again

d ⟨x⟩
dt

=

∫
x
∂

∂t
Ψ∗Ψdx

=
iℏ
2m

∫
x
∂

∂x

(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)
dx

=
iℏ
2m

x
����������(
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)∣∣∣∣+∞

−∞

− iℏ
2m

∫ (
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)
dx

= − iℏ
2m

∫ (
Ψ∗∂Ψ

∂x
− ∂Ψ∗

∂x
Ψ

)
dx

d ⟨x⟩
dt

= − iℏ
2m

(∫
Ψ∗∂Ψ

∂x
dx −Ψ∗Ψ

∣∣∣∣+∞

−∞
+

∫
Ψ∗∂Ψ

∂x
dx

)
= − iℏ

m

∫
Ψ∗∂Ψ

∂x
dx
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Momentum operator

We now have the result for the time deriva-
tive of the expectation value of position

By assuming that this result is related to the
expectation value of the velocity, we can see
how to compute the expectation value of the
momentum, p = mv .

If we cast this into the form for an operator
acting on Ψ, we obtain

We now have operators for position and mo-
mentum.

d ⟨x⟩
dt

= − iℏ
m

∫
Ψ∗∂Ψ

∂x
dx

d ⟨x⟩
dt

= ⟨v⟩

⟨p⟩ = −iℏ
∫

Ψ∗∂Ψ

∂x
dx

=

∫
Ψ∗
(
−iℏ

∂

∂x

)
Ψdx

xop = x

pop = −iℏ
∂

∂x
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Operators

The expectation values of position and mo-
mentum can thus be written using the op-
erator formalism.

Since all other dynamic variables can be con-
structed using position and momentum, we
can develop operators for them as well.

In general, we can write for any quantity
Q(x , p)

⟨x⟩ =
∫

Ψ∗xΨdx

⟨p⟩ =
∫

Ψ∗
(
−iℏ

∂

∂x

)
Ψdx

⟨T ⟩ =
〈
p2
〉

2m
=

∫
Ψ∗
(
− ℏ2

2m

∂2

∂x2

)
Ψdx

⟨Q⟩ =
∫

Ψ∗Q

(
x ,−iℏ

∂

∂x

)
Ψdx
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In general, we can write for any quantity
Q(x , p)

⟨x⟩ =
∫

Ψ∗xΨdx

⟨p⟩ =
∫

Ψ∗
(
−iℏ

∂

∂x

)
Ψdx

⟨T ⟩ =
〈
p2
〉

2m
=

∫
Ψ∗
(
− ℏ2

2m

∂2

∂x2

)
Ψdx

⟨Q⟩ =
∫

Ψ∗Q

(
x ,−iℏ

∂

∂x

)
Ψdx
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Uncertainty principle

Once we accept that a particle has wave nature and can be described by a normalized wave
function, we can ask what is the wavelength and where is the particle’s position.

Consider two
cases for the wave function:

extended oscillations: a well-defined wave-
length but ill-defined position

pulse-like: an ill-defined wavelength but well-
defined position

The wavelength is directly related to the mo-
mentum by the de Broglie formula.

Consequently we can empirically understand
the Heisenberg Uncertainty principle.

v

v

p =
h

λ
=

2πℏ
λ

σxσp ≥ ℏ
2
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