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Black body radiation

The radiation spectrum of a black-body depends
on the temperature of the object.

For example, T=5000 K.

The wavelength of the spectrum maximum λm
scales inversely with temperature such that

λmT = 2.898× 10−3m · K3

This proves to be a universal curve.

However, the classical theoretical model
(Rayleigh–Jeans), is unable to describe the
low wavelength cutoff observed.∫ ∞

0
u(λ)dλ ∝

∫ ∞

0
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Planck’s solution

Consider a metallic cavity that forces the electric field
of light waves to be zero at the inside surfaces

the only electromagnetic wave modes supported in the
cavity are those where the box dimension is a multiple
of the wavelength

this leads to the postulate of quantization of the
modes of oscillation in the black-body cavity

if each of these “photon” states is populated accord-
ing to Boltzmann’s Law, the ultraviolet catastrophy
is solved

the resulting function for the energy distribution is

which cuts off properly as λ→ 0

Em = mhν, m = 0, 1, 2, 3, · · ·

u(λ) ∝ λ−5

ehc/λkT − 1

lim
λ→0

u(λ) =
e−hc/λkT

λ5
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Photoelectric effect

In the photoelectric effect, a bare metal surface is exposed to
light whose energy is absorbed, kicking out photo-electrons
whose energy is measured by applying a negative potential
and measuring the current of photoelectrons

electron emission is found to depend on the color of the
incident light rather than its intensity; for long wavelengths,
no electrons are emitted

as the wavelength is reduced, electrons are emitted at a
threshold wavelength

the maximum velocity of the emitted electrons measured by
the stopping potential increases

550 nm

2.25 eV

vmax=2.96x10
5
 m/s

400 nm

3.10 eV

vmax=6.22x10
5
 m/s

700 nm

1.77 eV

no 

electrons
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Photoelectric effect

Einstein (1905) explained this by reasoning that light must
be quantized according to its frequency, thereby acting as a
particle

the threshold wavelength is directly related to the work func-
tion, ϕ, of the metal

νthresh =
ϕ

h

the maximum electron velocity, vmax , is a function of the
work function and the energy of the incident photons

1
2mv2max = hν − ϕ

the intensity of the light, not the energy of the photon,
determines how many electrons are emitted

550 nm

2.25 eV
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5
 m/s
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Compton scattering experiment

0°

45°

90°

135°

0°

λ (nm)0.0709

λ=0.0715 nm

45°

λ (nm)0.0709

X-ray tube

Molybdenum Kα

Carbon
Target

Calcite
Crystal

Ionization
Chamber

135°

0.0709 λ (nm)

λ=0.0749 nm

0.0709

90°

λ (nm)

λ=0.0731 nm

In 1923, Arthur Compton measured the scattering of
x-rays from a carbon foil as a function of exit angle
using a single crystal as an energy analyzer, to mea-
sure the x-ray spectrum

in the forward scattering (zero degrees) direction, he
observed a single sharp peak centered at the incident
x-ray wavelength

as the scattering angle was increased, x-rays at longer
wavelengths (lower energies) than the incident energy
were observed
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As the angle was further increased, the spectrum
showed two peaks, one at the incident wavelength
and a broader one at the longer wavelength

this data could be explained by treating the x-rays
as particles which interact with the electrons in the
carbon atoms of the foil through an inelastic collision

the peak wavelength of the Compton scattering peak
can be calculated by applying relativistic scattering
theory
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Compton scattering phenomenon

A photon-electron collision

ϕ

θ

λ

v

λ p⃗ = ℏk⃗ → p =
2πℏ
λ

p⃗′ = ℏk⃗ ′ → p′ =
2πℏ
λ′∣∣∣k⃗∣∣∣ ̸= ∣∣∣k⃗ ′∣∣∣

Treat the electron relativistically and conserve energy and momentum

mc2 +
hc

λ
=

hc

λ′
+ γmc2 (energy)

h

λ
=

h

λ′
cosφ+ γmv cos θ (x-axis)

0 =
h

λ′
sinφ+ γmv sin θ (y-axis)
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Treat the electron relativistically and conserve energy and momentum
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hc
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=

hc
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λ
=
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Compton scattering derivation

squaring the momentum
equations

(
h

λ
− h

λ′
cosφ

)2

= γ2m2v2 cos2 θ(
− h

λ′
sinφ

)2

= γ2m2v2 sin2 θ

now add them together, substitute sin2 θ + cos2 θ = 1, expand the squares, and
sin2 φ+ cos2 φ = 1, then rearrange and substitute v = βc

γ2m2v2
(
sin2 θ + cos2 θ

)
=

(
h

λ
− h

λ′
cosφ

)2

+

(
− h

λ′
sinφ

)2

γ2m2v2 =
h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2
sin2 φ+

h2

λ′2
cos2 φ

m2c2β2

1− β2
=

m2v2

1− β2
=

h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Modern Physics Review



Compton scattering derivation

squaring the momentum
equations

(
h

λ
− h

λ′
cosφ

)2

= γ2m2v2 cos2 θ

(
− h

λ′
sinφ

)2

= γ2m2v2 sin2 θ

now add them together, substitute sin2 θ + cos2 θ = 1, expand the squares, and
sin2 φ+ cos2 φ = 1, then rearrange and substitute v = βc

γ2m2v2
(
sin2 θ + cos2 θ

)
=

(
h

λ
− h

λ′
cosφ

)2

+

(
− h

λ′
sinφ

)2

γ2m2v2 =
h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2
sin2 φ+

h2

λ′2
cos2 φ

m2c2β2

1− β2
=

m2v2

1− β2
=

h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Modern Physics Review



Compton scattering derivation

squaring the momentum
equations

(
h

λ
− h

λ′
cosφ

)2

= γ2m2v2 cos2 θ(
− h

λ′
sinφ

)2

= γ2m2v2 sin2 θ

now add them together, substitute sin2 θ + cos2 θ = 1, expand the squares, and
sin2 φ+ cos2 φ = 1, then rearrange and substitute v = βc

γ2m2v2
(
sin2 θ + cos2 θ

)
=

(
h

λ
− h

λ′
cosφ

)2

+

(
− h

λ′
sinφ

)2

γ2m2v2 =
h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2
sin2 φ+

h2

λ′2
cos2 φ

m2c2β2

1− β2
=

m2v2

1− β2
=

h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Modern Physics Review



Compton scattering derivation

squaring the momentum
equations

(
h

λ
− h

λ′
cosφ

)2

= γ2m2v2 cos2 θ(
− h

λ′
sinφ

)2

= γ2m2v2 sin2 θ

now add them together,

substitute sin2 θ + cos2 θ = 1, expand the squares, and
sin2 φ+ cos2 φ = 1, then rearrange and substitute v = βc

γ2m2v2
(
sin2 θ + cos2 θ

)
=

(
h

λ
− h

λ′
cosφ

)2

+

(
− h

λ′
sinφ

)2

γ2m2v2 =
h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2
sin2 φ+

h2

λ′2
cos2 φ

m2c2β2

1− β2
=

m2v2

1− β2
=

h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Modern Physics Review



Compton scattering derivation

squaring the momentum
equations

(
h

λ
− h

λ′
cosφ

)2

= γ2m2v2 cos2 θ(
− h

λ′
sinφ

)2

= γ2m2v2 sin2 θ

now add them together, substitute sin2 θ + cos2 θ = 1, expand the squares,

and
sin2 φ+ cos2 φ = 1, then rearrange and substitute v = βc

γ2m2v2
(
sin2 θ + cos2 θ

)
=

(
h

λ
− h

λ′
cosφ

)2

+

(
− h

λ′
sinφ

)2

γ2m2v2 =
h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2
sin2 φ+

h2

λ′2
cos2 φ

m2c2β2

1− β2
=

m2v2

1− β2
=

h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Modern Physics Review



Compton scattering derivation

squaring the momentum
equations

(
h

λ
− h

λ′
cosφ

)2

= γ2m2v2 cos2 θ(
− h

λ′
sinφ

)2

= γ2m2v2 sin2 θ

now add them together, substitute sin2 θ + cos2 θ = 1, expand the squares, and
sin2 φ+ cos2 φ = 1, then rearrange

and substitute v = βc

γ2m2v2
(
sin2 θ + cos2 θ

)
=

(
h

λ
− h

λ′
cosφ

)2

+

(
− h

λ′
sinφ

)2

γ2m2v2 =
h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2
sin2 φ+

h2

λ′2
cos2 φ

m2c2β2

1− β2
=

m2v2

1− β2
=

h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Modern Physics Review



Compton scattering derivation

squaring the momentum
equations

(
h

λ
− h

λ′
cosφ

)2

= γ2m2v2 cos2 θ(
− h

λ′
sinφ

)2

= γ2m2v2 sin2 θ

now add them together, substitute sin2 θ + cos2 θ = 1, expand the squares, and
sin2 φ+ cos2 φ = 1, then rearrange and substitute v = βc

γ2m2v2
(
sin2 θ + cos2 θ

)
=

(
h

λ
− h

λ′
cosφ

)2

+

(
− h

λ′
sinφ

)2

γ2m2v2 =
h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2
sin2 φ+

h2

λ′2
cos2 φ

m2c2β2

1− β2
=

m2v2

1− β2
=

h2

λ2
− 2h2

λλ′
cosφ+

h2

λ′2

Carlo Segre (Illinois Tech) PHYS 405 - Fundamentals of Quantum Theory I Modern Physics Review



Compton scattering derivation (cont.)

Now take the energy equation and square it,

then solve it for β2 which is substituted into the
equation from the momentum.

(
mc2 +

hc

λ
− hc

λ′

)2

= γ2m2c4 =
m2c4

1− β2

β2 = 1− m2c4(
mc2 + hc

λ − hc
λ′

)2
h2

λ2
+

h2

λ′2
− 2h2

λλ′
cosφ =

m2c2β2

1− β2

=
1

c2

(
mc2 +

hc

λ
− hc

λ′

)2

−m2c2
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Compton scattering derivation (cont.)

After expansion, cancellation, and rearrangement, we obtain

h2

λ2
+

h2

λ′2
− 2h2

λλ′
cosφ =

(
mc +

h

λ
− h

λ′

)2

−m2c2

=���m2c2 +
h2

λ2
+

h2

λ′2
+

2mch

λ
− 2mch

λ′
+

2h2

λλ′
−���m2c2

= 2m

(
hc

λ
− hc

λ′

)
+

�
�
�h2

λ2
+
�
�
�h2

λ′2
− 2h2

λλ′

2h2

��λλ′
(1− cosφ) = 2m

(
hc

λ
− hc

λ′

)
= 2mhc

(
λ′ − λ

λλ′

)
=

2mhc∆λ

��λλ′

∆λ =
h

mc
(1− cosφ)
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Compton scattering equation

0°

45°

90°

135°

0.0709

0°

λ (nm)0.0709

λ=0.0715 nm

45°

λ (nm)0.0709

135°

0.0709 λ (nm)

λ=0.0749 nm

X-ray tube

Molybdenum Kα

Carbon
Target

Calcite
Crystal

Ionization
Chamber

90°

λ (nm)

λ=0.0731 nm

∆λ =
h

mc
(1− cosφ)

This explains the change in energy of the broader peak
with increasing angle

it also provides the basis for understanding why the
Compton peak is so broad . . .

. . . since the electrons are not really “stationary”,
there will be a spread in energy and momentum of
the outgoing photon.
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Davisson-Germer experiment
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In 1928, Davisson & Germer measured peaks in the
reflectivity of electrons from a single crystal of nickel

electrons were accelerated at varying potentials and
incident on the nickel surface at a fixed angle, θ with
a detector at 2θ from the incident beam

the peaks occurring at regular intervals in V
1/2
accel cor-

responded to Bragg reflection of the electrons from
the Ni (111) lattice planes

2d sin θ = nλ
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This experiment demonstrated that DeBroglie’s hy-
pothesis of the wave nature of particles was correct

p =
h

λ
−→ 1

λ
=

p

h

1

λ
=

n

2d sin θ
=

√
2meVaccel

h

this could only be explained by interference between
electrons and the wave nature of these particles

the Davisson-Germer paper was published in the Pro-
ceedings of the National Academy of Sciences in 1928
and an historical account of the discovery was pub-
lished in 1978 in Physics Today
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1D Schrödinger equation

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ

iℏ
∂Ψ

∂t
= Total Energy

− ℏ2

2m

∂2Ψ

∂x2
= Kinetic Energy

VΨ = Potential Energy

where the wave function, Ψ(x , t) is a function of both
time and space

this equation can be viewed as an expression of conser-
vation of energy

Schrödinger’s wave mechanics was not the only formu-
lation of quantum mechanics that was developed in that
period

matrix mechanics was worked out in parallel by Heisen-
berg, Born, and Pascual and relativistic approaches were
developed by Dirac and Pauli
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Deriving the Schrödinger equation

“When Schrödinger first wrote it down, he gave a kind of derivation based on some heuristic
arguments and some brilliant intuitive guesses. Some of the arguments he used were even
false, but that does not matter; the only important thing is that the ultimate equation gives a
correct description of nature.” - Richard Feynman

Inspired by wave optics, Schrödinger started with the
wave equation for electromagnetic radiation with so-
lution

E (x , t) = E0e
i(kx−ωt)

taking the derivatives and substituting results in the
dispersion relation for photons

0 =
∂2E

∂x2
− 1

c2
∂2E

∂t2

0 =

(
−k2 +

ω2

c2

)
E0e

i(kx−ωt)

k =
ω

c
−→ E = pc
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Deriving the Schrödinger equation (cont.)

This works for a relativistic massless particle like the photon, but for a non-relativistic particle
with mass, we have to start with a different dispersion relation.

The dispersion relation for a non-relativistic particle
must be consistent with the classical energy and De-
Broglie’s relation

E =
p2

2m
= ℏω

p = ℏk −→ ℏ2k2

2m
= ℏω

Therefore, we need a wave equation which gives this dispersion relation when applied to a
traveling matter plane wave, Ψ(x , t) = ψ0e

i(kx−ωt)

iℏ
∂

∂t
Ψ(x , t) = − ℏ2

2m

∂2

∂x2
Ψ(x , t) + V (x)Ψ(x , t)

when including the possibility of a potential, V (x), that acts in the particle, we have
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Deriving the Schrödinger equation (cont.)

This works for a relativistic massless particle like the photon, but for a non-relativistic particle
with mass, we have to start with a different dispersion relation.

The dispersion relation for a non-relativistic particle
must be consistent with the classical energy and De-
Broglie’s relation

E =
p2

2m
= ℏω

p = ℏk

−→ ℏ2k2

2m
= ℏω

Therefore, we need a wave equation which gives this dispersion relation when applied to a
traveling matter plane wave, Ψ(x , t) = ψ0e

i(kx−ωt)

iℏ
∂

∂t
Ψ(x , t) = − ℏ2

2m

∂2

∂x2
Ψ(x , t) + V (x)Ψ(x , t)

when including the possibility of a potential, V (x), that acts in the particle, we have
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Deriving the Schrödinger equation (cont.)

This works for a relativistic massless particle like the photon, but for a non-relativistic particle
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when including the possibility of a potential, V (x), that acts in the particle, we have
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Deriving the Schrödinger equation (cont.)

This works for a relativistic massless particle like the photon, but for a non-relativistic particle
with mass, we have to start with a different dispersion relation.

The dispersion relation for a non-relativistic particle
must be consistent with the classical energy and De-
Broglie’s relation

E =
p2

2m
= ℏω

p = ℏk −→ ℏ2k2

2m
= ℏω

Therefore, we need a wave equation which gives this dispersion relation when applied to a
traveling matter plane wave, Ψ(x , t) = ψ0e

i(kx−ωt)

iℏ
∂

∂t
Ψ(x , t) = − ℏ2
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∂2

∂x2
Ψ(x , t) + V (x)Ψ(x , t)

when including the possibility of a potential, V (x), that acts in the particle, we have
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Deriving the Schrödinger equation (cont.)

This works for a relativistic massless particle like the photon, but for a non-relativistic particle
with mass, we have to start with a different dispersion relation.

The dispersion relation for a non-relativistic particle
must be consistent with the classical energy and De-
Broglie’s relation

E =
p2

2m
= ℏω

p = ℏk −→ ℏ2k2

2m
= ℏω

Therefore, we need a wave equation which gives this dispersion relation when applied to a
traveling matter plane wave, Ψ(x , t) = ψ0e

i(kx−ωt)

iℏ
∂
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Ψ(x , t) = − ℏ2
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∂2

∂x2
Ψ(x , t)

+ V (x)Ψ(x , t)

when including the possibility of a potential, V (x), that acts in the particle, we have
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Deriving the Schrödinger equation (cont.)

This works for a relativistic massless particle like the photon, but for a non-relativistic particle
with mass, we have to start with a different dispersion relation.

The dispersion relation for a non-relativistic particle
must be consistent with the classical energy and De-
Broglie’s relation

E =
p2

2m
= ℏω

p = ℏk −→ ℏ2k2

2m
= ℏω

Therefore, we need a wave equation which gives this dispersion relation when applied to a
traveling matter plane wave, Ψ(x , t) = ψ0e

i(kx−ωt)

iℏ
∂

∂t
Ψ(x , t) = − ℏ2

2m

∂2

∂x2
Ψ(x , t)

+ V (x)Ψ(x , t)

when including the possibility of a potential, V (x), that acts in the particle, we have
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Deriving the Schrödinger equation (cont.)

This works for a relativistic massless particle like the photon, but for a non-relativistic particle
with mass, we have to start with a different dispersion relation.

The dispersion relation for a non-relativistic particle
must be consistent with the classical energy and De-
Broglie’s relation

E =
p2

2m
= ℏω

p = ℏk −→ ℏ2k2

2m
= ℏω

Therefore, we need a wave equation which gives this dispersion relation when applied to a
traveling matter plane wave, Ψ(x , t) = ψ0e

i(kx−ωt)

iℏ
∂

∂t
Ψ(x , t) = − ℏ2
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∂2

∂x2
Ψ(x , t) + V (x)Ψ(x , t)

when including the possibility of a potential, V (x), that acts in the particle, we have
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