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The 3D radial equation vV

® Recasting the radial equation

® Particle in a bubble solution
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Radial solution A

Returning to the radial equation, where the potential is included
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Radial solution i

Returning to the radial equation, where the potential is included

d [ 5dR 2mr?
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Radial solution

Returning to the radial equation, where the potential is included

d [ 5dR 2mr?

A change of variables to u(r) = rR(r) simplifies the equation
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Radial solution iid

Returning to the radial equation, where the potential is included

d [ 5dR 2mr?

A change of variables to u(r) = rR(r) simplifies the equation

o a(7)
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Radial solution iid

Returning to the radial equation, where the potential is included

d [ 5dR 2mr?

A change of variables to u(r) = rR(r) simplifies the equation
dR d (u) _ldu u

dr —dr\r) " rdr r2
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Radial solution iid

Returning to the radial equation, where the potential is included

i(#‘:j’f) 2”" [V(r) — E]R = I(I + 1)R

A change of variables to u(r) = rR(r) simplifies the equation

dR_d(u>:1du u [du u]l

dr —dr\r) rdr 2 | dr r2
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Radial solution iid

Returning to the radial equation, where the potential is included

d<r2dR> 2”" [V(r)— E]R = I(I+ 1)R

dr dr

A change of variables to u(r) = rR(r) simplifies the equation

ﬁ_i(ﬂ>_1@_g P22
dr dr Cordr r2 dr v

d (20R
dr dr

r2
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Radial solution

Returning to the radial equation, where the potential is included

d <2dR> 2”" [V(r) — E]R = I(I + 1)R

rdr

dr
A change of variables to u(r) = rR(r) simplifies the equation
ﬁ_i(ﬂ> _ldu uw _|du_ 11
dr  dr Crdr 12 "dr r?
d [ ,dR d du
—|r— == |r——-u
dr dr dr |"dr

3D radial solution
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Radial solution

Returning to the radial equation, where the potential is included

d<r2dR> 2”" [V(r)— E]R = I(I+ 1)R

dr dr

A change of variables to u(r) = rR(r) simplifies the equation

R_d(uy i v [du ,,]1
dr dr rdrr? dr r?
d [ ,dR d | du du d’u  du
dr(r m)zm[fdr‘”} e @
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Radial solution

Returning to the radial equation, where the potential is included

d<r2dR> 2”" [V(r)— E]R = I(I+ 1)R

dr dr

A change of variables to u(r) = rR(r) simplifies the equation

R_d(uy i v [du ,,]1
dr dr rdrr? dr r?
d [ ,dR d | du du d’u  du d?u
dr(r m)zm[fdr‘”} “atar T a T e
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Radial solution

Returning to the radial equation, where the potential is included

d [ 5dR 2mr
A change of variables to u(r) = rR(r) simplifies the equation

i( ) _ 1du U [ du u] 1
dr dr rdr r2 dr r2
d d du du d’v  du d?u
o (7a) =Gl -

dr PR e gy

d’u  2mr? u u
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Equation for u(r)

We can now obtain a differential

equation for u(r)
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Equation for u(r)

2
We can now obtain a differential d’u  2mr

equation for u(r)

multiplying by r,
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Equation for u(r)

We can now obtain a differential

equation for u(r)

multiplying by r, rearranging,
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Equation for u(r)

We can now obtain a differential
equation for u(r)

multiplying by r, rearranging, and
multiplying by —h?/2mr?

dr?

2d2

dr?

2
>d“u

dr?

K2 d%u

- 2mdr?

<

2mr?

T[V() E]* (/+1)

2mr?

[2mr? mr?
2h2V(r)u—|—/(/—|—1)u} :_2h2 EU
[ I+ 1

_V(r)—}—% ( :2— ):| U:EU
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Equation for u(r)

We can now obtain a differential
equation for u(r)

multiplying by r, rearranging, and
multiplying by —h?/2mr?

This looks like a time-independent
Schrodinger equation with an effec-
tive potential Vg (r ) whose solution
is normalized as [~ |u(r)[> dr =1
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Example 4.1 V

Consider the potential for the infinite spherical well
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Example 4.1 V

Consider the potential for the infinite spherical well V(r) 0, r<a
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Example 4.1

Consider the potential for the infinite spherical well V(r)

inside the well the wave equation is
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Example 4.1

Consider the potential for the infinite spherical well V(r) = 0, r<a

inside the well the wave equation is
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Example 4.1

Consider the potential for the infinite spherical well
inside the well the wave equation is

dividing by #2/2m and rearranging
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Example 4.1

Consider the potential for the infinite spherical well

inside the well the wave equation is

Eu=-——""

dividing by #2/2m and rearranging

Carlo Segre (lllinois Tech)

o
dr?

PHYS 405 - Fundamentals of Quantum Theory |

Rdu R+

2mdr2 ' 2m 12

(1+1) 2mE
2 2 |Y

3D radial solution



Example 4.1

Consider the potential for the infinite spherical well

inside the well the wave equation is

dividing by #2/2m and rearranging

substituting k = v2mE /h

Carlo Segre (lllinois Tech)

<

0 <
V(r):{’ r<a

oo, r>a

B2y R+ 1)
Eu—= 949,

Y 2mdr2+2m 2

d’u I(1+1) 2mE y
dr2 r2 h2

PHYS 405 - Fundamentals of Quantum Theory |

3D radial solution



Example 4.1

Consider the potential for the infinite spherical well V(r)

inside the well the wave equation is

dividing by #2/2m and rearranging

substituting k = v2mE /h
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Eu=——""+

Example 4.1
Consider the potential for the infinite spherical well V(r)
inside the well the wave equation is
dividing by #2/2m and rearranging
d’u
dr?

substituting k = v2mE /h

We must solve this for each value of / separately.
The | = 0 case is the simplest

Carlo Segre (lllinois Tech)
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Example 4.1 (cont.) V

For | = 0, we need to impose the boundary condi-
tion u(a) = 0.
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Example 4.1 (cont.) V

For / = 0, we need to impose the boundary condi- K2y
. 2
tion u(a) = 0. dr

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | 3D radial solution



Example 4.1 (cont.) V

2
For / = 0, we need to impose the boundary condi- d s K
tion u(a) = 0. &

this has the usual solution
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Example 4.1 (cont.) N

2
For / = 0, we need to impose the boundary condi- d”u k2

tion u(a) = 0. dr?

this has the usual solution u(r) = Asin(kr) + B cos(kr)
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Example 4.1 (cont.) N

2
For / = 0, we need to impose the boundary condi- d”u k2

tion u(a) = 0. dr?

this has the usual solution u(r) = Asin(kr) + B cos(kr)

since R(r) = u/r, the cos(kr) solution would be
infinite at the origin and thus B =10
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Example 4.1 (cont.)

For | = 0, we need to impose the boundary condi-
tion u(a) = 0.
this has the usual solution

since R(r) = u/r, the cos(kr) solution would be
infinite at the origin and thus B =10
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Example 4.1 (cont.) V

tion u(a) = 0. dr?

2
For / = 0, we need to impose the boundary condi- d”u k2

this has the usual solution u(r) = Asin(kr) + B cos(kr)

since R(r) = u/r, the cos(kr) solution would be = Asin(kr)
infinite at the origin and thus B =10

applying the boundary condition
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Example 4.1 (cont.)

For | = 0, we need to impose the boundary condi-
tion u(a) = 0.
this has the usual solution

since R(r) = u/r, the cos(kr) solution would be
infinite at the origin and thus B =10

applying the boundary condition
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u(r) = Asin(kr) + B cos(kr)
= Asin(kr)

u(a) = Asin(ka) =0

3D radial solution



Example 4.1 (cont.)

For | = 0, we need to impose the boundary condi-
tion u(a) = 0.
this has the usual solution

since R(r) = u/r, the cos(kr) solution would be
infinite at the origin and thus B =10

applying the boundary condition

thus, ka = nm where n is an integer and the ener-
gies for the / = 0 case are
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u(r) = Asin(kr) + B cos(kr)
= Asin(kr)

u(a) = Asin(ka) =0
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Example 4.1 (cont.)

For | = 0, we need to impose the boundary condi-
tion u(a) = 0.
this has the usual solution

since R(r) = u/r, the cos(kr) solution would be
infinite at the origin and thus B =10

applying the boundary condition

2
du: 5

dr?

u(r) = Asin(kr) + B cos(kr)
= Asin(kr)

u(a) = Asin(ka) =0

. . 2 232
thus, ka = nm where n is an integer and the ener- Eo = n“mh n—=1.2.3
. nyU — 9 T Ay ey Iy e
gies for the / = 0 case are 2ma?
Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory |

3D radial solution



Example 4.1 (cont.)

For | = 0, we need to impose the boundary condi-
tion u(a) = 0.
this has the usual solution

since R(r) = u/r, the cos(kr) solution would be
infinite at the origin and thus B =10

applying the boundary condition

2
du: 5

dr?

u(r) = Asin(kr) + B cos(kr)
= Asin(kr)

u(a) = Asin(ka) =0

. . 2 232
thus, ka = nm where n is an integer and the ener- Eo = mh n—=1.2.3
. nyU — 9 T Ay ey Iy e
gies for the / = 0 case are 2ma?
Normalizing (A = /2/a) and adding the angular
part of the wave function Y@ = 1/v/4r
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Example 4.1 (cont.)

For | = 0, we need to impose the boundary condi-
tion u(a) = 0.
this has the usual solution

since R(r) = u/r, the cos(kr) solution would be
infinite at the origin and thus B =10

applying the boundary condition

2
du: 5

dr?

u(r) = Asin(kr) + B cos(kr)
= Asin(kr)

u(a) = Asin(ka) =0

. . 2 232
thus, ka = nm where n is an integer and the ener- Eo = mh n—=1.2.3
. nyU — 9 T Ay ey Iy e
gies for the / = 0 case are 2ma?
Normalizing (A = /2/a) and adding the angular " 1 sin(nwr/a)
part of the wave function Y@ = 1/v/4r oo = 5 r
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Solutions for [ =0 Y

1 sin(nmr/a)

V?2mra r

Ynoo =
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Solutions for | =0

VY100

1 sin(nmr/a)

Ynoo = s .
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Solutions for | =0

VY200

1 sin(nmr/a)

Ynoo = s .
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Solutions for | =0

1

sin(nmr/a)

A\

Y300

wnOO = \/%

Carlo Segre (lllinois Tech)
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Solutions for | =0

VY400

1 sin(nmr/a)

Ynoo = s .
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Solutions for | =0

Ynoo

1 sin(nmr/a) )

Ynoo = Nz . \\ _
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Example 4.1 (cont.) \ 7

What about the solutions for / # 07
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Example 4.1 (cont.) V

What about the solutions for [ # 07

they involve Bessel functions; the general solution
being
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Example 4.1 (cont.) V

What about the solutions for [ # 07

they involve Bessel functions; the general solution u(r) = Ay rji(kr) + By rmi(kr)
being
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Example 4.1 (cont.) N

What about the solutions for [ # 07

they involve Bessel functions; the general solution u(r) = Arrji(kr) + By rmi(kr)
being

) 1dY\ sinx
Ji(x) are spherical Bessel functions of order /
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Example 4.1 (cont.)
What about the solutions for [ # 07

they involve Bessel functions; the general solution
being

Ji(x) are spherical Bessel functions of order / and
ny(x) are spherical Neumann functions of order /.

Carlo Segre (lllinois Tech)
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u(r) = Ayrji(kr) + By rny(kr)

i) = ('} ")' o

X dx X
1d\’ cosx
ni(x) = —(—X)/ (de) x
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Example 4.1 (cont.)

What about the solutions for [ # 07

they involve Bessel functions; the general solution
being

Ji(x) are spherical Bessel functions of order / and
ny(x) are spherical Neumann functions of order /.

while spherical Bessel functions are finite at the ori-

gin, spherical Neumann functions are infinite and
thus we again set B, =0
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Example 4.1 (cont.)

What about the solutions for [ # 07

they involve Bessel functions; the general solution
being

Ji(x) are spherical Bessel functions of order / and
ny(x) are spherical Neumann functions of order /.

while spherical Bessel functions are finite at the ori-

gin, spherical Neumann functions are infinite and
thus we again set B, =0
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i) = ('} ")' o

X dx X
1d\’ cosx
ni(x) = —(—X)/ (de> x
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Example 4.1 (cont.) V

What about the solutions for [ # 07
u(r) = Ayrji(kr) + By rny(kr)

i) = ('} ")' o

they involve Bessel functions; the general solution
being

Ji(x) are spherical Bessel functions of order / and x dx x

ny(x) are spherical Neumann functions of order /.

1d>lcosx

x dx

) = ()

X

while spherical Bessel functions are finite at the ori-
gin, spherical Neumann functions are infinite and R(r) = Ay ji(kr)
thus we again set B, =0

we still must apply the boundary condition that j;(ka) = 0 but this is a bit more complex than
for the | = 0 case
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Spherical Bessel functions

Ji(x) = (—x)’ (li)' sin x

X dx X
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Spherical Bessel functions

Jji(x) = (—x)’ (1d>/ sin x +1

A\

X dx X
sin x

Jo(x) =

X

jo(X)
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Spherical Bessel functions

0= (L) 8

X dx X
. sin x
Jo(x) = .
. 1 /fcosx sinx
Ax) = (=x) ( P Xz)

Carlo Segre (lllinois Tech)
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Spherical Bessel functions

sin x

A\

COs X

Jjo(x) = Siix
(e

Carlo Segre (lllinois Tech)
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Spherical Bessel functions

Ji(x) = (—x)’ (li)' sin x

X dx

X

. sin x

Jo(x) = .

( ) ( )1 cosXx  sinx sinx  Ccosx
xX)=(—x)— — — _

S X X X2 X2 X

1 d\ xcosx —sinx
. N2 (a9
J2(x) = (=) <X dx) x3

Carlo Segre (lllinois Tech)
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Spherical Bessel functions

Ji(x) = (—x) (10')/ sinx

X dx X

. sin x

Jox) =~

( ) ( )1 cosXx  sinx sinx  Ccosx

X)=\(—X)— — = —

S X X X2 X2 X
1 d\ xcosx —sinx

. N2 (9

206) = (=) <x dx) x3

xsinx X COS X — Sin X
=x|——=3 -3 7]
X X

Carlo Segre (lllinois Tech)
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Spherical Bessel functions

Ji(x) = (—x)’ (li)' sin x

X dx X
. sin x
Jo(X) =
() =2
( ) ( )1 cosXx  sinx sinx  Ccosx
J1(x) = (—x)— — = —
x \ x x2 x2 X =<
e =
(x) = (—x)? 1d xcosx3 sin x
X dx X
X sin x X COS X — sin x
=x\——3 3 4
X X
3sin x — 3xcos x — x2sin x
= 3
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Spherical Bessel functions

Ji(x) = (—x)’ (li)' sin x

X dx X
. sin x
Jo(x) = .
() ( )1 cosXx  sinx sinx  Ccosx
X)=(—x)— — — _
S X X X2 X2 X
1 d\ xcosx —sinx
. N2 (a9
2(3) = (=) <de) x3
xsinx X COS X — Sin X
:X(_ 3 3 4 )
X X

<3sinx — 3xcosx — x2 sinx)

x3

Clearly the roots are not at nice, simple, locations!
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Solutions for all / V

Ji(ka) =0
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Solutions for all / V

Ji(ka) =0

1
k = =PBn1,  Bn are the roots
a
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Solutions for all / V

Ji(ka) =0

k = *5n/, B are the roots

Enl 26,,/

2ma
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Solutions for all / i

. Bnl 5n2 Bn3
J/(ka) =0 ]
1 Jo m 2 3m
k= 76,,,, Bn are the roots j1 4493 7.726 10.904
jo 5762 9906 12.325
E,= 2ma2 Bn, Jj3 6.988 10.420 13.698

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | 3D radial solution



Solutions for all / i

. Bnl 5n2 6n3
J/(ka) =0 ]
1 Jo m 2 3m
k= fﬁn,, Bn are the roots j1 4493 7.726 10.904
jo 5762 9906 12.325
E,= 2ma2 Bn, Jj3 6.988 10.420 13.698

The wavefunctions are thus:
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Solutions for all / i

. Bnl 5n2 6n3
J/(ka) =0 .
1 Jo T 27 37
k= fﬁn,, Bn are the roots j1 4493 7.726 10.904
jo 5762 9906 12.325
E., = 2ma2 ﬂn, j3 6.988 10.420 13.698
The wavefunctions are thus:
n r m
@bnlm(ﬁ 97 ¢) = nl.// <B / > \/I (97 Qb)
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Solutions for all /

. Bnl ﬂnZ 5n3
J/(ka) =0 .
1 Jo T 27 37
k= 76,,,, Bn are the roots j1 4493 7.726 10.904
jo 5762 9906 12.325
E., = 5 j3 6.988 10.420 13.698
2ma2
The wavefunctions are thus:
n r m
wnlm(ﬁ 9; Gb) = nl.// <B / > \// (97 Qb)

these are (2/ + 1)-fold degenerate states, that is, the energy does not depend on the quantum
numbers which give rise to the degeneracy
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Hydrogen atom: Part 1 V

® Hydrogen atom potential
® Asymptotic solution

e Differential equation for polynomial
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Hydrogen atom

The potential of the hydrogen atom is sim-

ply the Coulomb potential, which is spheri-
cally symmetric
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Hydrogen atom

The potential of the hydrogen atom is sim-
ply the Coulomb potential, which is spheri-
cally symmetric

where we assume that the nucleus (proton)
is stationary because it is much more mas-
sive than the electron
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Hydrogen atom V

The potential of the hydrogen atom is sim-

2
ply the Coulomb potential, which is spheri- V(r)=— e 1
cally symmetric dmeg r
where we assume that the nucleus (proton) we can substitute this potential into the ra-

is stationary because it is much more mas- dial equation
sive than the electron
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Hydrogen atom V

The potential of the hydrogen atom is sim-

2

ply the Coulomb potential, which is spheri- V(r)=— e 1
cally symmetric dmeg r
where we assume that the nucleus (proton) we can substitute this potential into the ra-
is stationary because it is much more mas- dial equation
sive than the electron

h? d?u B2 11 +1)

-— V(r —————|u=Eu
2m dr? + () + 2m  r?
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Hydrogen atom V

The potential of the hydrogen atom is sim-

2

ply the Coulomb potential, which is spheri- V(r)=— e 1
cally symmetric dmeg r
where we assume that the nucleus (proton) we can substitute this potential into the ra-
is stationary because it is much more mas- dial equation
sive than the electron

h? d?u B2 (1 +1

-—— V(r) _,_7(7) u=Eu
2m dr? 2m  r?
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Hydrogen atom V

The potential of the hydrogen atom is sim-

ply the Coulomb potential, which is spheri- V(r)=— e’ 1
cally symmetric dmeg r
where we assume that the nucleus (proton) we can substitute this potential into the ra-
is stationary because it is much more mas- dial equation
sive than the electron
h? d?u e 1 R2I(+1)

_%W—F _47reor+2m r2 u=Eu
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Hydrogen atom

The potential of the hydrogen atom is sim-
ply the Coulomb potential, which is spheri-
cally symmetric

where we assume that the nucleus (proton)
is stationary because it is much more mas-
sive than the electron

dividing by E and rearranging
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Hydrogen atom

The potential of the hydrogen atom is sim-
ply the Coulomb potential, which is spheri-
cally symmetric

where we assume that the nucleus (proton)
is stationary because it is much more mas-
sive than the electron

dividing by E and rearranging
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C 2mdr?
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2mE dr2
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we can substitute this potential into the ra-
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Hydrogen atom

The potential of the hydrogen atom is sim-
ply the Coulomb potential, which is spheri-
cally symmetric

where we assume that the nucleus (proton)
is stationary because it is much more mas-
sive than the electron

e? 1

V(r)=—
(r) Ameg r

we can substitute this potential into the ra-
dial equation

h2 d? 21 RII+1
u [ e’ 1 (—i—)]u:Eu

dividing by E and rearranging 2m dr? dmeor  2m 1>
h? d?u e 1 hII+1)
T 2mE dr? [ T 4tcEr 2mE 12 ]
rewriting it with common terms 2 d2u me2 R 1 2 I(1+1)
" 2mE dr? ~ [1 T oncl22mEr  2mE 12 ] !
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Hydrogen atom

The potential of the hydrogen atom is sim-
ply the Coulomb potential, which is spheri-
cally symmetric

where we assume that the nucleus (proton)
is stationary because it is much more mas-
sive than the electron

e? 1

V(r)=—
(r) Ameg r

we can substitute this potential into the ra-
dial equation

h2 d? 21 RII+1
u [ e’ 1 (—i—)]u:Eu

dividing by E and rearranging 2m dr? dmeor  2m 1>
h? d?u e 1 hII+1)
T 2mE dr? [ T 4tcEr 2mE 12 ]
rewriting it with common terms d2u me2 W2 1 B2 I(1+1)
T 2mE dr? ~ [1 T o2 2mEr  2mE 12 ] !
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Hydrogen atom

The potential of the hydrogen atom is sim-
ply the Coulomb potential, which is spheri-
cally symmetric

where we assume that the nucleus (proton)
is stationary because it is much more mas-
sive than the electron

dividing by E and rearranging

e? 1

Ameg r

V(r)=—

we can substitute this potential into the ra-
dial equation

h2 d2 2 2
I O Y (e
2m dr?

h2 d2u

Ategr 2m  r?

B2 (1 + 1)] ,

_ n e? 1
2mE dr2 dregEr 2mE  r?

rewriting it with common terms

_ "
2mE dr?

2 w21 2 (141
:[1+ me h (+)]u

2negh? 2mE r 2mE 12

initially we are only interested in bound states with E < 0 and so we can make the usual

substitution k = /—2mE /h
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Hydrogen atom (cont.) V

K2dr2 |7 2meoh2k Kr T (kr)2
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Hydrogen atom (cont.) V

1 d%u me?> 1 I(I+1) if we substitute

K2drr |7 2meoh2k kr * (kr)? ! 2

me
= KI = —
P PO 2meoh?k
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Hydrogen atom (cont.) V

1 d%u me?> 1 I(I+1) if we substitute

K2dr2 |7 2meoh2k kr + (rr)? ! 2

me
= KI = —
P PO 2meoh?k
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Hydrogen atom (cont.) V

1 d%u
K2 dr?

0
dp?

1—

Po

me?> 1 I(I+ 1)} if we substitute
- — u
2 2
| 2meohPk kr (kr) ) me?
=k = —

P PO 2meoh?k

I(I+1

],

p

p
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Hydrogen atom (cont.) :

1d%u | me?> 1 I(I+1) if we substitute
K2dr2 2reoh?k kr (Kkr)? B  me?
pP=RE PO= 2meoh?k
f{%}{ B _1 _po I(1+1)
dp? P 02 just as with the harmonic oscillator, we start

with the asymptotic solution and then gen-
eralize
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Hydrogen atom (cont.) :

1d%u | me?> 1 I(I+1) if we substitute
K2dr2 2reoh?k kr (Kkr)? B  me?
pP=RE PO= 2meoh?k
@_ _1_@_’_/(/—1-1)
dp? P 02 u just as with the harmonic oscillator, we start

with the asymptotic solution and then gen-
eralize

As p — 00, the constant term dominates
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Hydrogen atom (cont.) :

1 d%u | me?> 1 I(I+ 1)} if we substitute
T 1= — u
2 4r2 2 2
k% dr 2megh?k Kr (kr) me?
= Kr = —
P PO 2meoh?k
d2U [ £0 /(/ + 1)
Rl Rl M i ith the h ic oscill
dp2 P) 2 just as with the harmonic oscillator, we start
i with the asymptotic solution and then gen-
eralize
As p — 00, the constant term dominates du

d—pzzu
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Hydrogen atom (cont.)

1d% [ me* 1 I(/+1)
K2dr2 2reoh?k kr (Kkr)?
d2U [ £0 /(/ + 1)
bt Y G A G
dp> | p T

As p — 00, the constant term dominates

and the solution is of the form

if we substitute

m62

= kr =
p=FrL PO 2meoh?k

just as with the harmonic oscillator, we start
with the asymptotic solution and then gen-
eralize

d?u

d—pzzu
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Hydrogen atom (cont.)

1d% [ me* 1 I(/+1)
K2dr2 2reoh?k kr (Kkr)?
d? [ I(I+1
7121 - 1= Po + (—Z)]
dpc= | »p p

As p — 00, the constant term dominates

and the solution is of the form

if we substitute

m62

= kr =
p=FrL PO 2meoh?k

just as with the harmonic oscillator, we start
with the asymptotic solution and then gen-
eralize

2
dp?
u(p)|p—oo = Ae™? + Be”

l
=
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Hydrogen atom (cont.) i

1 d%u | me?> 1 I(I+ 1)} if we substitute
- = — _ u
2 472 2 2
k% dr 2megh?k Kr (kr) me?
= RI =
P PO 2meoh?k
d2U [ £0 /(/ + 1)
R | [ i T St . th the h : i
dp? | P 02 just as with the harmonic oscillator, we start
with the asymptotic solution and then gen-
eralize
As p — 00, the constant term dominates du
——— U
and the solution is of the form dp?
but the second term is unbounded in the u(p)lp—oc = Ae™’ + Be”

limit of p — o0, thus B =10
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Hydrogen atom (cont.) :

1 d%u _1 me? 1 N I+ 1)} if we substitute
T — 1= — u
2 472 2 2
k% dr | 2meohPk kr (kr) me?
= Kr = —
P PO 2meoh?k
d2U [ £0 /(/ + 1)
R | [ i T S 4 . th the h : i
dp? | P 2 just as with the harmonic oscillator, we start
with the asymptotic solution and then gen-
eralize
As p — 00, the constant term dominates du
——— U
and the solution is of the form dp?
but the second term is unbounded in the u(p)lp—oc = Ae™’ + Be”

limit of p — oo, thus B =10

however, in the limit of p — 0, the centrifugal term is dominant
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Hydrogen atom (cont.) V

for p — 0 the solution must satisfy
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Hydrogen atom (cont.) V

d? I(I+1
u _I0+1)

for p — 0 the solution must satisfy ~
dp2 02
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Hydrogen atom (cont.) V

d? I(I+1
u _I0+1)

for p — 0 the solution must satisfy ~
dp2 02

this has a solution
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Hydrogen atom (cont.) V

for p — 0 the solution must satisfy -

this has a solution - P
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Hydrogen atom (cont.)

2
for p — 0 the solution must satisfy d?u I(I+1) u
dp? 2
D
S|
this has a solution u(p) = Cp™" + o

this solution can be shown to satisfy the

equation
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Hydrogen atom (cont.)

2
for p — 0 the solution must satisfy d°u ~ I +1) u
dp2 2
D
_ 0+l
this has a solution u(p) = Cp™" + o
i i i du D
this sglutlon can be shown to satisfy the X1+ 1)C,0’ iy
equation dp (I+1)
Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory |

Hydrogen atom: Part 1



Hydrogen atom (cont.) i

2
for p — 0 the solution must satisfy d°u ~ I +1) u
dp? 02
D
_ I+l
this has a solution u(p) = Cp™" + o
this solution can be shown to satisfy the du I
— =(+1)Cp' -1
equation dp ( )Cr pl+1)
d’u

= I(I+1)Cp L+ 1(1 + 1)

dp? A(F2)
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Hydrogen atom (cont.)

for p — 0 the solution must satisfy
this has a solution

this solution can be shown to satisfy the
equation

but the second term blows up as p — 0, so
D =0 and

2~ 2 "
D
u(p) = Cp'* + P
du / D
d*u -1
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Hydrogen atom (cont.)

for p — 0 the solution must satisfy
this has a solution

this solution can be shown to satisfy the
equation

but the second term blows up as p — 0, so
D =0 and

u(p)lp—o~ Cp

2~ 2 "
D
u(p) CPIH‘FH
du /
d7p =(I+1)Cp' — Ip(l+1)
d*u -1

1+1
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Hydrogen atom (cont.)

for p — 0 the solution must satisfy
this has a solution

this solution can be shown to satisfy the
equation

but the second term blows up as p — 0, so
D =0 and

u(p)lp—o~ Cp

<

d*u I+ 1)u
dp? ~ 02
D
u(p) = Cp'* + i
p
du /
d*u -1

1+1

the full solution we seek, including the asymptotic portions is thus
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Hydrogen atom (cont.)

for p — 0 the solution must satisfy
this has a solution

this solution can be shown to satisfy the
equation

but the second term blows up as p — 0, so
D =0 and

u(p)lp—o~ Cp

<

d*u I+ 1)u
dp? ~ 02
D
u(p) = Cp'* + i
p
du /
d*u -1

1+1

the full solution we seek, including the asymptotic portions is thus

u(p) =p

ple”
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Hydrogen atom (cont.)

for p — 0 the solution must satisfy
this has a solution

this solution can be shown to satisfy the
equation

but the second term blows up as p — 0, so
D =0 and

u(p)lp—o~ Cp

d*u /(/+1)u
dp? ~ 02
D
u(p) CPI+1+7
1%
du / D
d*u -1

1+1

the full solution we seek, including the asymptotic portions is thus

u(p) =p

where v(p) is a polynomial in p

ple”
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Asymptotic behavior V

5 . : . .
=0
4 B -
| —
u(p) = p'tre Pv(p)
st I=3 |
P
= e
>
2 B -
1 -
0 L L ,
0 2 4 6 8 10
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Asymptotic behavior V

5 T T T T
|=0
4+ .
41—
u(p) = p" e v(p)
|=3
3 P ]
The exponential term serves to limit the asymp- a €
totic behavior of the wavefunction =1
2 F ]
1 -
0 1 L L
0 2 4 6 8 10
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Asymptotic behavior

A\

|=0

|=3

5
4 -
_ 1l .—p
u(p) =p""" e "v(p)
3 -
The exponential term serves to limit the asymp- a
totic behavior of the wavefunction =1
2 -
1 -
0
0
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Asymptotic behavior V

5 T T T T
|=0
4 _
41—
u(p) = p" e v(p)
=3
3 - -
The exponential term serves to limit the asymp- a
totic behavior of the wavefunction =1
2L 4
It remains only to determine the polynomial
“wavy part” of the solution, v(p). This is done L 1
in the same way as was the analytical solution
of the harmonic oscillator.
0 ' : :
0 2 4 6 8 10
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The wavy part

The polynomial can be determined by sub- &2
stituting this solution into the original 4

2 p—t
Schrodinger equation for u(p) dp

u(p) = pte v(p)
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The wavy part

The polynomial can be determined by sub- &2
stituting this solution into the original 4

2 p—t
Schrodinger equation for u(p) dp

u(p) = pte v(p)

du

dp
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The wavy part

The polynomial can be determined by sub-

- . . . . d?
stituting this solution into the original 4_

2
Schrodinger equation for u(p) dp

u(p) = pte v(p)

d
d—; =(I+1)pe Py
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The wavy part

The polynomial can be determined by sub-

- . . . . d?
stituting this solution into the original 4_

2
Schrodinger equation for u(p) dp

u(p) = p'* e v(p)

d
CTU =(I+1)p'ePv —ptlery
p
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The wavy part

The polynomial can be determined by sub-
stituting this solution into the original
Schrodinger equation for u(p)

u(p) = p'* e v(p)

du_

dp (I+1)p'ePv—ptle v +p

Carlo Segre (lllinois Tech)
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original d Z =
Schrodinger equation for u(p) dp

u(p) = p'* e v(p)

d
CTU =(I4+1)plePv—ptle Py + ptl
)
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original d '; _ [1 _Po /(H;l)}
Schrédinger equation for u(p) dp P) p

u(p) = p'* e v(p)

d
CTU =(I4+1)plePv—ptle Py + ptl
P
d?u

dp?

dv dv
2L e (11— 2
e a5 ple [( + )v+pdp]
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original d '; _ [1 _Po /(H;l)}
Schrédinger equation for u(p) dp P) p

u(p) = p'* e v(p)

du dv dv
—(/+1 l —p,, _ J+1_—p I+1 —p — P (]+1—
dp (I+1)p'ePv—pTePv+pTle a ple | (1 + )V+p7dp
d?u I—1 dv
Y PV A B _ i
2 lp"*e ™ ? |(I+1 p)v—i—pdp
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The wavy part

<

The polynomial can be determined by sub-

2
stituting this solution into the original LZ = [1 _ I(H;l)}
Schrodinger equation for u(p) dp P P
u(p) = p'* e v(p)
d d d
d—; =(I+1)pePv—ptlerv+ p”le*pd—; =ple=r [(l +1—p)v+ pd;]
d?u dv dv
—— =l e |(I+1- —| —ple P |(I+1- —
R (I + p)V+pdp} pe {(Jr p)V+pdp]
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original LZ = [1 _ iU t 1)}
Schrodinger equation for u(p) dp P P
u(p) = p'* e v(p)
d d d
d—; =(I+1)pePv—ptlerv+ p”le*pd—; =ple=r [(l +1—p)v+ pd;]
d?u

dv dv
— =1 te P (1 +1— 1 —pleP|(l+1- -
R [(+ p)V+pdp} pe {(Jr p)V+pdp]

d d d?
+ple=r [_V+(l+1_p)d;+d;+’0dp\4
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original LZ = [1 _ iU t 1)}
Schrodinger equation for u(p) dp P P
u(p) = p'* e v(p)
d d d
d—; =(I+1)pePv—ptlerv+ p”le*pd—; =ple=r [(l +1—p)v+ pd;]
d?u

dv dv
— =1 te P (1 +1— 1 —pleP|(l+1- -
R [(+ p)V+pdp} pe {(Jr p)V+pdp]

d d d?
+ple=r [_V+(l+1_p)d;+d;+’0dp\4
/

o )
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original LZ = [1 _ iU t 1)}
Schrodinger equation for u(p) dp P P
u(p) = p'* e v(p)
d d d
d—; =(I+1)pePv—ptlerv+ p”le*pd—; =ple=r [(l +1—p)v+ pd;]
d?u

dv dv
2 lep _ e _ -
2 Ip' e [(/—i—l ,o)v—i—pdp} pe {(/—i—l p)v—i—pdp]

dv  dv d?v

la=p | _ J41—p)— + —~ bl

+p'e [ v+ (I + p)dp—i-dp—i-pdpz}

fry —-p _—

re {pdp2 }
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original LZ = [1 _ + iU t 1)}
Schrodinger equation for u(p) dp P P
u(p) = p'* e v(p)
d d d
d; =(I+1)pePv—ptlerv+ p”le*pd—; =ple=r [(l +1—p)v+ pd;]
d?u I—1 dv dv
Z T lemr — | pler — -
2 Ip' e [(/—1—1 ,o)v+pdp} pe {(l—i—l p)v—l—pdp]
dv  dv d’v
le=P | v+ (I+1—p)m+ Ly pot
+p'e [ v+ (I + p)dp—i-dp—i-pdpz}
d’v dv
=plePip——+2(l+1~
pe {pdp2+(+ p)dp }
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The wavy part

The polynomial can be determined by sub-

2
stituting this solution into the original LZ = [1 _ + I(H;l)}
Schrodinger equation for u(p) dp P P
u(p) = p'* e v(p)
d d d
d; =(I+1)pePv—ptlerv+ p”le*pd—; =ple=r [(l +1—p)v+ pd;]

d?u I—1 dv dv

Z o pllemr _ 2 plemr _ -

2 Ip' e [(/—i—l p)v—i—pdp} pe {(/—i—l p)v—i—pdp}
dv  dv d2v}

—l—ple_p l:—V—F(/—i-l—p)dp-i-dp"i‘,OM

d?v dv I(1+1)
=ple?ipos+2(4+1—p)— 20+ 1)+ —+
pe {pdp2+(+ p)dp+[p (I+1)+ o
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The Schrodinger equation for v(p) A\

d2U d2V dv /(/+1)
_ Hl—p — —=plePlp—— +2(l+1—p)— -2(/+1)+ ——~=
u(p) = p" e Pv(p), g2 e {pdp2+ (I+ p)dp+ p—2(1+1)+ Y
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N

The Schrodinger equation for v(p) i
d%u d?v dv I(1+1)

_ - -
u(p) = p e Pv(p), sz_pe p{PCW‘FQ(H‘l—P)dp‘f' 9_2(/+1)+p} V}
Substituting into the Schrédinger equation for u(p)

d%u po  I(I+1)

1_ K0
dp? p )
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N

The Schrodinger equation for v(p) i

d?u d?v dv I(1+1)
— pltle—r 2o e ) )L — = _ AN
u(p) = p' e Pv(p), a7 pe {pdp2 +2(/+1-)p) dp + [,O 2(1+1)+ 5 } v}

Substituting into the Schrédinger equation for u(p)

d?u po  1(I+1) d?u po  I(I+1)] ;11 _
T Ao Ul Ll LA

p p?
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N

The Schrodinger equation for v(p) i
d?u d?v dv I(1 4 1)
NSVAS -
u(p) = p e Pv(p), d7p2_pe p{PCWﬂLz(/‘Fl—P)dp"' [,0—2(/4—1)—1—[)} V}
Substituting into the Schrodinger equation for u(p)
2 I(1+1 2 I(1+1
0 d?u {1_m+(+)] d?u [1_m+(+)]p/+1e—pv

T dp? p T T p P
d?v dv I(1+1)

=ple?pos+204+1—p)—F —2(/+1

per {pSaraut1-ng+ o204+ 0]
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N

The Schrodinger equation for v(p) i
d?u d?v dv I(1 4 1)
NSVAS -
u(p) = p e Pv(p), d7p2_pe p{PCWﬂLz(/‘Fl—P)dp"' [,0—2(/—1-1)-1-/)} V}
Substituting into the Schrodinger equation for u(p)
2 I(1+1 2 I(1+1
0 d?u {1_m+(+)] d?u [1_m+(+)]p/+1e—pv

7 I 7 R
L, d? d I(1+1 I(1+1
=ple p{ﬂ‘2/+2(/—|—1—p)v+[p—2(l—|—1)+ ( )]V_{p_pﬁ ( )] V}
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N

The Schrodinger equation for v(p) i

d?u d?v dv I(1 4 1)
NSVAS -
u(p) = p e v(p), a2 re ”{pd > +2(l+1—p )d—p+ [,0—2(/—1—1)—1—[)} v}
Substituting into the Schrodinger equation for u(p)

d?u po I(I+1) d?u po  I(1+1)] ;41
Ozdpz‘[l‘ﬂ 2 -l A LA

—pe’/{ 2(/+1 - )Z;—F[p—2(l—|—1)+l(l:1)]v— [P—Po+l(l:1)] v}
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N

The Schrodinger equation for v(p) i

d?u d?v dv I(1 4 1)
NSVAS -
u(p) = p e v(p), a2 re ”{pd > +2(l+1—p )d—p+ [,0—2(/4—1)—1—[)} v}
Substituting into the Schrodinger equation for u(p)
2 I(1+1 2 I(1+1
0= U [1—’)0+ G )] P [1—p°+( - )]p’+le_pv

~dp? p p?  dp? p p?
d I(1+1 10+ 1
—M/{ 20/ +1- )V+[p—2(/—|—1)+(+ )]v—[ﬁ’—ﬂo+(+ )]v}
dp P P
d?v dv
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The Schrodinger equation for v(p) —

3

d?u d?v dv I(1+1)
— pltle—r 2o e ) )L — = _ AN
u(p) = p' e Pv(p), a7 pe { d > +2(/+1 )dp + [,0 2(1+1)+ ; } v}

Substituting into the Schrédinger equation for u(p)

d?u [ po /(/+1)} d?u [ po  I(I+1)
0=——5—|1-—+ u=-——[1-24 22—
dp? p p? dp?

d
—M/{ S +2(l+1—p )d—;+

> :| p/+le—pv
p p

fones)

B I(1+
p—2(1+1)+ ;

d?v dv
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The Schrodinger equation for v(p) —

3

d?u d?v dv I(1+1)
— pltle—r 2o e ) )L — = _ AN
u(p) = p' e Pv(p), a7 pe { d 5 +2(/+1 )dp + [,O 2(1+1)+ 5 } v}

Substituting into the Schrédinger equation for u(p)

d?u po  1(I+1) d?u po  I(I+1)] 9 —
0=2Y |1 _du [ opo MU
dp? [ p T YT dp P L
dv I+ I/ +
= S 2l +1—p) et g2+ 1)+ - —po+7ﬁ v
M/{ )dp P ( ) ) [F’ ) ] }
2

v dv
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The Schrodinger equation for v(p) vV
d?u d2 dv I(1+1)
_ 1 Y -
Substituting into the Schrodinger equatlon for u(p)

d?u po  1(I+1) d?u po  I(I+1)] ;11 _
°:dpz‘[1‘p+ P Ca il L (A

p p
—M’/{ S ro(l 41— )Z;+ —[p—po+’(7/:11v}

I(1+
we will solve this in the same way as the harmonic oscillator, assuming that v(p) is an infinite
polynomial in p

p—20+1)+

d?v dv
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The Schrodinger equation for v(p) N7

d?u d?v dv I(1+1)
— pltle—r 2o e ) )L — = _ AN
u(p) = p' e Pv(p), a7 pe { d > +2(/+1 )dp + [,0 2(1+1)+ ; } v}

Substituting into the Schrédinger equation for u(p)

d?u po  1(I+1) d?u po  IU+1)] 141 -
Ozdpz‘[l‘ﬂ e e LA

p p
dv I(1 + (1 +
= ——1-2/4-1— — + — —po+7ﬁv
we will solve this in the same way as the harmonic oscillator, assuming that v(p) is an infinite

polynomial in p
oo
p)=_cpr’
j=0
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