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Harmonic oscillator

The classical harmonic oscillator is governed by
Hooke's Law

the solution to this frictionless system is

and the potential energy is

The harmonic oscillator is an excellent first approx-
imation to many more complex potentials found in
Nature as long as the amplitude of the motion is
small. From the Taylor expansion about xp
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The classical harmonic oscillator is governed by
Hooke's Law

the solution to this frictionless system is

and the potential energy is

The harmonic oscillator is an excellent first approx-
imation to many more complex potentials found in
Nature as long as the amplitude of the motion is
small. From the Taylor expansion about xp
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Harmonic oscillator
The classical harmonic oscillator is governed by
Hooke's Law

the solution to this frictionless system is

and the potential energy is

The harmonic oscillator is an excellent first approx-
imation to many more complex potentials found in
Nature as long as the amplitude of the motion is
small. From the Taylor expansion about xp

V(x) = V (xodr=0) + 3V (x0) (x — x0)% + - -
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Harmonic oscillator

The classical harmonic oscillator is governed by
Hooke's Law

the solution to this frictionless system is

and the potential energy is

The harmonic oscillator is an excellent first approx-
imation to many more complex potentials found in
Nature as long as the amplitude of the motion is

small. From the Taylor expansion about xp we get
k= V"(x0)

V(x) = V/(xe)tx=0) + 5V (x0)(x — x0)*
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The potential which needs to be solved is
written in terms of the frequency instead of
the spring constant.
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Quantum harmonic oscillator

The potential which needs to be solved is
written in terms of the frequency instead of
the spring constant.

The Schrodinger equation becomes
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Quantum harmonic oscillator \ i

The potential which needs to be solved is V(x) = Emw2x2
written in terms of the frequency instead of
the spring constant. 2 d* 1 5,
Eip— - ¥ 2
v 2m dx? + oM X v

The Schrodinger equation becomes

In order to solve this using the algebraic
method and ladder operators we rewrite the
Schrodinger equation.
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The potential which needs to be solved is V(x) = = mw?x2
written in terms of the frequency instead of
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Quantum harmonic oscillator \ i

The potential which needs to be solved is V(x) = = mw?x2
written in terms of the frequency instead of
the spring constant. Ep— h? d?v N 1 ey
=———=+z
The Schrodinger equation becomes 2m dx 2
In order to solve this using the algebraic 1, )
method and ladder operators we rewrite the Ey = om [P + (mwx) } (0
Schrodinger equation.  With the Hamilto- R 1 ) )
nian being H = m [p? + (mwx)?]
1 .
We now define two operators a4 at = %(¢/P + mwx)
. . 1 > s .
a_a; = (ip + mwx)(—ip + mwx) = [p* + (mwx)? — imw(xp — px)]

2hmw
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a_ay + (mwx)? — imw(xp — px)]
The ai operators “almost” factor the

Hamiltonian, except for the last term, which

would be equal to zero classically
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quantum mechanics, they do not commute

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory |

_hd
©jdx

Quantum harmonic oscillator



Commutators

11

R
_hw2m[p

d_a4

The ai operators “almost” factor the
Hamiltonian, except for the last term, which
would be equal to zero classically

however, because x and p are operators in
quantum mechanics, they do not commute
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however, because x and p are operators in
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The ai operators “almost” factor the hod hod
Hamiltonian, except for the last term, which Xp—px =X </dx> - <1dx> x 70
would be equal to zero classically

however, because x and p are operators in
quantum mechanics, they do not commute

if [A, B] is defined as the “commutator” of
two operators.
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Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | Quantum harmonic oscillator



Commutators Vv
11,

= hwom [p* + (mwx)? — imw(xp — px)] X, p=~—

d_a4

The ai operators “almost” factor the hod hod
Hamiltonian, except for the last term, which Xp—px =X </dx> - <1dx> x 70
would be equal to zero classically

however, because x and p are operators in

A, Bl=AB — BA
quantum mechanics, they do not commute 14, B]

if [A, B] is defined as the “commutator” of

two operators. [x, p]f(x) = <xl_Xf(X) - I_Xf(x)>

For x and p it can be computed computed
by applying it to a test function f(x)
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Commutators V'

11 h d
a-ap =4 [pz + (mwx)? — imw(xp — px)] X p= s
The ai operators “almost” factor the hod hod
Hamiltonian, except for the last term, which Xp — px = <, dx) ( ; dx> x 70

would be equal to zero classically

however, because x and p are operators in

A, Bl=AB — BA
quantum mechanics, they do not commute 14, B]

if [A, B] is defined as the “commutator” of
two operators. [x, p]f(x)

I
St TN
x
>
\Q
4

h d
;o0 = 1 x(0)

For x and p it can be computed computed
by applying it to a test function f(x) % / > ihf
Ix
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The ai operators “almost” factor the hod hod
Hamiltonian, except for the last term, which Xp — px = <, dx) ( ; dx> x 70

would be equal to zero classically

however, because x and p are operators in
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quantum mechanics, they do not commute 14, B]

if [A, B] is defined as the “commutator” of
two operators. [x, p]f(x)
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h d
o0 = 1 (0)
For x and p it can be computed computed
by applying it to a test function f(x) % / > ihf
[x,p] = ih
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11 h d
a-ap =4 [pz + (mwx)? — imw(xp — px)] X p= s
The ai operators “almost” factor the hod hod
Hamiltonian, except for the last term, which Xp — px = <, dx) ( ; dx> x 70

would be equal to zero classically

however, because x and p are operators in

A, Bl=AB - BA
quantum mechanics, they do not commute 14, B]

if [A, B] is defined as the “commutator” of

d
two operators. [x, p]f(x) = <Xh:f( ) — E?Xf( )>
For x and p it can be computed computed
by applying it to a test function f(x) % / > ihf
[x,p] = ih
a_a; = LR [p2 + (mwx)? — imw[x pl]
T hwom ’
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“Factoring” the Hamiltonian Y

11

= [p? + (mwx)? — imw[x, p]]

a_ay

Using the commutator, we can rewrite the
product a_a,
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Using the commutator, we can rewrite the
product a_a,
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“Factoring” the Hamiltonian Y
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product a_a,
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“Factoring” the Hamiltonian Y
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-3 o' 20T e

Using the commutator, we can rewrite the
product a_a; and the Hamiltonian becomes

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | Quantum harmonic oscillator



“Factoring” the Hamiltonian

11 1 A ' 1 ~ 1
a-ap = -5 [p? + (mwx)? — imw[x, p]] = EH — ﬁih = %H + 5
Using the commutator, we can rewrite the ) 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — 2>
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“Factoring” the Hamiltonian

11 1

a-ai = -5 [p? + (mwx)? — imw[x, p]] = th — %/h =
Using the commutator, we can rewrite the ) 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — 2>

Note that if we change the order of a4 and a_ we have

2

11 ., .
aja_ = %%[p + (mwx)® — imwlp, x]]
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“Factoring” the Hamiltonian i

11 1 A ' 1 ~ 1
a-ap = -5 [p? + (mwx)? — imw[x, p]] = EH — ﬁih = %H + 5
Using the commutator, we can rewrite the ) 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — 2>
Note that if we change the order of a4 and a_ we have
11 1 A ]
aya_ = %%[f + (mwx)? — imw[p, x]] = %H — 2I—h(—ih)
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“Factoring” the Hamiltonian i
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“Factoring” the Hamiltonian i

11

2 2 ;
a_a; = %%[P + (mwx)” — imwlx, P” =3

Using the commutator, we can rewrite the 1
product a_a; and the Hamiltonian becomes H = hw < > = <a+a_ + )

Note that if we change the order of a4 and a_ we have

11 A
aya- = %%[pz + (mwx)? — imw[p, x]] = %H — —(—ih) =

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | Quantum harmonic oscillator



“Factoring” the Hamiltonian 7

11

2 2 :
a_a; = %%[P + (mwx)” — imwlx, P” =3

Using the commutator, we can rewrite the ) 1 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — > = <a+a_ + 2)

Note that if we change the order of a4 and a_ we have

11 A
aya_ = %%[ 2+ (mwx)? — imwp, x]] = %H — —(—ih) =

The commutator of a_ and a4 is then
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“Factoring” the Hamiltonian 7
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“Factoring” the Hamiltonian 7

11 1 . ' 1 ~ 1
a-ap = -5 [p? + (mwx)? — imw[x, p]] = EH — ﬁih = ﬂH + 5
Using the commutator, we can rewrite the ) 1 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — 2) = <a+a_ + 2)
Note that if we change the order of a4 and a_ we have
11 1 . ] 1 ~ 1
aya_ = %%[ 2+ (mwx)? — imwp, x]] = %H — 2I—h(—ih) = EH ~3
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“Factoring” the Hamiltonian 7

1 : 1 . i . 1 ~ 1
a-ap =5 [p + (mwx)? — imwlx, pl] = EH - %/h = %H + 5
Using the commutator, we can rewrite the A 1 1
product a_ay and the Hamiltonian becomes H = hw (a_a+ — 2) = (a+a_ + 2)
Note that if we change the order of a4 and a_ we have
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“Factoring” the Hamiltonian 7

11

2 2 ;
a_a; = %%[P + (mwx)” — Imw[x,p]] =3

Using the commutator, we can rewrite the ) 1 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — ) = <a+a_ + 2)

Note that if we change the order of a4 and a_ we have

aya_ = %%[ + (mwx)® — imw[p, x]] = %H — %(—Ih) =

The commutator of a_ and a4 is then [a_,ay] = <%1///f/+ ;) - (%/I-AI— ;)
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“Factoring” the Hamiltonian 7
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2 2 ;
a_a; = %%[P + (mwx)” — Imw[x,p]] =3

Using the commutator, we can rewrite the ) 1 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — ) = <a+a_ + 2)

Note that if we change the order of a4 and a_ we have

aya_ = %%[ + (mwx)® — imw[p, x]] = %H — %(—Ih) =

- 1 £ 1 14 1
The commutator of a_ and a4 is then [a_,a;] = <%//H+ 2> — <%/H— 2> =1
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“Factoring” the Hamiltonian v

1 1.9 2 _
a_a+:%%[ + (mwx)? — imwlx, p]] = —

Using the commutator, we can rewrite the ) 1 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — ) = <a+a_ + 2)

Note that if we change the order of a4 and a_ we have

aya_ = %%[ + (mwx)® — imw[p, x]] = %H — %(—Ih) =

- 1 £ 1 14 1
The commutator of a_ and a4 is then [a_,a,] = <%//H+ 2> — <%/H— 2> =1

The Schrodinger equation for the harmonic
oscillator can now be written
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1 1.9 2 _
a_a+:%%[ + (mwx)? — imwlx, p]] = —

Using the commutator, we can rewrite the ) 1 1
product a_a; and the Hamiltonian becomes H = hw <a_a+ — ) = <a+a_ + 2)

Note that if we change the order of a4 and a_ we have

aya_ = %%[ + (mwx)® — imw[p, x]] = %H — %(—Ih) =

- 1 £ 1 14 1
The commutator of a_ and a4 is then [a_,a,] = <%//H+ 2> — <%/H— 2> =1

The Schrodinger equation for the harmonic 1
oscillator can now be written Ey = hw (aiaﬂF =+ 2) (G
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® Generating new solutions recursively
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Harmonic oscillator - algebraic solution A

® Generating new solutions recursively

® Raising and lowering operators
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Harmonic oscillator - algebraic solution Y

® Generating new solutions recursively
® Raising and lowering operators

® The ground state
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Harmonic oscillator - algebraic solution A

® Generating new solutions recursively

Raising and lowering operators

The ground state

® Quantum oscillator energies
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Solving the Schrodinger equation

E@b:ﬁ@b:hw(aia?j:;)w

If ¢ satisfies the Schrodinger equation
with energy E, then what about a;)?
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Solving the Schrodinger equation vV
A 1 .
o= =he <aj[a¥ + 2) v H(a1y) = hw <3+a + ;) (a1+9)

If ¢ satisfies the Schrodinger equation
with energy E, then what about a;)?
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Solving the Schrodinger equation vV

N 1 A 1
Evy = HyY = hw (aie@ + 2) P H(ay ) = hw <a+a + 2) (a+)
If ¢ satisfies the Schrédinger equation — hw (a+a_a+ + 1a+> ¥
with energy E, then what about a;)? 2
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Solving the Schrodinger equation vV

N 1 A 1
Evy = HyY = hw (aie@ + 2) P H(ay ) = hw <a+a + 2) (a+)
If ¢ satisfies the Schrédinger equation — hw (a+a_a+ + 1a+> ¥
with energy E, then what about a;)? 2

1
= hwa+ (a_a+ + 2) 1/1
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Solving the Schrodinger equation

szﬁ@b:hw(aia;i;)w

If ¢ satisfies the Schrodinger equation
with energy E, then what about a;)?

Using the commutator

[a—v a-‘r] =1

Carlo Segre (lllinois Tech)
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1
= hw (a+a_a+ + 2a+> Y

1
= hwa+ (a_a+ + 2) 1/1
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Solving the Schrodinger equation

szﬁ@b:hw(aia;i;)w

If ¢ satisfies the Schrodinger equation
with energy E, then what about a;)?

Using the commutator

[a_,ai]=1=a_a; —a;a_

and since

N 1
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Solving the Schrodinger equation

Egb:I:Iw:Mu(aia;j:;)w

If ¢ satisfies the Schrodinger equation
with energy E, then what about a;)?

Using the commutator

[a_,ai]=1=a_a; —a;a_

and since
N 1
H = hw <a+a + 2)

A(as) = (E + hw)(asd)
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Solving the Schrodinger equation

szﬁ@b:hw(aia?i;)w

If ¢ satisfies the Schrodinger equation
with energy E, then what about a;)?

Using the commutator

[a_,ai]=1=a_a; —a;a_

and since
N 1
H = hw <a+a + 2>

A(as) = (E + hw)(asd)

Carlo Segre (lllinois Tech)
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Alast) = o (210 + 3 ) (2:0)

1
= hw (a+a_a+ + 2a+> Y

2

=ay [hw <a+a + 1+ ;) w]
=a; (H+ hw)y = ay (E + hw)y

= hway (a_a+ + 1) (0

a, 1 also satisfies the Schrodinger equation, but
with “energy” E + hw!
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Harmonic oscillator solutions VYV

Just as a;7 is a solution of the harmonic I:I(a+¢) = (E + hw)(asv)
oscillator Hamiltonian
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Harmonic oscillator solutions V'

Just as a; 9 is a solution of the harmonic I:I(a+¢)
oscillator Hamiltonian, so it can be shown
that a_v) is also a solution.

(E + hw)(ary)
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oscillator Hamiltonian, so it can be shown
that a_v) is also a solution.
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Harmonic oscillator solutions

Just as a; 9 is a solution of the harmonic
oscillator Hamiltonian, so it can be shown
that a_v) is also a solution.
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Harmonic oscillator solutions i

Just as a1 is a solution of the harmonic H(ay1)) = (E + hw)(as1))
oscillator Hamiltonian, so it can be shown
that a_v) is also a solution. R 1

. H(a_vy) = hw [ a—ay — = | (a—
Using the commutator (a-9) T2 (a-9)

1
[a4,a-] = -1 = hwa_ (ata_ — 5 P
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Harmonic oscillator solutions i

Just as a1 v is a solution of the harmonic I:I(a+¢) = (E + hw)(ayv)
oscillator Hamiltonian, so it can be shown

that a_v) is also a solution.

Using the commutator

[a4,a-] = -1 = hwa_ <3+3 - ;) (0
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Harmonic oscillator solutions

Just as a; 9 is a solution of the harmonic

oscillator Hamiltonian, so it can be shown
that a_v) is also a solution.

Using the commutator
[a4,a-]=—1

and since
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Harmonic oscillator solutions i

Just as a1 v is a solution of the harmonic I:I(a+¢) = (E + hw)(ayv)
oscillator Hamiltonian, so it can be shown

that a_v) is also a solution.

Using the commutator I:I(a_ )= <a_a+ - ;> (a-4)
[a4,a-] = -1 = hwa_ <3+3 - ;) (4
and since —a_ [hw (aa+ -1- ;) 1/}]
H:hw<aa+—;> = a_(H — hw)y
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Harmonic oscillator solutions

Just as a1 v is a solution of the harmonic I:I(a+¢) —
oscillator Hamiltonian, so it can be shown
that a_v) is also a solution.

. A(a_) = hw [ a_
Using the commutator ( )
[a4,a-]=—1 = hwa_ <
and since — 4 [hw
A 1 A
H = hw a,a+—§ =a (H-
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Harmonic oscillator solutions

Just as a1 v is a solution of the harmonic I:I(a+¢) -
oscillator Hamiltonian, so it can be shown
that a_v) is also a solution.

Using the commutator

1
[a4,a-] = -1 = hwa_ <a+a - 2) P
and since — a5 [hw (aa+ _1- ;) 1/,]
N ]. A
H:hw<aa+—2> =a_(H—hw)y = a_(E — hw)y
A1) = (€ — hw)(a_v)
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

start with the nt" state of the harmonic os-
cillator

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | Harmonic oscillator - algebraic solution



Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ nn
cillator
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Raising and lowering operators \ i

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ nn
cillator

apply the raising operator a

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | Harmonic oscillator - algebraic solution



Raising and lowering operators \ i

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- U n¥n
cillator
apply the raising operator a Haitpn =
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ n¥n
cillator
apply the raising operator a; and get a so- Hayn =

lution with a bit higher energy
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The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.
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cillator
apply the raising operator a; and get a so- Hastpn = (En + hw)aribn

lution with a bit higher energy
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

: . Ay = Entp

start with the nt" state of the harmonic os- " men
cillator

apply the raising operator ay and get a so- Hastpn = (En + hw)aribn
lution with a bit higher energy

this must be the (n + 1) state
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ nn

cillator

apply the raising operator ay and get a so- Hayipn = (En+ hw)aripn
lution with a bit higher energy = Ept1a49n

this must be the (n + 1) state
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ nn
cillator

apply the raising operator ay and get a so- Hayipn = (En+ hw)aripn
lution with a bit higher energy = Ept1a49n

this must be the (n + 1) state

similarly with the lowering operator a_.
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

: . Ay = Entp

start with the nt" state of the harmonic os- " men
cillator

apply the raising operator ay and get a so- Hayipn = (En+ hw)aripn
lution with a bit higher energy = Ept1a49n
this must be the (n + 1) state

similarly with the lowering operator a_. Ha_tpn = (B — hw)a_tn
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ nn

cillator

apply the raising operator ay and get a so- Hayipn = (En+ hw)aripn
lution with a bit higher energy = Ept1a49n

this must be the (n + 1) state A
Ha_v, = (E, — hw)a_1,

= nflafwn

similarly with the lowering operator a_.
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Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ nn

cillator

apply the raising operator ay and get a so- Hayipn = (En+ hw)aripn
lution with a bit higher energy = Ept1a49n

this must be the (n + 1) state A
Ha_v, = (E, — hw)a_1,

= nflafwn

similarly with the lowering operator a_.

attn = Yny1

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | Harmonic oscillator - algebraic solution



Raising and lowering operators Y

The operators a. are called “raising” and “lowering” operators, respectively, and provide a
recursive solution to the harmonic oscillator potential.

Ay, = E,
start with the nt" state of the harmonic os- ¥ nn

cillator

apply the raising operator ay and get a so- Hayipn = (En+ hw)aripn
lution with a bit higher energy = Ept1a49n

this must be the (n + 1) state A
Ha_v, = (E, — hw)a_1,

= nflafwn

similarly with the lowering operator a_.

a+'¢]n = ¢n+1 a_tp=1vYn1
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Lowest energy wavefunction

With these two operators we have a prescrip-
tion for generating all the wavefunctions
which solve the harmonic oscillator once one
wavefunction is known.
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Lowest energy wavefunction

With these two operators we have a prescrip-
tion for generating all the wavefunctions
which solve the harmonic oscillator once one

atVn = Ynt1

. . a_ = —1
wavefunction is known. Yn = n
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Lowest energy wavefunction 7

With these two operators we have a prescrip-

tlor.1 for generating aIII the . wavefunctions 2t n = Yot
which solve the harmonic oscillator once one

. . 3_1/1,, = 1/),,_1
wavefunction is known.

Consider the lowest energy state of the sys-
tem, o with energy Ey < hw.
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Lowest energy wavefunction

With these two operators we have a prescrip-

tlor.1 for generating aIII the . wavefunctions 2t n = Yot
which solve the harmonic oscillator once one v "

. . — — -1
wavefunction is known. n n
Consider the lowest energy state of the sys- 0 £
tem, 1o with energy Eg < hw. o = Eotho
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Lowest energy wavefunction

With these two operators we have a prescrip-
tion for generating all the wavefunctions

) ) ) at¥n = Ynt1
which solve the harmonic oscillator once one i) "

. . — = -1
wavefunction is known. " "
Consider the lowest energy state of the sys- 0 £
tem, 1o with energy Eg < hw. o = Eotho
If we apply the lowering operator, a_, we
cannot generate a valid wavefunction whose
energy is less than zero, thus
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Lowest energy wavefunction VY

With these two operators we have a prescrip-
tion for generating all the wavefunctions
which solve the harmonic oscillator once one

. . a_p = Yn_1
wavefunction is known.

atVn = Yny1

Consider the lowest energy state of the sys- R
tem, 1o with energy Ey < hw. H1pg = Egig

If we apply the lowering operator, a_, we
cannot generate a valid wavefunction whose a-Yo
energy is less than zero, thus

Il
o
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Lowest energy wavefunction \

With these two operators we have a prescrip-
tion for generating all the wavefunctions

: . . a+1/}n = wn-i-l
which solve the harmonic oscillator once one T
wavefunction is known. R
Consider the lowest energy state of the sys- 0 £
tem, 1o with energy Eg < hw. o = Eotho

If we apply the lowering operator, a_, we
cannot generate a valid wavefunction whose a-Yo
energy is less than zero, thus

Il
o

This is a sort of “boundary condition” which
defines a differential equation.
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Lowest energy wavefunction \ i

With these two operators we have a prescrip-
tion for generating all the wavefunctions

: . . a+1/}n = wn-i-l
which solve the harmonic oscillator once one T
wavefunction is known. R
Consider the lowest energy state of the sys- 0 £
tem, 1o with energy Eg < hw. o = Eotho

If we apply the lowering operator, a_, we
cannot generate a valid wavefunction whose a-o =0
energy is less than zero, thus

This is a sort of “boundary condition” which 1 (

hi + mwx o =0
defines a differential equation. 2hmw 0~

dx
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The ground state V
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The ground state \ 74

1
— <h + mwx) Yo =0 This equation can be rearranged to give
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The ground state

1 d

2hmes <hdx + mwx) Yo =0
deo . mw
o T n v

Carlo Segre (lllinois Tech)
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This equation can be rearranged to give
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The ground state

1 d

2hmes (hdx + mwx) Yo =0
deo . mw
o T n v
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This equation can be rearranged to give

which is solvable by direct integration
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The ground state

/1 d

deo . mw
o X
o _ _mw
Yo h
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which is solvable by direct integration

Harmonic oscillator - algebraic solution



The ground state i

1 d _ _ -
2hmw (hdx + mwx) o =0 This equation can be rearranged to give
% __mw which is solvable by direct integration

= X
dx h
do mw
—— = ———xdx
o
/dT/JO L xdx
o h
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The ground state i

1 d _ _ -
2hmw (hdx + mwx) o =0 This equation can be rearranged to give
% = —%Xq/; which is solvable by direct integration
= 0
dx h
dibo mw
— = ———xdXx
Yo
LT/JO _m xdx
Yo h
mw
| =2
n o T C
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The ground state 7

1 d . : .
T (hdx + mwx) Yo =0 This equation can be rearranged to give
do _ mw which is solvable by direct integration
— = xtho
dx h
diyo = mw The ground state solution is thus
— = ———xdx
Yo
/dT/JO _ xdx
Yo h
mw
I =——x°
n o Tl C
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The ground state

/1 d . : .
T (hdx + mwx) Yo =0 This equation can be rearranged to give
% _ _%Xw which is solvable by direct integration
= 0
dx h
diyo = mw The ground state solution is thus
— = ———xdXx
Yo h
/ do _ mw [
Yo h
Inyg = —,;—;;xz +C

’Qbo(X) _ Ae—(mw/Zﬁ)x2

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory |

Harmonic oscillator - algebraic solution



The ground state

/1 d

dd}g_ mw
o Xve
do _ mw
1o h
/dwo__mw lx
o h
_ w5
Ing = 2ﬁX + C

’Qbo(X) _ Ae—(mw/Zﬁ)x2

This equation can be rearranged to give
which is solvable by direct integration

The ground state solution is thus

This can be normalized
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The ground state i

1 d _ _ _
\/; (hdx + mwx) Yo=0 This equation can be rearranged to give

dio —%XT/J which is solvable by direct integration
= 0
dx h
diyo = mw d The ground state solution is thus
o | h
Yo This can be normalized
dl/)g mw xx
- = - +o00
Yo h 1= ‘A|2 ef(mw/h)x2 dx
Ingo = —2=x2+ C .
2h

’Qbo(X) _ Ae—(mw/Zﬁ)x2

Carlo Segre (lllinois Tech) PHYS 405 - Fundamentals of Quantum Theory | Harmonic oscillator - algebraic solution



The ground state

/1 d

dl/)g . mw
o T n v
do _ mw
o h
do _ mw [
o h

_ w5
Ing = 2ﬁX + C

’Qbo(X) _ Ae—(mw/Zﬁ)x2

Carlo Segre (lllinois Tech)

PHYS 405 - Fundamentals of Quantum Theory |

This equation can be rearranged to give
which is solvable by direct integration

The ground state solution is thus

This can be normalized

+o0 h
1= ‘A|2/ ef(mw/h)x2 dx = |A|2 L

o mw
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The ground state

<

1 . . .
S (hd + mwx> Yo =0 This equation can be rearranged to give
dio _%Xw which is solvable by direct integration
0

dx h

dipg  mw The ground state solution is thus

—_— = —?de

Yo This can be normalized

dl/)g mw xdx

-9 _ _= oo

w1 S A
Intg = —2—hx2 + C —o mw

Carlo Segre (lllinois Tech)

mw 1/4 —(mw 2
@Z)O(X):<%) g (m/2R)
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Harmonic oscillator energies

The energy of the lowest state can be obtained by
applying the Hamiltonian in the form of the raising
and lowering operators.
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Harmonic oscillator energies

The energy of the lowest state can be obtained by
applying the Hamiltonian in the form of the raising
and lowering operators.
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Harmonic oscillator energies

The energy of the lowest state can be obtained by A= hw <a+a_ n 1)
applying the Hamiltonian in the form of the raising 2
and lowering operators.
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Harmonic oscillator energies

The energy of the lowest state can be obtained by A= hw <a+a_ + 1)
applying the Hamiltonian in the form of the raising 2
and lowering operators.

Eotro = Habo

= hw <3+3 + ;) 7/10
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Harmonic oscillator energies

The energy of the lowest state can be obtained by A= hw <a+a_ + 1)
applying the Hamiltonian in the form of the raising 2
and lowering operators.

Eotro = Habo

= hw <3+3 + ;) 7/10

= hw <3+3—¢0 + ;1#0)
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Harmonic oscillator energies

The energy of the lowest state can be obtained by
applying the Hamiltonian in the form of the raising
and lowering operators.

but a_1Yg=0
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Harmonic oscillator energies

The energy of the lowest state can be obtained by A= hw <a+a_ + 1)
applying the Hamiltonian in the form of the raising 2
and lowering operators.

Eotho = Mg
but a_1Yg=0

The ground state energy is greater than zero.
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Harmonic oscillator energies

The energy of the lowest state can be obtained by

applying the Hamiltonian in the form of the raising
and lowering operators.

Eoto = Hio
but a_1Yg=0

The ground state energy is greater than zero.
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= hw <M+ 2¢o>
1
hwiﬂ)o
1
Eo= Ehw
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Harmonic oscillator energies

The energy of the lowest state can be obtained by
applying the Hamiltonian in the form of the raising
and lowering operators.

but a_1Yg=0
The ground state energy is greater than zero.
The energy of the lowest state is always larger than

the lowest energy of the potential well in which the
particle resides.

2
Eotho = Mg
= hw <a+a + ;) Yo
= hw <M+ ;1#0)
= hw%lbo
Eo= %ﬁw
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Harmonic oscillator energies V
The energy of the lowest state can be obtained by A= hw <a+a_ + 1)
applying the Hamiltonian in the form of the raising

and lowering operators.

but a_1Yg=0

The ground state energy is greater than zero.

1
= hw <M+ 2%)
The energy of the lowest state is always larger than
the lowest energy of the potential well in which the _ hwlﬂ)o
particle resides. 2
This general phenomenon is called zero point mo- 1
tion Fo= Eﬁw
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